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Preface

The Minicorsi of Mathematical Analysis have been held at the University of
Padova since 1998, and the subject of the Lectures ranges in various areas of
Mathematical Analysis including Complex Variable, Differential Equations,
Geometric Measure Theory, Harmonic Analysis, Potential Theory, Spectral
Theory.

The purposes of the Minicorsi are:

e to provide an update on the most recent research themes in the
field,
e to provide a presentation accessible also to beginners.

The Lecturers have been selected both on the basis of their outstand-
ing scientific level, and on their clarity of exposition. Thus the Minicorsi
and the present collection of Lectures are particularly indicated to young
Researchers and to Graduate Students.

In this volume, the organizers have collected most of the lectures held
in the years 2000-2003, and intend to provide the reader with material oth-
erwise difficult to find and written in a way also accessible to nonexperts.

The organizers wish to express their sincere gratitude to the several
participants who have contributed to the success of the Minicorsi.

The organizers are also indebted to the University of Padova, and in par-
ticular to the ‘Dipartimento di Metodi e Modelli Matematici per le Scienze
Applicate’, and to the ‘Dipartimento di Matematica Pura ed Applicata’ of
the University of Padova, both for the hospitality, and for the financial sup-
port. The organizers also acknowledge the financial support offered by the
‘Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro Appli-
cazioni’, and the European Commission THP Network “Harmonic Analysis
and Related Problems”.

P. Ciatti, E. Gonzalez, M. Lanza de Cristoforis, G.P. Leonardi

vii



This page intentionally left blank



Contents

Preface vii

Complex variables and potential theory 1

1. Integral representations in complex, hypercomplex and

Clifford analysis 3
H. Begehr
2. Nonlinear potential theory in metric spaces 29
0. Martio
Differential equations and nonlinear analysis 61
3. An introduction to mean curvature flow 63

G. Bellettini

4. Introduction to bifurcation theory 103
P. Drdbek
5. A nonlinear eigenvalue problem 175

P. Lindquist

ix



Contents

Nonlinear elliptic equations with critical
and supercritical Sobolev exponents

D. Passaseo

Eigenvalue analysis of elliptic operators

G. Rozenblum

A glimpse of the theory of nonlinear semigroups

E. Vesentini

Harmonic analysis

10.

11.

12.

13.

Integral geometry and spectral analysis

M. Agranovsky

Fourier analysis and geometric combinatorics

A. Tosevich

Lectures on eigenfunctions of the Laplacian

C. D. Sogge

Five lectures on harmonic analysis

F. Soria

Fractal analysis, an approach via function spaces

H. Triebel

Author Index

205

227

257

279

281

321

337

361

413

449



PART 1

Complex variables and potential
theory



This page intentionally left blank



Chapter 1

Integral representations in complex, hypercomplex and
Clifford analysis™

Heinrich Begehr

Freie Universitat Berlin, Mathematisches Institut
14195 Berlin, Germany
begehr@math. fu-berlin. de

Contents
1.1 Introduction . . . . . . . . ... 3
1.2 Complex case . . . . . . . v it i e e 5
1.2.1 Complex first order systems . . . . . ... ... ... ... ... . 5
1.2.2 Complex second order equations . . . . . . ... ... ...... 6
1.2.3 Complex higher order equations . . . . . . . . ... ... ... .. 9
1.2.4  Orthogonal decomposition of Lo(D;C) . . . . . . ... ... ... 13
1.3  Several complex variables . . . . . . . .. ... 0oL 17
1.4 Clifford analysis . . . . . . . . . . .. e 21
References . . . . . . . L 26

1.1. Introduction

Integral representations are one of the main tools in analysis. They are use-
ful to determine properties of the functions represented such as smoothness,
differentiability, boundary behaviour etc. They serve to reduce boundary
value problems etc. for differential equations to integral equations and thus
lead to existence and uniqueness proofs. Well-known representation formu-
las are the Cauchy formula for analytic functions and the Green represen-
tation for harmonic functions. Both these formulas are consequences from

*From lecture notes of the minicorsi at Padova University in June 2000 and presented
at AMADE 2001 in February 2001. Published in Integral Transformations and Special
Functions 13 (2002), 223-241.

See also http://www.tandf.co.uk/journals/titles/10652469.asp.

The author is grateful to Taylor and Francis for permitting republication.



4 H. Begehr

the Gauss divergence theorem where the area integral disappears because
homogeneous equations (Cauchy—Riemann and Laplace, respectively) are
considered. In the cases of inhomogeneous Cauchy—Riemann equations and
the Poisson equation, the area integrals appearing lead to area integral op-
erators of the Pompeiu type. They determine particular solutions to the
inhomogeneous equation under consideration.

Now we make the following simple observation. Let 0 be a linear differ-
ential operator and T be its related Pompeiu integral operator. Then 97T is
the identity mapping for a proper function space. For any power 0%, k € N,
then the iteration T* obviously is its right inverse, O¥T* is the identity
again. More generally for two such differential operators 01, J2 with right
inverses 17, To then the iteration T5T} is right inverse to 010s.

On this basis particular solutions for higher order differential operators
can be constructed leading also to fundamental solutions. Moreover, these
integral operators are useful for determining particular solutions to any
higher order differential equation the leading term of which is related to
them. In fact, one can solve boundary value problems to these higher order
equations if, besides the particular solution for the leading term through the
Pompeiu operator, the general solution to the related homogeneous leading
term operator equation is taken into consideration.

This sketched procedure can be followed in complex, hypercomplex and
Clifford analysis. But the resulting representation formulas of Cauchy-
Pompeiu type do not automatically give solutions to related boundary
value problems. This, however, is the case whenever these problems are
solvable. This phenomenon is known already from the Cauchy formula.
Not all functions on the boundary of a domain are boundary values of
the analytic functions determined by their Cauchy integrals. In particular
solvability conditions have to be observed in the theory of several complex
variables where also compatibility conditions for the systems considered are
important.

In these lectures the hierarchy of Pompeiu integral operators in the
complex case will be presented and some higher order Cauchy—Pompeiu
representation formulas given. As an application some orthogonal decom-
positions of the Hilbert space Lo(G; C), G C C a regular domain, are given.
For several complex variables only some results on bidomains are included.
As the theory in hypercomplex analysis is analogue to the complex case
only some references [2, 9] are given. The situation in Clifford analysis is
shortly explained.
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1.2. Complex case

Gauss divergence theorem. Let D C R? be a regular domain, f,g €
CH(D;R) N C(D;R). Then

/(fx+gy)dxdy=/ {fdy —gdx}.
D oD

Complex forms: z =z + iy, 9. = 1 (8, — i0y) , 0z = (9, +i9y),
w=u+iv € CYD;C)NC(D;C). Then

1 1
/wgda:dy:—,/ wdz, /wzdxdyz—f wdz .
D 2i Jap D 2i Jap

Cauchy—Pompeiu Representation. Let w € C'(D;C)NC(D;C). Then
with ( =& +in

1 d 1 dé d
z@@z;;aDMOsz—;AgaogiZ7

w(z) = - — modC—lém«W“”

2mi Jop (—z m (—=z

Pompeiu Operator. Let f € L(D;C). Then
1 d¢ d = 1 déd
146 =1 [ HOFD. T = [ 7022,
T Jp C—z m™Jp C(—=z
Properties of these operators are developed in [13], see also [1]. Important
are

where

) =+ [ 1022

is a singular integral operator of Calderon—Zygmund type to be taken as a
Cauchy principal integral. Here the derivatives are taken in the weak sense.

1.2.1. Complex first order systems

Theorem 1.1. Any solution to wsz = f in D, f € L1(D;C), is repre-
sentable via w = ¢ + T f where ¢ is analytic in D.
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Proof. (1) Obviously ¢ + T f with ¢z = 0 is a solution.
(2) If w is a solution then (w — T f)z = 0 i.e. is analytic. O
Generalized Beltrami equation:
wz + puw, + pp; +aw + 0w = f, | (2)] +pe(2)] < g < 1.

Find a particular solution in the form w = Tp! Then p must satisfy the
singular integral equation

p+ mllp + pollp+aTp+0Tp = f.

As p1TIp + poIIp is contractive and a Tp+ b7 p is compact this problem
is solvable.

1.2.2. Complex second order equations

There are two principally different second order elliptic differential opera-
tors the main part of which is either the Laplace or the Bitsadze operator.
As in the case of the generalized Beltrami equation the solutions to the
inhomogeneous Laplace and Bitsadze equations can be used to solve the
general equations of second order.

1.2.2.1. Poisson equation w,z = f

The Cauchy-Pompeiu formulas

we)= 2 [ w1 / w=(&) 291

~ 210 Jop ¢—7 7Jp ¢ (-2
(&=L A o %dn
lead to
wie) = g [ {2 dc- vy eo) it} (1)
1
—— z)w.=(C)déd
. /D (¢, 2) w(C) e dn
with
1 1 dédy
’lz) s R) = — = = .
(€.2) W/DC_g -
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Applying the Cauchy-Pompeiu formula to log [¢ — z|? in the domain D, =
D\{z: |z — ¢| < ¢} for sufficiently small positive ¢ gives

» dC 1 1 ddy
L=F"

1
g ¢ == 5 [ oglc 0

As for ( # 2

— 2z s

d eloge [*7 et
g ¢ " ¢ = = dt

27i |E—¢l=e — 5 T cett +(—z

1 / 1 dgdn /2’* / dt dr
Q \Z—c|<sg_ reit +(—z

tend to zero with € then

and

log |¢ — 2 = 9(¢, 2) — ¥(¢, 2) (1.2)
with
~ 1 d
92 = g [ toalC— P CZ
Because for z,{ € D
N | d¢
D) = " ani o T 02
1 ( 11 > i _,
27 Jop (—¢ (-2 C—z

from the Gauss theorem

27m/ 1/’<7 wC( ¢)dC+ = /d}Cv wcc(odfd??_o

Adding this to the right-hand side of (1.1) and observing (1.2) show
1 w 1 =
we) =g [ Hacs T oglc— 2PugO &
d T JoD

21t Joap C — 2

| (1.3)
2 /D log ¢ — 2w z(C) de diy.

As is well known 2/7log | — 2| is the fundamental solution to the Laplacian
0,0z. The representation (1.3) has the form

w:<p+E+Tl,lfa f:wz27

with analytic functions ¢ and 1.
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1.2.2.2. Bitsadze equation wzz = f

Similarly to the preceding subsection the Cauchy—Pompeiu formulas

1 a1 ~ dEdiy
w(z):%/afjw(oﬁ—z_;/Dwz(of—z’

¢—¢ ¢-¢
imply
1 w(() 1
we) =g [ {2 uaero a2 [ wie vz s ay
(1.4)
with
v =L [ L ddn

pl—¢ ¢~

Applying the Cauchy—Pompeiu formula to C:j in the domain D, = D\{z:
|z — (| < e} for sufficiently small positive ¢ gives
C—z_ 1 [ ¢=C d¢ +1/‘ 1 dédi
C_Z 2 BDEC—ZZ—Z DEC_ZZ_Z'

Observing that when ¢ tends to zero

1 (—¢ d¢ e [*™ _, dt

. = e ———
2mi Jii¢=e C=C C—2  2mJ)p ee* +(—z

1/ 1 dCdn /2”/ . dtdr
TS ciee C—¢ reit +¢ -z

tend to zero then

and

V(¢ 2) —((,2) (1.5)

with

- ¢—¢ dC

Y(¢, 2) Gy aDa .
Asfor z,( € D

~ 1 1 d¢

o- - — % 0

D=5 |
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from the Gauss theorem
1 ~ 1 [ ~
o [ AR w0 dc =2 [ B w (O dean=o.

271 F)

Subtracting this from the right-hand side of (1.4) and observing (1.5) lead
to

w(z) = 1/ w(C)dC 1 (—=z

T 2mi Jop C—2 0 2mi Jop C—2
1 (—z
L S
mJpC—z ¢

wz(¢) d¢ (1.6)

+ (C) d& dn.

The kernel (¢ — 2)/[(¢ — z)x] is the fundamental kernel to the Bitsadze
operator 02. Representation (1.6) is of the form

w:(p+z¢+TO,2fa f:w227

with analytic functions ¢ und .

1.2.2.3. General complex second order equations
A general second order equation with leading term 62 has the form
Wrz + P1Wez + poWsaz + 1wz + aoWz + biw, + bW, + crw + cow = d

where |p1(2)|+]u2(z)| < qo < 1. Setting wzz = f so that w = p+ZY+Tp o f
leads to a singular integral equation for f. With proper integral operators
T, see the following section, it is, similarly to the generalized Beltrami
equation,

frmTogaf +peTiaf +arToaf+aTiof +b1T-12f +boTo 1 f
+er1Toof + c2Toof = d — ) — pot’ — a1 — agth — by (¢’ + 7))
—ba (¢ +2¢") —e1(p + ZY) — c2(P + 29)) -
Here T_1,; and T7,_; are singular integral operators while the other ones
are just weakly singular and give a compact operator.
1.2.3. Complex higher order equations

Continuing in the way indicated in the preceding subsections the prototyp
07'02w = f can be treated in regular domains D C C.
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Definition 1.1. Let for m,n € Z, 0 < m +n, 1 < m? 4+ n?

— I(—1)™
( m)( 1) melznfl, m < 07
(n—1!nm
(=) (D" ign
m n <
Kmn(2) = (m—-1nx @, ns0,
m—1zn—1 m—1 n—-1
1 1
: ' - ' [log|z|2— - — —},1<m,n
m—1)(n=1'r el

These kernel functions determine fundamental solutions to 97'0% for 0 <
m,n, 0 < m?+n?, see [8]. Their essential properties are

Km,n = 8ZI(erl,n = aEI(m,nJrl
and

/ | Kmn(2)] dedy < +o0 for 0<m+n, 0<R.
|z|<R

Definition 1.2. For D C C a domain, f € L;(D;C) and m,n € Z with
0<m+n

Tonf(2) = / Kon(z — Q) F(Q)dedn if 1< m?+n?,
D
To)of(z) = f(Z)

This is a hierarchy of integral operators with the Pompeiu operators as
basic elements, namely

Toa=T, Tio=T, T_1,=1, Ty_;=1II.

Tm.n is a weakly singular integral operator for 0 < m + n but strongly
singular of Calderon-Zygmund type to be understood as a Cauchy principal
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value integral operator if m +mn = 0 but 0 < m? + n?. Moreover,

T f(2) <M ||fllp, 1<p, 1<m+n, [2[<R,
|Tm,nf(zl) - Tm,nf(22)| <M |z — 2|%, |al ]z <R,
(p_Z)/pam+n:17 2<p7
o =
1 ,m+n=2, 2<p; 3<m+n, 1<p,
||T7H,7mf||17,(c S M(p) ||f||;D7Dv m 7& Oa

1T, —mfll2,c < I fll2c-

For details see [8].

There is a higher order Cauchy—Pompeiu formula related to the differ-
ential operator 0'02. For simplicity only a particular case is presented
here.

A higher—order Cauchy—Pompeiu formula Let D C C be a regular
domain and w € C™(D;C)NC™ 1(D;C), 1 <m. Then

1 L (z—=Q"
= — — - d
we) = 3 e [ St ac
pn=0
1 1 (z—¢)m1!
—— ar d¢ dn.
- o S e
Proof. (1) For m = 1 the formula coincides with one of the basic

Cauchy—Pompeiu formulas.
(2) Assuming the formula holds for some m, 1 < m, from the Gauss
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theorem
L1 E=QO"
;/Dm =2 3g+ w(¢) d€ dn
1 1L =0 m
-/, {%[ﬁ T %
1 (Z _C)m_l m
oy e (@) f dedy
_ 1 L =" m
=i Jppml 2 %6 WO
1 [ G
+;/D T (O dedn.
This identity gives the formula for m + 1 rather than m. 0

Corollary 1.1. Any w € C™(D;C) N C™ Y(D;C), 1 < m, with 02w = f
is representable as

m—1
wz) = Y u(2) 2 + Tomf(2). (1.7)
pn=0

Here ¢,, 0 < pp < m — 1, is analytic. ZZ:ol wu(2)Z" is as a polyana-
lytic function of order m, the general solution to the homogeneous equation
02 =0

A complex m—th order equation of the form

OTw+ Y ppe0207w = F(2,0207 w (0 < p+ 0 < m))

pto=m
o#0

with

Y () <a0 <1

pto=m
a#0

is transformed through (1.7) into a singular integral equation of the form

[+ Z oo T—gm—pf = F(2, T—gm—pf (0 < p+ 0 <m))

pto=m
o#0

=Gpu(0<p<m-1)).

Proper boundary conditions serve to determine the ¢, through f and the
boundary data.
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1.2.4. Orthogonal decomposition of La(Dj;C)

The inner product for the Hilbert space of square integrable functions in D
is defined as

(f.9) = /D T o(z) dedy.

As before D C C is a regular domain.

Definition 1.3. The subset of polyholomorphic functions of order £ > 1
in Ly(D;C) is

Or2(D;C) = {f: f € Ly(D;C), d%f =0 in D}.
Its orthogonal complement is denoted by
Ora(D;C) ={g: g € La(D;C), (g,f) =0 forall f€ Ora(D;C)}.

As usual

WE(D;C) = {f: f € WE(D;C), 9f =0 on 9D, 0<v<k—1}

denotes the subspace of functions with vanishing boundary data of the
Sobolev space W§(D;C). To the latter belong all functions with weak
derivatives up to the k—th order in Lo (D;C).

Lemma 1.1. For g € OéQ(D; C) the problem
857":(] in D, 0Jr=0 on 0D for 0<v<k-—1
is equivalent to the problem
Akr:4k6§q in D, 02r=0 ondD for 0<v<k—1.

Proof. (1) Applying 450% to 0%r = ¢ shows AFr = 4%9%4.
(2) A solution r to the second problem satisfies

3;’“(357" —q)=0.

Hence, 0%r — q € Oy 2(D;C).
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[©)
Let now r € V&(D;C) and ¢ € O 2(D;C) then

(0Fr, o) / Bk z)dzdy

- /D {010 T p(2)] - 05 72) 0=p(2) o dy

= 51, 7T e = [0 T deple) ey = -
21 8D D

— (—1)’“/DT2)6§¢(2) drdy=0.

Thus, 0%r € (’),JC:Q(D;C). Asalsoq € Otz(D;C) then 9%r—q € Oé-ﬂ(D;(C).
Therefore 9¥r — g = 0. O

Remark. While the problem

Or=q in D, 9r=0 on 0D for 0<v<k-1
is overdetermined, the problem

AFr=G in D, 9r=0 on 9D for0<v<k-—1

is well-posed.

Theorem 1.2. For regular domains D C C

[©)
Oio(D; C) = 9L VE(D; C).
Proof. (1) Consider for q € OtQ(D; C) the problem
8§r:q in D, 0r=0 on 0D for 0<v<k-1.

This problem is solvable according to the preceding lemma. The solution
is representable via the Cauchy—Pompeiu formula

i/ il ( _C)M 35T(C)dz

21

k—1

n=0
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so that

L )kl
=1 [ Gt S @ dedn,

The Green function

1 _
F1¢ = 2P Dlog |¢ — 2| —22 |+ b (2

Gr(2,¢) = D

of the differential operator A* where hj, € C?*(D x D; C)ﬂC’Qk—l (Dx D;C)
with A¥hy(2,¢) = 0in D x D, 82Gy(2,C) = 0, 8°Gy(2,¢) = 0 on 9D x D

for 0 < p < k — 1 satisfies

ka (Z, C) =
From the Gauss theorem

| dtue,c)dkecc) de an
D

| 0c10Em(2.€) 2 () = 0602, O 9 Q)

1

21

(1) /D DL Ry (2, ¢) r(C) d€ dyp = 0

follows. Adding this to the representation of r gives

=Gr(z,¢) q(C) d€ dn

By differentiation

aku

11 -9
———/D(V_l)! L Q) dsay

™

follows for 1 < v < k. From here

I7llwg <M gl r,

5 | 000 @~ [ ocokne(=. )0k () dedn
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(¢]

)
can be shown. As r € WE(D;C) satisfies 9%r = ¢ one has ¢ € 9% W (D; C).

) [e]
(2) Let g € 0¥ Wk (D;C). Then there exists an r € W(D;C) such that
Ofr =qin D, 9¥r =0 on D for 0 < v < k — 1. Let now ¢ € O 2(D;C).
Then as before

/ Or(z) p(z)dedy = (-1 )k/ r(z) 5 p(z)dedy =0.
D
Thus g € Oy, (D; C). O

Corollary 1.2. For regular domains D C C

Ly(D;C) = Ok 2(D;C) @ 0% VC{%‘(D;C) -

By interchanging the roles of z and Z a dual result is available. In the same
way L2 (D; C) can be orthogonally decomposed with respect to polyharmonic
functions.

Definition 1.4. The subset of polyharmonic functions of order £ > 1 in
L2 (D, (C) is

Hy2(D;C) = {f : f € Lo(D;C), 0505 f =0 in D}.
Its orthogonal complement is denoted by

Hyo(D;C) ={g: g € La(D;C), (g, f) =0 for all f € Hya(D;C)}.

Moreover,

Rio(D;C) = {f : f € WS¥(D;C), 0705 f =0, 9,19 f =0
Y0 f =0 on OG for 0 <v<k—1}.
Theorem 1.3. For regular domains D C C
Hj»(D; C) = At Rl (D3 C)
and
o)
Ly(D;C) = Hy 2(D; C) @ 9592 Wak (D; C) .

For a proof see [7].
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1.3. Several complex variables

Quite a natural extension of the representation formulas for one complex
variable to higher dimensions is available for polydomains. In principle
the unit ball can be treated too, see [4, 5], but because of the complicated
structure of the Pompeiu operator, see [12], iterations cannot yet be given
explictly. In order to present the concept of the procedure for polydomains
just bidomains are studied in C2. The extension to higher dimensions is
then obvious, see [6].

Theorem 1.4. Let D1 and Dy be reqular domains in C and D = D1 x Dy C
C? be the bidomain composed by D1 and Dy and 8oD = 0D, x 0Dy the
distinguished boundary of D. Any w € C*(D;C) N C(D U dyD;C) can be
represented as

B 1 dCl d<2
U}(Zl,ZQ) = W/BDI ‘/BDZ w(ClaCQ) C — <2_Z2

déydy 1 d€adr
/wq_lcla@)cl 1—;/D2w (Zvaz)CQ_ZZ

/ / w1, ) d&dm d&adnz (1.8)

G—2z1 G— 22

Proof. Applying the Cauchy—Pompeiu formula for D; and then for Do
gives

1 d 1
w(z, 22) = 27 Jap Wit 22) G ElZl o /D v, z2) (1 —2

1 d¢y dCs
-~ (2mi)? /E)Dl /E)DQ (61, G2) G—2z1 G— 2
d&adnz  dG
Con% /aDl /Dzwc_2 1, 62) G2—22 Q1 — 21

dGa  d&idm
We- )
2771/,31/6,32 G SHE) Co—20 (1 — 21

/ / W (C1y C2) d§idny  d€adny
C1 G2 \5D G—21 G —2 :




With
. déydip
T /1 wCI (<1722) Cl 21

the above formula follows.

Remarks. For polydomains C*(D;C) denotes the set of complex func-
tions in D having continuous derivatives with respect to any single variable
up to order k. E.g. for a bidomain D and k = 1 the functions w have con-
. Other

tinuous derivatives w,,, Wz, Wiy, Wag, Wsy 20, Wayzg, Way 205 Warzs
representation formulas are available by replacing (; by (; for one index or

H. Begehr

1 dGe  d&idm
C2n% /Dl /6D2 wa@l’@) G—22 G — 21

1 d§ydny  d€adny
Ry Yy

Cl—Zz C2—Z27

1 déadnz  d(:
T 2% /¢9D1 /Dz u@@l’@) G2—22 1 — 21

1 - d&idm dadnp
2 ‘/Dl /Dsz1C2(C1’<2)

Cl—Zz C2—Z2

both indices k = 1,2. The respective representation in the case of C™ is

1 n
W) = g [, O 11

S

v=11<p1 < <pp<n

In this formula components of ¢ not integrated upon have to be interpreted

as z—components.

1 dé,,d
L T e
& Dpy Dy, " pu CP#

d¢,
Cl/ — 2y

Pu

Iterating (1.8) leads to a second order representation.
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Theorem 1.5. Any w € C?(D;C)NCY(DUdyD;C) can be represented as
well as

ClaCQ) o wa(cl7<2) Cl — 21
w(z1, 22) = (27i)? /BDl /aDQ{ (G2 —2z1)(C2 — 22) G2—22 G —2

Cwg(Gh ) G-z G0-2G-=
G-z G— 22 Wi (61, 62) G1—21 G2— 22 dCrdCy
1 o

1 G — 2
b /1)2 wg (21, G2) = d€adny

1 G —2 G2 — 22
72 /131 /172 vaaaan @) G —2z1 G2— 22 dadm dadrp

as via

— <17<2) - wC_1(<17C2) Cl —zZ1
w(z1, 22) = 27rz /3,31 /3132{ (€1 —21)(G2 — 22) (o—2z0 (11—

W (€1,¢2) & — 22

C1—2’1 CQ—Z

}dCldCz (1.10)

1 G—=
2w ST g
+7T/[)1wclcl(C1,22) 0—a §1dm

1 G — 2
+;/D wczcz('zluCZ)C ~ d&a e

w5 (G, G2) weae @) G — 2
7T2/Dl/p2{ (G —2z1)( 2—22)+ (2 — 22 ¢1— 21

w55 G ¢) ¢ —
(1— 21 G2 —

}d§1 dmd&adnz .

Proof. TIterating instead of (1.8) the respective second order representa-
tions for one complex variable applied to z; and 2o leads to (1.10). The
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equivalent formula (1.10) then follows as by the Gauss theorem

G—21G—2
27_” ~/6D1 ~/6D2 C1Co <17<2) C % <2_Z dCld<2

= i o C —Z1 C?
=3 /D1 /DQaCTaC_z{wcl 5 (G, ¢2) =7 o dgldn1d§2d772 ]

Remarks There are other second order representations by interchanging
¢, —derivatives with (j—derivatives for k = 1 and/or k = 2 and at the same
time the ((x — zx)/(Ck — 2k )-kernels with the log |(, — 2x|?~kernels.

Although these representation formulas express the function through
boundary values of proper lower—order derivatives this does not imply that
the related boundary value problem is solvable and the solution is given by
this formula. Only if the solvability is guaranteed then this representation
formula may be used for representing the solution.

Of course, there are also mixed order representations. Again only one
example is formulated.

Theorem 1.6. Let w be defined and complex—valued in the regular bido-
main D such that wz and wzz; are continuous and Wxzmzm = Wz -
Then

U)(Zl, 22)

w((1,(2) w<2(C1,C2) G — 22
2m /8D1 /3D2{ (¢1— 21)(C2 — 22) (-2 -2 d¢1d(s

déid 1
——/ Wer (C1,22) Sl —/D We & (217C2)< d§2d772
2

G1— 21 m Co —
<17<2) CQ
Ve G
/Dl /D G -2 G- d&dmd&dm (1.11)

The proof again follows by proper iteration of the Cauchy—Pompeiu
formulas. Other formulas of this kind with dc-operators instead of 85 -
operators are available. Generalization to more than two variables are
obvious, see [4, 6].



Integral representations in complex, hypercomplex and Clifford analysis 21

1.4. Clifford analysis

Let {er : 1 <k < m} be an orthonormal basis of R™ with 2 < m such that
x € R™ is represented as x = ZTZl xrpek. Introducing a multiplication via

e1=1, ejep+ere;=—-205, 2<j5kE<m,

a Clifford algebra C,, is introduced as the set of elements a = ) , asea
where aq € C

ea=11if A=0, es=enar  €a, if A={ar,as, -, ar}

with 2 < a1 < ag < --- < ap < m and the sum is taken over all subsets A
of {2,3,...,m}.

If m = 2 the multiplication is commutative and Cy with e = i is just the
field of complex numbers C. Otherwise C,, is a noncommutative algebra
over C of dimension 2™, By

with

er=e1, e=—¢;, 2<k<m, esep=¢egea

a complex conjugation is introduced. Denoting
1/2
al= (X laal?) " for a=3asea
A A

via |alg = 2"/2|a| an algebra norm is defined. Identifying = = Z;T:l Trek
€ R™ with z = 217:1 zper € C,, the space R™ is embedded into C,,.
These elements satisfy 2z = zz = |z|2.

A natural basic first order differential operator for functions defined
on subsets of R™ with values in C,, is the so—called Dirac operator
0 = Z,T:l ex0y, and its complex conjugate 0 = 0, — 2222 exOz,. For
m = 2 they essentially coincide with the Cauchy—-Riemann operator and its
complex conjugate 20z = 05 +1i0y, 20, = 0, —i0,. The importance of these
operators is the connection with the Laplace operator 99 = 90 = A. This
factorization makes Clifford analysis important for mathematical physics.

Some basic differentiation rules are

0z=20=2-m, 0z2=20=m, 0|z|* =220 =2z,

02| = |2]°0 = a|2|*"%2, 9(Z/|2™) = (Z/|2™) 0 =0.
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The last rule identifies Z/|z|™ as the fundamental solution to the Dirac
equation. For more detailed information see [10, 11].

Basic for representation formulas for functions in Clifford algebra is a
version of the Gauss theorem. Because of the anticommutativity of multi-
plication two functions are involved here.

Gauss Theorem. Let D C R™ be a regular domain and f,g €
CY(D;C,,) NC(D;C,,). Then

/[(f8)9+f(3g)]dv:/ fdé g,
D oG

199+ @av= [ sz

oG

Here dv denotes the volume element of D, do the area element of 0D,
n = (ny, - ,ny) the outward normal vector on 0D, 7i = Z,T:l nye, the
corresponding element in C,,, and dd = do 71 the directed area element on
0D, d& = do i its complex conjugate.

Proof. (1) Let f,g € C*(D;C)NC(D;C). Then from the classical Gauss
theorem

[ U+ fan o= [ 0,70 = /8 g o

multiplication by e, and adding up gives

/[(3f)g+f(8g)]dv:/ fg dé.
D oD

Rearranging this formula and replacing f by f4 and g by gp, A, B C
{2,...,m} gives

/ (£40) g5 + f4(9g5)] dv = / Jadd g5
D oD

Multiplying with e 4 from the left and ep on the right and taking sums give

/D[(fa)gwtf(@g)]dv:/wf i g.

The second formula follows analogously or by complex conjugation of the
first one. O

From this Gauss theorem Cauchy—Pompeiu representation formulas fol-
low in the same way as in the complex case.



Integral representations in complex, hypercomplex and Clifford analysis 23

Cauchy—Pompeiu representation Anyw € C'(D;C,,)NC(D;C,,) can
be represented as

1 (—z

_1 -z F(C v
w(z)‘wm/wm—zwd( %/K_Z'm () dv ().

Here w,,, denotes the area of the unit sphere in R™. There are dual formulas
where the function and its derivative, respectively and the kernel function
are changing their positions with one another.

Proof. Let 0 < € be so small that D. = {( : ( € D,e < | — z|} is a
regular domain. Then from the Gauss theorem

/ 72 430 w(C) = / 72 du(¢) d(c).
o D

p. € — =™ ¢ =2

S 7<TZ o (¢)w
o ) 45(Q) w(¢)

—z|=¢ |< - Z|m

1

= — e e wdo(w) w(z + ew)
Wm Jw|=1
1
= — w(z + ew) do(w)
Wm J|w|=1

tends to w(z) with ¢ tending to 0 and

|/< = LICLG 0

< 2’”/ / 7™ 0w (z + tw)| t™ L dt do(w)
=1

tends to 0 with &, the first representation formula follows. The second
can be deduced similarly. It also could be attained from the dual of the
first formula where the places of the kernel and the function w and wd,
respectively are interchanged with one another, by complex conjugation.
Iterating the first formula leads to higher order Cauchy-Pompeiu for-
mulas as before. 0
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Theorem 1.7. Let w € C*(D;C,,) N C*1(D,C,,) for 1 < k. Then

= 1 (—2)E—C+z-0"

1 [ (C=2)E=-C+z-Q"!

“om Jo TG g e SO

Also the two Cauchy—Pompeiu formulas can be iterated with one an-
other leading to a formula related to the Laplacian A = 90.

Theorem 1.8. Let w € C?(D;C,,) N C*(D;C,,). Then

1 (—2z2 1 ¢ —2)>™ —
=— do - — = dd(¢) 0
wo=o- [ En a0 - o [ S e

s [ B Ao,

Proof. From the Cauchy—Pompeiu formulas

L e R e R
wi) = o [ w0 - o [ E e an@ ),
=~ 1 ¢
0 = — — - ¢)dv
wl) = o | e 0w /|< S A0
it follows
we) = o [ S+ o [ () ou()
Wm Jop |C Z| Wm JopD
—5; (¢, 2) Aw(C) dv(C)
where

1 (—¢ (¢
1/) 7Z - — =~ = d’l} .
€2 wWm Jp |C— 2™ | —¢™ ©
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By an analogue argumentation as for (2)

2—m  wm Jop |C— 2|m 2—m

L[ (-2 (¢ e e
mAwE dv(¢) = $(¢,2) = ¥(¢,2).

w =2l ¢

Applying the Gauss theorem for {E (eD, e< |Z— zl, e < |E— ¢|} with
proper positive € it follows

%¢@5=—L/‘ CTF a8

wm Jop |C = z|m ¢ —¢m

= =
T =

s {(g—z %> ¢-¢
wm Jo \\IC=2m ) ¢ =

-2 {-¢
— O = d =0
K—Am<ck—dm>}v@)

when ¢ tends to zero. Hence, again applying the Gauss formula

[ 06 dFQ 00+ o= [ 3¢z dule) ) =o.

Wm JoD

Adding this to the representation of w and observing (1.12) proves the
representation claimed. Iterating the representation in Theorem 1.8 with
itself gives the next formula. O

Theorem 1.9. Let w € C**(D;C,,)NC?**~1(D;C,,) for 1 <k if m is odd



26 H. Begehr

and for 1 < 2k <m if m is even. Then

k T_2) | — z2(e=1)—m
w<z>=2{i [ Sk 45() A ()

= | wm Jop 201 (n—1)! T2 (2v — m)

_ L ¢ — 22— E: n=1y,
o T T 7 22 (Q}

1 € — 2 o) do
o /D 261k — )ITIE_, (20 —m) AMw(C) dv(C).

For the proofs of these results see [3]. Further representation formulas
for m < 2k if m is even are given in [19]. Those related to operators of the

form 845k are the subject of a forthcoming thesis of Heinz Otto.
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2.1. Introduction

The classical Potential Theory is the theory of harmonic functions. For

modern abstract linear potential theories, developed by M. Brelot, H. Bauer

etc, no differential equations are needed. There is a corresponding nonlinear

abstract potential theory, see [HKM], but to model interesting new nonlin-

ear theories the derivative of a function and quasilinear elliptic partial dif-
29
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ferential equations or variational integrals are employed. In a metric space
(X,d) with a measure p we introduce two counterparts for the derivative
of a function and then investigate a potential theory based on minimizers
or quasiminimizers of variational integrals.

The main emphasize in these notes is on the definitions of a Sobolev
space on X and on the concepts which can be used to build a Potential
Theory on X.

2.2. Hajlasz space M1'P(X)

2.2.1. Definition

Let (X,d) be a metric space with a measure p (no extra assumptions).
Let w : X — [—00,00]. We let D(u) denote the set of all y—measurable
functions g > 0 such that

lu(z) —u(y)| < d(z,y)(g(z) + g(y)) (2.1)

holds pu— a.e. x,y € X. This means the following: There is a set C' C X
such that ©(C) = 0 and (2.1) holds for every z,y € X \ C (observe that
0o — oo and Ooco are not defined, however for x = y we always interpret
(2.1) as a triviality).

For 1 < p < oo the Hajtasz—space M1P(X) is defined as

MYP(X)={ue€ LP(X):3g € D(u)N L(X)}.

If u e MYP(X), then |u| < oo pu— a.e. and hence we can redefine u and
g € D(u) N LP(X) so that (2.1) holds for every z,y € X.

The space M1P(X) was introduced by P. Hajtaz [H].

For u € M*P(X) we set

Lp = l[ullzrx)y + it lgllLex)-

Jullaercey = I 3B

Theorem 2.1. The space M*?(X) is a Banach space with the norm || ||1,p,
1<p<oo.

Proof. Clearly M*P(X) is a linear space and |uli, is a norm in
MP(X).

To show that M1?(X) is a Banach space, let (u;) be a Cauchy sequence
in M1P(X). Then u; is a Cauchy sequence in LP(X) and hence

u; —u € LP(X) in LP(X)

because LP(X) is a Banach space.



Nonlinear potential theory in metric spaces 31

It remains to show that u € M*P(X) and that
u; — u in MMP(X).
Passing to a subsequence we may assume
i1 = wifl1,p < 27°
and that u; — u p— a.e. Thus there is g; € LP(X) N D(u;41 — u;) with
[(wit1 — wi)(@) = (uir1 — ui)(y)| < d(z,y)(9:(2) + 9i(y))
p— a.e. and
lgillz» < 27"

For each £ > 0

and letting £ — oo we obtain

[(u = wi)(2) = (u = wi)(y)| < d(z,y)(9(x) + 9(y))

where
oo
9=> 9
=i
note that
lgllrrx) <274

and hence g € LP(X). From this it follows that

[u(x) = u(y)| < |ui(z) —ui(y)| + d(z,y)(g(z) + g(v))

which clearly implies that u € M*P(X). Moreover, the above inequalities
also yield that u; — u in MYP(X).

Since this reasoning can be applied to any subsequence of (u;), it follows
that u; — u in M1P(X); note that the limit function u is independent of
the subsequence. |
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Example. Let
X =[-1,00u | [ai,b:] CR
i=1

where b; = 1/2%, i = 1,2,..., and the intervals [a;,b;] are disjoint and so
short that for a fixed p, 1 < p < oo,

U [aq,b;i]

For example

= b’L — Qg

) <

a'P

i=1

suffices.
Next let
0, z€[-1,0]

u(z) =
1, zeU [ai,bi]

and let X be equipped with the Lebesgue measure and d(z,y) = |z — y|.
Now u € MYP(X). Indeed, let

0, z€[-1,0]
g(x) =
T reu [aubl]
Then g € LP(X) and since u € LP(X), it suffices to show that g € D(u).
The inequality

lu(z) —u(y)| < |z —yl(g(z) + 9(y)) (2.3)
is trivial for =,y € [—1,0] and x,y € U [a;,b;]. Let y € [—-1,0] and z €
@] [al,bz] Then

lu(z) —u(y)| =1 < |z —yl/lz] = |z — ylg(z)
< |z —yl(g(z) + 9(y))

as required and hence (2.3) holds, by symmetry, for all z,y € X.

Observe that X is compact and u is not continuous at 0. Similar exam-
ples can be constructed on [—1, 1] if the Lebesgue measure is modified and
then restricted to X.
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2.2.2. Poincaré inequality

Theorem 2.2. Let (X,d) be a metric space with 0 < u(X) < oo and
uwe MVWP(X),1<p<oo. Then

/|u —ux[Pdp < 2P(diam X)p/gpdu (2.4)
X X

where g € D(u) and
o |
* ][ SENTCON B
X X

Remarks.

(a) Note that

/|u|d,u < o0

X

by the Holder inequality since u(X) < oc.
(b) The inequality (2.4) is called a Poincaré inequality, sometimes a
(p, p)-Poincaré inequality, see subsection 3.5.

Proof of Theorem 2.2. Since

lu(z) = ux| = | ]Z(U(x) — u(y))dp(y)|
X

< diam(X) ][ (9(z) + g(y))du(y) = diam(X)(g(z) + gx),
X

we obtain by integrating over x

/ () — ux Pdp < diam(X)P / (9(z) + gy )Pdp
X X

= diam(X)p2p*1{/gpdu+/g%du}
X X

where we have used the inequality (a+b)? < 2P~1(a? +bP) valid for a,b > 0
and p > 1. Now

/gﬁ’(du = u(X)(][gdu)p < p(X) ]ngdu = /gpdu
X

X X X
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by the Holder inequality and we obtain

/|u(:17) —ux|Pdp < diam (X)P2P~!. 2/gpdu
X X

as required.

2.2.3. Approximation by lipschitz functions
A function u : X — R is L-lipschitz, 0 < L < oo, in a metric space (X, d)
if

lu(z) — u(y)| < Ld(z,y)

for all z,y € X.
We study first an extension problem for L-lipschitz maps.

Lemma 2.1. Suppose that M is a family of L-lipschitz functions f : X —
R. Then

g(x) = nf{f(z) : f € M}
is L-lipschitz in X provided that g(x) € R for some x € X.

Proof. 1f g(z) € R, then M # ) and g(y) € R for all y € X. Indeed, let
y € X and suppose that g(y) = —oo. Then for all M > 0 there is f € M
s.t. f(y) < —M. Now

f@) = fly) < [f(@) = fy)| < Ld(z,y)

and hence
-M > f(y) = f(z) — Ld(z,y) = g(z) — Ld(z,y) > —oo.

Letting M — oo we obtain a contradiction. Thus g(y) € R for all y € X.

Hence g : X — R and it remains to show that g is L-lipschitz. Fix
xz,y € X and let ¢ > 0. We may suppose that g(z) < g(y). Next choose
f € M such that g(z) > f(z) —e. Now

l9(x) —g(W)| = 9(y) — g(x) < fly) — f(x) +e <|f(y) — f(x)] +e
< Ld(y,z) + .

Letting € — 0 we obtain |g(x) — g(y)| < Ld(y, z) as required. O

Theorem 2.3. (McShane) Let A C X and u : A — R L-lipschitz. Then
there is an L-lipschitz function u* : X — R such that u*|A = u.
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Proof. For given a € A the function
fa(z) = u(a) + Ld(z, a)
is an L-lipschitz function on X (triangle inequality). Define

u*(z) = inf{fo(x) : a € A}.

Then u*(x) = u(z) for all z € A and by Lemma 2.1, u* is L-lipschitz.

35

O

Next we show that a function u € MYP(X) can be approximated by

lipschitz functions in the || ||1 ,—norm.

Theorem 2.4. Let u € M'P(X), 1 <p < oo, and ¢ > 0. Then there is a

lipschitz function ¢ : X — R such that
(1) p({z € X :u(z) # p(2)}) <e,

(i) llu = @ll1p <e
Proof. Let e > 0 and choose g € D(u) s.t.
[ullip = Nully + llglly — /2.
Write By = {z € X : [u(x)] < A, g(z) < A}. Then
MWu(X\Ex) —0 as A — o0

because
o> [pdu= [ ldns [ jupan
X Ju() | <A Ju(@) >
> [ P wu(u()] > A
lu(z)|<A
and since
|u|Pdp — /|u|pd,u7 A — 00,
lu(z)|<A X
we have

MNu(Ju(z)| > A) =0 as A — oco.
Similarly M u(g(x) > A) — 0 as A — 0 and now
p(X N\ Ex) < p(lu@)| > ) + plg(x) > )

gives (2.5). The function u is 2M-lipschitz on E) since for x,y € E)

u(z) —u(y)] < d(z,y)(g(x) + 9(y)) < 2Md(z,y);

(2.5)
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we have assumed that the inequality
lu(z) —u(y)| < d(z,y)(9(z) + g(y))

holds everywhere in X.
By Theorem 2.3 u|E) can be extended to a 2A-bilipschitz function vy :
X — R. Now vy need not belong to LP(X) and we set

uy = sgn vy min (Juyl, A).
Then u) is again a 2 \-lipschitz function on X and uy = u on E). Moreover,

[lux —ull, = 0 as A — oo,

since
fur—ulp< [ o —uPdu< 2t [ jupde
X\Ex X\Ex
+ / |u|pd,u} <ort {APM(X \ Ex) + / |u|pdu} —0as A — .
X\Ex X\Ex

Finally the function
g(x) =0, xz€ E\, gr(z) =g(x)+3\, z€ X\ E),
belongs to D(u — uy). To see this note that the inequality

[(u = ux)(@) = (v —ur) ()] < d(z,y)(9x(2) + 92(y))

is trivial for z,y € E\. If z,y € X \ E), then

[(u —ux)(@) = (u—ux)(y)]

< Ju(@) = u(y)| + [ua(@) — ur(y)]

< d(z,y)(9(z)xx\E, (%) + 9(¥)Xx\E, (1) + 2Axx\ B, ()
< d(z,y)(gx(x) + g (y))-

Ifx € Ey and y € X \ E), then
[(u —ux) () — (u—ux) ()| < Ju(@) —uw(y)] + [ur(@) —ur(y)|

)(9(x) +9(y)) + d(z,y)2A
YA+ g(y) +20) < d(z,9)(gxr(x) + 91(y)),
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On the other hand,

/gfdu: / (g(x) 4+ 3\)Pdu

X X\E\
<2 ([ s yNu\E)
~—_——
X\Ex —0 as A—oo

and the first term goes to 0 as well because (X \ E)) — 0. The proof is
complete. O

2.2.4. Properties of functions u in M1P(X)

Theorem 2.5. Suppose that u € MYP(X), 1 < p < co. Then there is a
function g € D(u) with the least LP—norm. Moreover, g is unique.

Proof. Standard (based on the Mazur lemma and strict convexity of the
LP—norm for p > 1). O

There are results, called Sobolev imbedding theorems, which tell that
the functions u € M1P(X) have additional regularity properties; for the
proofs see [H].

The measure p is said to be s—regular, s > 0, if there is ¢ > 0 such that

er® < u(B(z,r)) < o0

for all x € X and all 0 < r < diam(X).
Let 1 < p < s. The exponent

is called the Sobolev conjugate of p. Note that p* — cc asp " s.

Theorem 2.6. Suppose that p is s—reqular, u(X) < oo. Let u € MYP(X),
p> 1.

(a) If 1 <p<s, thenu € L (X) and
lull o < Cldiam (X)™Hullzr + inf |lgllze],
geD(u)
- + < C inf ».
Ju—uxlpe <C il gl
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(b) If p> s, then

lu— uxl[pe < Cu(X)*% inf gl

geD(u
1

1
» inf .
Pt gl

u(z) —u(y)] < Cu(X)
Remarks. (a) There is a version of Theorem 2.6 for p = s.
(b) With some extra assumptions on X in the case (b) the function u
is Holder continuous.

2.2.5. The case X =R®" and u=m

Let 2 be an open set in R™. There are many different ways to characterize
the classical first order Sobolev space WP(Q2), 1 < p < cc.
(A) u € WHP(Q) iff (definition) u € LP(Q) (Lebesgue measure) and

there are functions g1, ..., g, € LP(Q) (the distributional derivatives of u)
such that

/gigodm =— /u@igodm

Q Q

for every ¢ € C}(Q) (integration by parts).
(B) u € W1P(Q) iff (equivalent definition) u € LP(2) and there is a
sequence of functions u; € C1(£2) such that

u; — u in LP(Q),

(Oju;) is a Cauchy sequence in LP(2) for each i=1,...,n.
The space WP(9) is equipped with the norm
lullwre @) = llulle + [[[Vulllze,

Vu=1(g1,---,9n)-

If Q = R", then the Hajlasz space MLP(R™), p > 1, u = m, is exactly
the space W1P(R™); this is not true for an arbitrary open set  C R™. For
the proof of Theorem 2.7 see [H].

Theorem 2.7. Let 1 < p < oc.
(a) If u € WHP(R™), then

u(z) = u(y)] < Clo — y[(M(|Vul)(z) + M(|Vu|)(y))
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for a.e. z,y € R". Here

M(|Vul|)(z) = sup ][ |Vuldm
r>0
B(z,n)

is the Hardy-Littlewood mazimal function of |Vu| (note that for
p>1, M) e LP(R") if v € LP(R™) and |M()||zr < Cl|v|Le;
C = C(n,p)).

(b) If u € MYP(R™), then u € WHP(R™) and u has g € D(u) with

lgllzy < C(n, p)[[IVulllzr-

Remark. In fact WHP(R") = MIP(R") for all 1 < p < oo but the
“pointwise” inequality in (a) does not give the information needed.

If u € C1(Q), then Vu = 0 in each open set V C  where u = const.
More generally, if u € WHP(Q), then |Vu| = 0 a.e. in the set where u =
const. This does not hold in the space M>P(X). Because of this I have
not yet seen any serious development for the Potential Theory in the space
M*P(X). However, for many fractal sets X of R™ the space M1P(X)
with a natural Hausdorff measure is a natural space to study minimizers of
variational integrals and it would be interesting to know if a potential theory
similar to the theory based on the Newtonian space can be constructed on
M'P(X).

2.3. Newtonian space N1P(X)

This is the second choice to form a function space in X similar to the
classical first order Sobolev space WP, In some sense it is closer to the
classical Sobolev space WP than MP,

2.3.1. Line integrals

Let (X,d) be a metric space. A path 7 : [a,b] — X is a continuous map.
The length of the path v is

() = sup Z d(y(ti), y(tit1))

where the supremum is taken over all sequences

a:tlgtgg...gthrl:b.
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A curve is rectifiable if I(y) < oo. In the sequel we assume that all paths
are non—degenerate, i.e. y([a,b]) is not a point, unless otherwise stated.

Two important concepts are associated with a rectifiable path ~: the
length function S, : [a,b] — R and parametrization by arc length. The
function S is defined as

Sv(t) = l(Vl[avt])v a<t<b,

and the path 4 : [0,1(y)] — X is the unique 1-lipschitz continuous map
such that

7 =7005,.

In particular, [(7][0,¢]) = ¢, 0 <t < I(y), and ¥ is obtained from + by an
increasing change of parameter. The path 4 is called the parametrization
of v by arc length.

If v : [a,b] — X is a path, then the set

vl ={7() : t € [a,b]}

is called a (closed) curve. We shall not distinguish paths and curves. In
general, this is dangerous.

If v is a rectifiable curve in X, then the line integral over « of a Borel
function p : X — [0, 0] is

i(v)

/mm—/mmw / p(3(8))dt.

The geometric meaning of the line integral is that it represents the total
area of the fence whose height is p((¢)) at the point ¢t. Note that if
travels back and forth on ||, then the area is computed accordingly.

Remark. If X = R™ and if vy : [a,b] — R" is absolutely continuous (each
coordinate function «; of v is absolutely continuous), then

/ pds = / (t)dt.
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2.3.2. p-modulus

We assume in the rest of this chapter that u is a regular (each y—measurable
set is contained in a Borel set of equal measure) Borel measure in X. For
a given curve family I' in X and p > 1 we define the p—modulus of I" by

M,T) = inf/p”du
X

where the infimum is taken over all Borel functions p : X — [0, 00] such
that

/pds >1 (2.6)

~

for all (rectifiable) curves v € I'. Functions p that satisfy (2.6) are called
admissible functions for the family I'.

By definition, the modulus of all curves in X that are not rectifiable is
zero. If I' contains a constant curve, then there are no admissible functions
and hence the modulus is +o0. The following properties are easily verified:

M,(0) =0, (2.7)

My(JTi) < 3 My (), (2.9)
M, (T') < M, (T) (2.10)

if each curve v € I" has a subcurve v € I'y.

These properties show that M, is an outer measure on the set of all
rectifiable curves in X.

Observe that p needs to be a Borel function since otherwise the line
integral (2.6) may be undefined. However, the situation can be corrected
in many cases because of the following lemma (the proof is based on the
Borel regularity of u):

Lemma 2.2. Let p : X — [0,00] be a u—measurable function. Then there
is a Borel function p* : X — [0,00] such that p*(x) > p(x) for all x € X
and p* =p p—a.e.

In general, it is difficult to compute M,(I") for a given curve family I
Upper bounds for M,(T") are (usually) easy to obtain.
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Lemma 2.3. Suppose that the curves v of a family T lie in a Borel set
A C X and that I(y) > 7 >0 for each v € I'. Then M,(T') < u(A)/rP.

Proof. Put p(x) =1/r for x € A and p(z) =0 for x € X \ A. Then p is
admissible for I' and the inequality follows. O

Example. Let I' be the family of curves in a Borel cylinder G of R™ which
join the bases of the cylinder,

G={zeR":(x1,...,2p-1) € E, 0<z, <h}

where E C R"~! is a Borel set. In R™ we use the Lebesgue measure m.
Now
mn_1(E)  m(G)

hp=1 pp
To see this note that M,(I") < m(G)/h? follows from Lemma 2.3. For the
opposite inequality let p be an arbitrary admissible function for I'. For each
y € E let v, : [0,h] — R™ be the vertical segment 7, (t) = y + te,,. Then
vy € I' and assuming p > 1 we obtain from the Hélder inequality

h
1< (/pds)p < pp1 /p(y—l—ten)pdt.
0

Yy

MP(F) =

Integration over y € FE yields by the Fubini theorem

h
Mp—1(F) < hp_l/dmn_l/p(y—i—ten)pdt
0

E
n

= hp_l/ppdmg hp_l/ppdm.
G R

Since this holds for every admissible p, M,(T) > my_1(E)/hP~! as
required. The case p = 1 is similar.

Lemma 2.4. Let v : [a,b] = R, 7(t) =t, and I' = {v}. Then M,(T) =
1/(b—a)P~! (in R the Lebesgue measure is used),

Proof. This easily follows from the previous method. O

A comprehensive treatment of the p—modulus in euclidean spaces can
be found in [V].
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Note that if a family T' of paths lies in a set E with u(F) = 0, then
M,(T) = 0. Thus M,({7}) > 0 holds in a few cases only, the situation in
Lemma 2.4 being a typical example. A more general example than R is a
graph.

2.3.3. Upper gradient and ACC, functions

A Cl—function u in a domain Q of R™ satisfies
i)
u(x) —uly) = /Vu -ds = / Vu(y(s)) - 7' (s)ds
o 0

where v is any rectifiable path in 2 with endpoints x and y. This leads to

|uu>—u@nf;/ﬁvuum

We will now see that this inequality is almost as useful as the previous
equality. We extend the latter inequality to a metric space (X, d).

A Borel function g = g,, : X — [0, 00] is said to be an upper gradient of
u: X — Rif

|mm—u@ns/@w (2.11)

for each rectifiable path « joining z and y in X.

Every function has an upper gradient, namely g = oo, and upper gra-
dients are never unique. Each L-lipschitz function has an upper gradient
g = L but this is rarely an optimal choice. The constant function has an
upper gradient = 0.

A function u : X — [—00,00] is said to be ACC,, p > 1, if uo7 is
absolutely continuous on [0,1(y)] for p-almost every rectifiable curve ~ in
X (this means that the property holds for all (rectifiable) paths except
possibly for a family I'y with M, (Tg) = 0).

Definition. Let u : X — [—o00,00] and let g : X — [0,00] be a Borel
function. If there exists a family I" of paths such that M,(I') = 0 and the
inequality (2.11) is true for all (rectifiable) paths v ¢ T', then g is said to
be a p—weak upper gradient of w.

The exponent p > 1 is usually fixed and we simply call g a weak upper
gradient of u.
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2.3.4. Newtonian space N1'P(X)

Let N'?(X) = NVP(X,d, ;) is the set of all functions u : X — R which
belong to LP(X), p > 1, and have a p-weak upper gradient g € LP(X).
The space NP = Nl’p(X) is called a prenewtonian space. It is a vector
space, since if a, 8 € R and uq,us € NP with weak upper gradients g;
and go, then |a|g; + |B|gs is an upper gradient for au; + auy. For u € NP
we let

lullvie = lJull Lo x) +iI;ng”LP(X)

where the infimum is taken over all weak upper gradients of u. It is easy
to see that ||u||y1.» satisfies the triangle inequality.
If u,v € NYP let

ur v < |u—v|ye =0.

Then ~ is an equivalence relation in N1-?, partitioning N'? into equivalence
classes. The collection of equivalence classes, under the |||/ y1,,—norm, is a
normed vector space

NYP(X)=N"(X)/~
called the Newtonian space corresponding to the exponent p, 1 < p < oco.
Example. If X contains no rectifiable paths, then N1P(X) = LP(X).
Lemma 2.5. If u € N%?, then u is ACC,.

Proof. Since u € N'7, u has a weak upper gradient g € LP(X). Let T
be the collection of all paths for which (3.6) does not hold; then M, (T") = 0.
Let I'1 be the collection of paths that have some subpath belonging to I'.
Then

M,(Ty) < M,(T) = 0.
Let I be the family of paths v such that [ gds = co. As g € LP, M,(T's) =
0 and hence k
M,(I; UT) = 0.
If v ¢ T’y UT5, then v has no subpath in I and hence for all z,y € |¥]

lu(z) — u(y)] < / gds < oo,

Yy
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Hence if (a;,b;), i = 1,2,...,n, are disjoint intervals in [0,1(~y)], then
S luli) ~uGie < [ g
U(ai,bi)

i

and this shows that w o 4 is absolutely continuous on [0,1(~y)] as required]

Note that the above lemma remains valid if the function u is required
only to have a weak upper gradient in LP.

Remark. The above proof reveals the following: If w is a function with a
weak upper gradient g € LP, then there is a family I' of paths such that
M,(T") = 0 and for all rectifiable paths v ¢ I", u satisfies

|mm—u@ﬂs/@w

for each subpath v of ~.

Remarks. (a) Lemma 2.5 has a converse: If v € L? and there is a Borel
function g € LP such that for p-almost every path + in X the function
sihs u(5(s)) is absolutely continuous on [0,1()] and |f'(s)] < g(3(s)) a.e.
in [0,1(7)], then u € N2,

(b) Observe also that if u has a weak upper gradient g € LP, then for
p-almost every path v in X

[f'(s)l < g(3(s)) ae. in [0,1(7)].

These observations are useful in proving the following lattice property
of NP (and N1P):

Lemma 2.6. If u,v € NP, X\ >0, then the functions
(a) min(u, A)
(b) lul
(¢) min(u,v)
(d) max(u,v)
belong to NP,

Remark. As a byproduct of the proofs of the above statements one obtains
the following important fact: if g, and g, are weak upper gradients of u
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and v, then max(u,v) has a weak upper gradient g such that

gu(z), ifu(z) > v(x)
g(x) =
go(x), ifv(z) > u(x)
© —a.e. in X. Note that the function on the right hand side need not be a
Borel function, however, the situation can be corrected, see Lemma 2.2.

Theorem 2.8. N'? is a Banach space.

For the proof see [Sh] (the proof is not trivial). The proof uses the concept
of p—capacity of a set £ C X. This is defined as

Cap,E = iI&f Il e

where the infimum is taken over all w € N1'? such that u >1on E. Then
Cap,E € [0,00] and Cap,FE = oo if there is no v € N'? with u > 1 on E.
The proof for Theorem 2.8 reveals the following

Lemma 2.7. If E C X, Cap,E =0 and u € N'"P(X \ E), then u has a
uniquely determined extension u* to E such that u* € N1P(X).

As a corollary from the proof of Theorem 2.8 one obtains:

Corollary 2.1. If (u;) is a Cauchy sequence in NVP, then it has a subse-
quence which converges pointwise outside a set of p—capacity zero. More-
over, this subsequence can be chosen so that it converges uniformly off a set
of arbitrary small p—capacity.

Remarks. (a) A function u is called p—quasicontinuous if for each ¢ > 0
there is a set ' C X such that u[X \ E is continuous and Cap,(E) < .
Corollary 2.1 makes it possible to study p—quasicontinuity properties of
functions in N1P(X).

(b) Lemma 2.7 can also be used to show that if u,u € N'?(X) and
u =0 U — a.e., then u ~ v.

The following property is important in applications. The proof is based
on the strict convexity of the LP—norm, p > 1.

Lemma 2.8. Ifu € NYP p>1, thenu has a minimal weak upper gradient
g € LP in the sense that if g is another weak upper gradient foru, then g < g
— a.e..
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2.3.5. Doubling measure and Poincaré inequality
A measure p in X is said to be doubling if
1(2B) < Cu(B)

for all balls B in X; this usually includes the assumption 0 < p(B) < co.
If i is a doubling measure, then

W(B(z,7))/n(B(z, R)) > C'(r/R)?

where C’ and @ depend on C only. The number @ can be viewed as a kind
of dimension of X.

If a metric space does not contain rectifiable paths, then NP (X) =
LP(X). The existence of rectifiable paths is guaranteed by the Poincaré
inequality.

The space X is said to support a weak (1, g)-Poincaré inequality if there
are constants ¢ < oo and 7 > 1 such that

flu-unenltn< et f gt (2.12)

B(z,r) B(z,mr)

wherever u € L'(B(a,r)) and g is a ¢—weak upper gradient of u. Observe
that (2.12) is assumed to hold for all balls B(z,r) in X. The word weak
refers to the possibility that 7 > 1; for 7 = 1 the inequality is called a
(1, g)~Poincaré inequality.

If 1 is doubling and if X satisfies some natural topological assumptions,
see Section 5, then (2.12) implies a weak (¢, ¢)—inequality for some ¢ > ¢

( ]Z |t = up (e dp) 't < C'e( ][ gldp)*e.
B(z,r) B(z,7'r)

Thus, if p is doubling and X supports a weak (1, p)-inequality, then
under natural topological assumptions X supports a weak (p, p)—Poincaré
inequality

(f lu-upeold” <ot f g (213)
B(z,r) B(z,tr)

this follows from the Hoélder-inequality. Also it follows from the Holder
inequality that if X supports a weak (1,¢)—Poincaré inequality for some
1 < ¢ < p, then it supports a weak (1, p)-Poincaré inequality. Hence a
reasonable assumption is a weak (1, ¢)-Poincaré inequality 1 < ¢ < p. For
a treatment of the Poincaré inequality see [HK].
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Remark. If i1 is a doubling measure and X supports a weak (1, p)—Poincaré
inequality, 1 < p < oo, then N'?(X) = M'P(X) and the norms are
equivalent. Lipschitz functions are dense in N1?(X) in this case.

If X = an open set in R”, d(z,y) = |x —y| and u = m, then N1P(X)
is the classical Sobolev space and the norms are equivalent (note that m
need not be doubling in ). For the result see [Sh].

2.4. Zero boundary values and local Newtonian spaces

In order to be able to compare the boundary values of functions in N1*? we
need the concept of Sobolev spaces with zero boundary values in a metric
measure space.

Remark. If Q@ C R” is open, then the classical Sobolev space Wol’p(Q)
with zero boundary values is the closure of the space C3(Q2) in the norm
[ellze + [Vl zs-

Let E be an arbitrary subset of X. The set Ny *(E) is the set of all
functions u : E — [—00.00] for which there is a function @ € N'P(X) s.t.
4 =u pu—a.e. in F and

Cp([lte X\ E:u(x) #0})=0.

Then Ny *(E) = Ny’ (E)/ ~ where u ~ v means that u = v u — a.e. in E.
The norm in Ny**(E) is defined as

el sy = Nl

The space N&’p(E) is called the space with zero boundary values.

We are mainly interested in local properties of minimizers of variational
integrals. Thus we need the notation of a local Newton space.

Let 2 be an open set in X. We say that a subset A of 2 is compactly
contained in Q if A is a compact subset of (2, abbreviated A CC  (in many
cases it suffices that A is bounded and d(4, X \ 2) > 0).

We say that u belongs to the local Newtonian space Nﬁ)’f(Q) ifu e
N1P(A) for every measurable set A CC .

Note that for 1 < p < oo each function v € Nli’f(Q) has a minimal
p—weak upper gradient g = g,, in Q in the following sense: If Q' CC Q is
an open set and ¢ is the minimal upper gradient of w in Q', then g = g,
u—a.e. in Q.

Remark. Suppose that X is proper (closed and bounded subsets of X
are compact), p is doubling and X supports a (1, p)-Poincaré inequality.
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If F C X is given, then each function u € Né P(E) can be approximated
in N,P(E) by lipschitz functions which vanish in X \ E. Moreover, the
functions can be chosen to have compact support in E.

The following inequality is sometimes called a Sobolev—Poincaré inequal-
ity. The above discussion shows that it holds with the exponent p in both
sides. This is the most useful inequality for functions w in NO1 P(Q) when
(X \ Q) >0 and Q is bounded. Then w is = 0 in the large subset of X \ Q.

Theorem 2.9. Let X be a doubling metric space supporting a weak (t,q)—
Poincaré inequality for some 1 < q < p and t > 1. Suppose that u €
N'P(X) and let A = {y € B, R) : [u(y)| > 0} If u(A) < ~u(B(z, R))
for some v with 0 < v < 1, then there is a constant ¢ > 0 so that

(][ IUItdu)l/tﬁcR( ][ gﬁdu))l/q-
B(z,R) B(z,7'R)

The constant c is independent of u.

Proof. By the Minkowski inequality and by the weak (¢, ¢)-Poincaré in-
equality we have

B(z,R) B(z,R)
1/q
ScR( ][ gﬁdu) + [uB(a,r)l-
B(z,7'R)

The Holder inequality implies that

|uB(z,r)| < (%)1_1#( ]Z |u|tdu)1/t

B(z,R)
1/t
<y f uldn)

B(z,R)

Hence we obtain

1/t 1/
A= ltn) " <en( o gnn)”

B(z,R) B(z.7'R)

from which the claim follows since 0 < v < 1. 0
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From Theorem 2.9 we obtain

Corollary 2.2. Suppose that Q C X is bounded and u(X \ Q) > 0. Then

/WWMSC/QWM
Q

Q

for every function u € Né"p(Q). The constant c is independent of u.

2.5. Minimizers and quasiminimizers in Newtonian spaces

2.5.1. The obstacle problem

The obstacle method is the most important method in the nonlinear po-
tential theory.

Let 1 < p < oo and let Q C X be an open set. Suppose that § € N17(£)
and ¢ : Q — [—o0, 00]. Write

Kypo=Kpo()={veNPQ):v—0eNPQ), v>1pu—ae inQ}

A function u € Ky g is a solution to the ICy.g—obstacle problem (with the
obstacle 1 and boundary values 0) if

/ﬁ@ﬁ/ﬁw,WEM@
Q Q

Here g, and g, are the minimal upper gradients of v and v in . If ¢ =
—o0, then the obstacle has no effect, and a solution of the K_ g—obstacle
problem is said to be the minimizer (with boundary values 6) in .

The Ky 9(2)-obstacle problem can be studied on an arbitrary p—
measurable set 2 C X.

Let K > 1 and § € N*?(Q). A function u € N'P(Q) is called a K-
quasiminimizer with the boundary values 6 if

(a) u—6e Ny (A)
(b) [ghdu < K [ ghdp
A A

holds for all open (measurable) A C Q and all v € N*P() such that
u—v € NyP(A). Then u is a minimizer in Q iff u is a 1-quasiminimizer in
Q.

From now on we make the following standard assumptions and keep the
exponent p, 1 < p < oo, fixed.
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(i) p is a doubling regular Borel measure such that p(2) > 0 if § # Q
is open and () < oo if Q is bounded,
(ii) closed and bounded sets are compact,
(iii) X supports a weak (1,q)—Poincaré inequality for some ¢ € (1,p)
(too strong in most cases but needed to pass from the weak (1, ¢q)—
Poincaré inequality to the weak (p, p)—Poincaré inequality).

Theorem 2.10. Let Q@ C X be a bounded open set with u(X \ Q) > 0.
If Kyo(2) # 0, then there is a unique solution to the Ky ¢(€2)-obstacle
problem.

Proof. Set

I= inf/g}jdu, veE Ky
Q

Now 0 < I < oo and let u; € Ky g, 2 =1,2,..., be a minimizing sequence.
This implies that the sequence g,,, is bounded in LP(2). Since Q2 is bounded
and (X \ Q) > 0, we have

/WH—MWMSC/QL$@
Q

Q

where we have used Corollary 2.2. This yields

Jui-oran<c [g +c [ gan
Q Q Q

and hence the sequence (u; — 6) is uniformly bounded in N, (). Then
there is a subsequence (u;;) and u € N"P(Q) such that u — 6 € NyP(9),
u;; — u weakly in LP(€Q) and

J
/%WSMMM/%JWSL
j—o00 J
Q Q

(this requires some work). Hence u has the minimizing property.

Next we show that u € Ky 9. It suffices to show that u > ¥ u — a.e.
The Mazur lemma implies that a sequence (v;) of convex combinations of
u;; converges to w in LP(£2), and hence passing to a subsequence we may
assume that v; — u p — a.e. Since u;; > 1, v; > ¢ p — a.e. as well and
consequently u > ¢ u — a.e.

To prove the uniqueness is more difficult than in the classical case since
derivation is not a linear operation: If uy,us € ICy ¢(Q2) are solutions such
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that gy, 7 gu, On a set of positive measure, then v = (u; +u2)/2 € Ky 0
and by the strict convexity

1 1
/gﬁdu< §/gﬂldu+§/gﬁ2du=1,

Q Q Q
a contradiction. Hence g,, = gy, and it remains to show that u; = us.
To this end suppose that u; # us. We may now assume that the set
V ={z € Q: uz(z) > ui(z)} has positive measure. Set g = gy, = gu, i
Q and write W ={z € V : g > 0}. If u(W) > 0, then for some constant ¢
the set Wi = {x € W : w1 (x) < ¢ < uz(z)} satisfies u(W1) > 0. Define v in
Q as follows

IN
o

ui(x), wui(x)

v(z) =< ¢, ui(x)

)
1(z) < e < ug(x),
us(z), wua(z) > e

Now v € Ky () and the function g, = 0 in W7 and g, = g in Q\ W,
belongs to D(v). Thus

/f@é/ﬁw</fw

Q Q Q
is a contradiction since p(Wy) > 0 and g > 0 in Wj.

Hence p(W) = 0 and this implies that either uy(z) = ua(z) or g(x) =0
for p—a.e. x € Q. In the set u; = ug we can take g, ., = 0 and since g =0
in the set us # w1, we also conclude that g,,—.,, = 0 in this set because
Jus—ur < Gu, + gu, there. Hence gy,—,, = 0 and we obtain, as in the
beginning of the proof, using the Sobolev—Poincaré inequality (Corollary
19) that u; = ug in Q; note that u; — ug € N&’p(Q). This completes the
proof. O

We are mostly interested in local properties of solutions of the obstacle
problem and hence solutions should be defined without boundary values in
Q.

A function u € NLP(Q) is a minimizer in Q, if u satisfies (b) for K = 1
in every open (measurable) A CC 2. Similarly, u is a K—quasiminimizer if
(b) holds true for given K.

A function u € NP(Q) is a superminimizer in Q if u is a solution to
the Ky (Q')—obstacle problem for each open ' CC .

A solution of the Cy ¢(€2)-obstacle problem is always a superminimizer
in . If w and —u are superminimizers, then v is a minimizer (exercise).



Nonlinear potential theory in metric spaces 53

A connection to the classical superharmonic case is as follows: Let  C
R™ open and u :  — R U {oo} superharmonic in the classical sense, i.e.
u # 0o in any component of  and

(A) wu is lower semicontinuous

(B) u(zg) > ][ udm for each ball B(xg,r) CC Q.

B(zo,r)

If u: Q — R is superharmonic and locally bounded, then u is a supermini-
mizer for the integral
/ |Vul2dm.

Lemma 2.9. If uy and us are superminimizers in €, then min(uy,us) is

See [HKM] for details,

a superminimizer in 2.

Proof. Somewhat tricky but simple, see [KM2]. O

Remark. There exists an interesting class of K—superquasiminimizers: A
function v € Nli’f (Q) is called a K—superquasiminimizer in Q if (b) holds
for all v such that v —u € Ny;P(A), A CC Q open and v > u pu — a.e.
Lemma 21 holds for K;—superquasiminimizers u;, ¢ = 1,2, in the form that

min(uy, uz) is a min(K; Ko, K1 + K3)-superquasiminimizer.

2.5.2. Regularity theory for minimizers and superminimiz-
ers

This is a technical part. Here the celebrated De Giorgi method plays an
essential role.

A function u € Nﬁf(Q) belongs to the De Giorgi class DGp(, ko),
ko € R, if there is a constant ¢ < oo such that for all £ > ko, z € Q2 and
0 < p < R for which B(z.R) CC 2 the function u satisfies the Caccioppoli

type estimate

| sanscr-pr [ @-rra (+)
A (k,p) A (k,R)

where

Ay (k,r) ={x € B(z,r) : u(z) > k}.
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If (x) holds for all k € R, then we simply write u € DG,().
The following lemma is not difficult to prove [KM2], [KS]:

Lemma 2.10. (a) If u is a superminimizer in Q) then —u € DG,(Q) (corol-
lary: a minimizer belongs to DGp(R2)).

(b) If ko = ess supg ¢ < 00, then the solution u to the Ky o(2)-obstacle
problem belongs to DG, (2, ko).

The De Giorgi method was developed in order to prove the following result,
see [G].

Lemma 2.11. If u € DG,(Y), then u is locally Hélder continuous in €.
More precisely,

osc(u, B(z,p)) < c(}%)o‘osc(u, B(z,R))

whenever 0 < p < R and B(z,2R) CC Q; ¢ and a > 0 depend on data but
not on u.

Remark. The proof in [G] is in R™ but with minor modifications it can be
extended to the Newtonian case.

The De Giorgi method also provides the following results:

(I) If u is a superminimizer in €2, and u_ = — min(u, 0), then
1/p
ess inf u > —c( ][ uzidu)
B(z,R)
B(z,2R)

whenever B(z,3R) CC Q. In particular, u is locally bounded be-
low.
(II) If w is a superminimizer, u > 0, then

1/o
( ][ uadu) <cess inf wu
B(z,3R)
B(z,R)

whenever B(z,5R) CC €; o > 0 depends on data. This is some-
times called a weak Harnack inequality.

(III) If u is a solution of the Ky ¢(£2)—obstacle problem, ko = esssupq ¢
and k > ko. then

1/p
ess sup uSk—i—c( ]Z (u—k)ﬁ’rdu) .
B(z,R/2)
B(z,R)
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These results imply that a superminimizer is locally bounded below (it
need not be locally bounded above unless p > Q). If the obstacle is locally
bounded from above, then (IIT) implies that a solution of the Ky, g—obstacle
problem is also locally bounded above.

The property (I) can be used to prove

Theorem 2.11. Let u be a superminimizer in ). Then the function

u*(x) =ess liminfu(y) = lim ess inf w
y—x r—0 B(z,r)
is lower semicontinuous (this is automatically true) in Q and u* ~ w in
NYP(Q) (more difficult to prove).

loc

This result shows that the lower semicontinuity assumption for a superhar-
monic functions is a natural assumption.

The De Giorgi method can also be used to prove that minimizers satisfy
the Harnack inequality. This is an idea of Di Benedetto—Trudinger [DT] and
the proof in this setup is rather complicated, see [KS]; the proof employs
the Krylov—Safonov covering argument in metric spaces with a doubling
measure.

Theorem 2.12. Suppose that u > 0 is a minimizer. Then there is a con-
stant ¢ < oo such that

sup u<c inf wu 2.14
B(mB%) ~ B(z,R) (214)

for every ball B(z, R) with B(x,5R) C Q (the constant c is independent of
B(z,R) and u).

Remark. Theorems 2.12 and 2.11 remain true for K—quasiminimizers and
K-superquasiminimizers, respectively, see [KM2] and [KS]. A consequence
of this is, for example, that the integral condition in the definition for a
K—quasiminimizer, K > 1, does not have a local character only because it
is easy to give examples of local K—quasiminimizers for any K > 1 that do
not satisfy the “global” Harnack inequality (2.14).

Since every solution to the Ky o(€2)—obstacle problem is a supermini-
mizer, the above theory (with some extra work, see [KM2]) leads to

Theorem 2.13. Suppose that ¥ : @ — (—00,00) is continuous. Then the
solution u of the Ky.9(2)-obstacle problem is continuous.
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2.5.3. Comments on superharmonic functions in the metric
setup

In addition to the supermeanvalue property of classical superharmonic func-
tions there are several other equivalent definitions for superharmonicity:
Let 2 C R™ be domain and u :  — (—00, 00] a lower semicontinuous func-
tion, u # co. Then w is superharmonic (in the classical sense) iff u satisfies
one of the conditions:

(a) For each open set D CC 2 u satisfies the comparison principle: If
h € C(D) and h is harmonic in D with u > h on 0D, then u > h
in D.

(b) w is the limit of an increasing sequence of superminimizers (for the

integral
/ |Vul|*dm).

Both these approaches can be used in the nonlinear potential theory see
[HKM] but metric spaces offer topological and analytic difficulties. A sub-
stitute for (a) in the metric setup is the following: Let @ C X be open. A
function u : Q@ — (—o0, +00] is called (p—) superharmonic in 2 if

(%) w is lower semicontinuous and not identically 400 in any component
of Q,
(xx) for every open Q' CC Q the following comparison principle holds:
ifv e C(ﬁ/) N NLP(Q) and v < u on 9, then the minimizer
h = h(v) with boundary values v in 99 satisfies h < v in .

The condition (#x) is stronger than (a). In [KM2] it is then proved that (x)
and (xx) imply (b) in the metric setup.

Many potential theoretic problems remain open in metric spaces. For
example: Characterize the set £ C X where a superharmonic function
u: X — (—o00,+00] takes the value +oo.

2.6. Graphs

Potential Theory on graphs has been intensively studied recently. We indi-
cate a connection to the theory developed in the previous chapters.

A graph G consists of a set V' (the vertex set) and a neighborhood
relation © ~ y; we say that x and y are neighbors. The metric on G
is obtained as follows: If x and y are vertices, then d(x,z) denotes the
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smallest number of vertices x = zg,21,...,Tn_1,T, = y needed so that
x; ~ Tiy1. If U is a subset of G. then the measure #U of U is simply the
number of vertices in U. This measure is doubling if

#B(x,2r) < c#B(x,r)

with the constant ¢ < oo independent of x € V and r > 0. The (1,p)-
Poincaré inequality takes the following form

#LBDu(w)—umgcdiam <B><#LB S Ju() — u(m)lP) P
x€EB

rEB,y~x

whenever v : V — R.

Let U C V. We denote by OU the (outer) boundary of U, i.e. the set of
all vertices € V' \ U which have at least one neighbor in U.

For a function u : UUOU — R, U C V, the p-th power of the “gradient”
at x € V and the p-Dirichlet sum (integral) over a set U C V are defined
as

|Du(@)[” = Y July) — u(z)[”,

Yy~T
L(w,U) = Y [Du()P.
zeU

As in the previous sections a function u is a p~harmonic in U (U finite) if
u is a minimizer of I,(u,U) among all functions in U U QU with the same
values in OU. In other words, if

Iy(u,U) < I,(v,U)

whenever v : U U QU — R with v = u in 9U.
In this case there is an Euler equation for p-harmonic functions, see [HS].
A function u is p—harmonic in U iff

Apu(z) =Y fuly) — u(@)[P~>(uly) — u(z)) = 0 (2.15)
y~T
for every z € U U QU. Note that for p = 2 this leads to
Aqu(x) = Z(u(y) —u(z))=0 Ve e UUIU
Yy~

which is the mean value property at x.
The “weak” formulation for (2.15) is

Y luly) = w@)P (uly) - u(@))(w(y) — wiz)) =0 (2.16)

zeU,y~x
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for every function w : V' — R with finite support in U U QU (finite support
means: zero except at a finite set).

Note that (2.16) corresponds to the Euler equation of the variational
integral

/ |[Vu|Pdm — min
U

in the weak formulation:

/|Vu|p_2Vu -Vwdm =0
U

for all w € Wy P(U) (= Ny P(U)).

In [HS] it was shown that if the graph is doubling and supports a (1, p)—
Poincaré inequality, then p—harmonic functions satisfy the Harnack inequal-
ity and, in particular, such graphs do not carry positive non—constant p—
harmonic functions. The proofs require rather extensive computation. It is
possible, however, to take a continuous approach.

Associate to G “a connected graph” Gy as follows: If x ~ y, then
connect x and y by a closed interval I of unit length. Associate a measure
won Gy as

p(U) = length (INU), U C Go
I

where the sum is extended over all intervals I in Gy.

Now one can study absolutely continuous functions w on the intervals
I and use |Vu| = |u/| as an upper gradient, but v’ = Vu can also be used
as an “ordinary” derivative. Observe that there is no need to consider the
derivation, or the upper gradient, at the vertices since they represent a set
of linear measure zero on each curve in GGy. The following lemma is not
difficult, see [KS].

Lemma 2.12. Suppose that G has a doubling measure and supports the
(1, p)—Poincaré inequality. Then the measure p on Gy is doubling and Gy
supports an ordinary Poincaré inequality

1/
][|u —upldp < cr(/ |Vu|pdu) p, B = B(z,r).
B B

The next step is to prove that if u is p-harmonic in the sense of (2.16) (or
(2.15)), then the linear extension ug of u to Gy satisfies the weak Euler
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equation

/ |Vug [P~ 2Vug - Vwdp = 0 (2.17)
Uo
for every lipschitz function w with finite support in U. The linear extension
uo of u is defined as follows: ug(x) = u(x) for each vertex x € V and on
the unit interval I connecting = to y (x ~ y) we have

uo(t) = (u(y) — w(@))t + u(z)
(this is a piecewise linear extension of u).
Theorem 2.14. Suppose that U is connected (every vertex in U can be
connected to every other vertex in U by a finite sequence of vertex “neigh-
borhoods”). Let u be p~harmonic in U. Then the “linear” extension ug of

u s p—harmonic in the sense of (2.17) in Uy (Up is obtained from U as Gy
is obtained from G).

Proof. Let u (or ug) satisfy (2.16). Let w be a lipschitz function with
finite support in U. Associate with w the function w; on Gy so that for
each vertex z we have wy(z) = w(z) and w; is “linear” on each edge I.
Then wy = w — w; is lipschitz and vanishes on the vertex set V. By (2.16)

0= > luy) —u@)*(uly) - uw@)(wly) - w(z))

zelU,z~y

= / |Vuo P2 Vug - Vwidp. (2.18)
Uo
Since the linear extension ug of u is p—harmonic on each edge I of Uy and
wy vanishes at the end points of I, we have

/ |Vug[P~2Vug - Vwedp = 0
T
(this is simply [ |ug(t)|P~2uf(t)wh(t)dt.) Thus
T

Z / |VM0|p_2VUQ - Vwadp =0
7

where the sum is taken over all edges I with one endpoint in U. But this,
together with (2.18), means that

/ |Vug P2 Vug - Vwdp = 0
Ug
as required. O
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Remark. In this discrete setup the distances between vertices are = 1.
Arbitrary distances can also be considered. I have not seen any “deep” use
of the modulus of a family of curves in graphs although it is clear that this
concept has an influence in the potential theory on graphs. Note that this
method has been applied to Riemann surfaces.
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3.1. Introduction

This paper is a slightly extended version of the five hours course that I
delivered in the summer of 2003 for the Minicorsi di Analisi Matematica
at the University of Padova. Those lectures were conceived as a brief and
elementary introduction to classical solutions to mean curvature flow of
boundaries. The present paper, which is far from being a complete survey
on the subject, illustrates some of the many ideas that have been developed
in this field of research in the last few years. Beside the pioneering book of
Brakke [27], other references on this topic are for instance [65], [78], [5], [47],

63



64 G. Bellettini

[16], [85], [34], where the reader can find more informations on geometric
evolution problems, weak solutions and regularity.

The content of the paper is the following. In Section 3.2 we give the
main notation used in the sequel. In Section 3.3 we recall some of the
properties of the signed distance function d from the boundary JF of a
smooth open set E, and its relations with the second fundamental form
of OF. In particular, in Theorem 3.3 we recall the expansion of the Hes-
sian of d in a tubular neighbourhood of 0F. Remark 3.4 is concerned with
the square distance function from JF, and is related with the discussion
in Section 3.11 concerning mean curvature flow in arbitrary codimension.
More details on the contents of Section 3.3 can be found in [5, Section 4].
In Section 3.4 we define smooth mean curvature flow of boundaries. Af-
ter some preliminaries, in Definition 3.4 we define mean curvature flow of
boundaries using the signed distance function. Mean curvature flow using
level sets and mean curvature flow of graphs are considered in Examples
3.2 and 3.3, respectively. The short time existence and uniqueness theo-
rem is briefly described in Subsection 3.5, where we follow the approach
of [41]. In Section 3.6 we illustrate some special solutions to the flow, such
as self-similar solutions. The comparison principle between smooth com-
pact mean curvature flows is discussed in some detail in Section 3.7. As
an application of the comparison principle, following [38] and [50] we show
how to derive estimates from above and below on the lifespan of a classical
solution (Theorem 3.7). In Section 3.8 we illustrate Huisken monotonicity
formula [56], see Theorem 3.8. In Section 3.9 we derive the gradient es-
timate of Ecker-Huisken for mean curvature evolution of graphs [35], see
Theorem 3.9. Section 3.10 is devoted to the description of an example of
Grayson [53] of singularity of the mean curvature flow of a surface. Follow-
ing [32], in Section 3.11 we briefly recall the definition of mean curvature
flow in arbitrary codimension, using the square distance function. A more
detailed discussion on the contents of Section 3.11 can be found in [8], [5].
We conclude the paper with Section 3.12, where we give some references
on weak solutions for geometric evolution problems and on regularity.

3.2. List of notations

If z € R” and p > 0, we let B,(z) :={y € R": |y — z| < p}.

(-,+) is the scalar product in R". If a,b € R", a = (a1,...,a,), b =
(b1,...,bn), a ®b is the matrix whose (7, j)-entry is a;b;. Id = (d;;) is the
identity matrix in R™.
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If F CR" and z € R", we let dist(z, F) := inf{|ly — x| : y € F'}. |F| is the
Lebesgue measure of F.

H® is the a-dimensional Hausdorff measure in R", « € [0, n].

V (resp. V2, A) is the gradient (resp. the Hessian, the Laplacian) in R".
If i € {1,...,n} we indicate by e; the canonical basis of R™ and by V; the
partial derivative with respect to z;. Hence V? = (V;;).

In the sequel the symbol E denotes an open subset of R™ with boundary
OF of class C*°,

d®(z) := dist(z, E) — dist(z,R™ \ E), r € R” (3.1)

is the signed distance function from OF negative inside £. Whenever no
confusion is possible, the function d¥ will be denoted by d. Moreover, when
integrating a function f on OE we omit the symbol dH" !, thus writing
Jor [ in place [ f dH" 1.

v¥ is the unit normal vector to E = {d = 0} pointing outward of E.

If f (resp. X) is a function (resp. a vector field) which is smooth in
a neighbourhood of 9F and x € 9FE, V,f(z) (resp. div,X(x)) is the
tangential gradient of f (resp. the tangential divergence of X) at z, i.e.,

Vo f(z):= (Id—v"(z) ® v (2)) Vf(z) (3.2)

( resp. div,X(x):=tr ((Id - vE(2) ® vE(2)) VX(x)) ). (3.3)

If the function f (resp. the vector field X) is defined only on OF, then
V. f (resp. div,X) is defined by replacing Vf (resp. VX) in (3.2) (resp.
n (3.3)) by Vf (resp. VX), where f (resp. X) is an arbitrary smooth
extension of f (resp. of X) on a neighbourhood of JF.

A f is the Laplace-Beltrami operator on OF, i.e., A, f := div,(V,f).

We will adopt the convention of implicit summation over repeated indices.
If € OF, we denote by T, (0F) (resp. N (OF)) the tangent (resp. the
normal) space to OF at x.

We denote by x¥,...,kE | the principal curvatures of OF (positive for

s i —

convex sets), and by HY the mean curvature vector of dF, i.e.,

n—1
HE = — Z /@f vE = —div, P VP on OF.
i=1
With our conventions, H? points inside E if OF is a sphere. We set

n—1
H” =Y kP, (3.4)
i=1
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Remark 3.1. If £ = {u < 0} and 0F = {u = 0}, where v : R" —
R is a function which is smooth in a neighbourhood U of {u = 0}, and
u? 4+ |[Vul?> > 0 in U, then

Vu YVu
HY = —div | — | =— 3.5
W(|Vu|>|w| (3:5)

B 1 Vu® Vuy _, Vu _
= |Vu| ((Id Vul? )V u) Yl on {u = 0}.

Notice that the application Id — V|“v%|v2“ is, on {u = 0}, the orthogonal

projection on the tangent space to {u = 0}. Notice also that multiplying
u by a nonzero scalar factor does not change the set {u = 0}, and this
is reflected by the zero homogeneity of the right hand side of (3.5) with
respect to u. Using the rotation and translation invariance of the right
hand side of (3.5), if we assume that z =0 € {u =0} and Vu(0) = ey,

then (3.5) becomes H”(0) = —e, Z Viu(0). If in addition |Vu|? = 1 in
a neighbourhood of 0, then HE(O) = —enAu( ).

We recall the integration by parts formula on JE:
/ div, X = —/ (X,HE) X € CHR™;R"), (3.6)
OF OE

see for instance [72], [6]. In particular

/ A = / GAG b e CERY). (3.7)

One of the motivations for studying mean curvature flow is given by the
following classical result, which is the computation of the first variation
of area. As a consequence, mean curvature flow can be interpreted as the
gradient flow of the area functional: the sense in which one has to take the
gradient flow is made rigorous in the paper [1].

Theorem 3.1. Let 1) € C°(R" 1 R") and set ¥y (z) := (A, z) for A €R
and x € R". Assume

(i) Yo =1d on R";
(i) ¥ =1d out of a compact set of R™, for |A| small enough.

Define Ey := ¢¥x(E). Then OE is smooth for |A| small enough, and

%H"‘l(aEA)M:O =— /6E<X, HY), (3.8)
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. OYa
where X (+) := A (')|A:0'

3.3. The distance function

We briefly list the main properties of the distance function from a smooth
compact boundary needed in the sequel. Recall that OF is smooth and that
the function d¥ in (3.1) is also denoted by d.

Theorem 3.2. Assume that OF is compact. Then there exists p > 0 such
that, setting U := {y € R™ : |d(y)| < p}, the following properties hold:

i) d € C*°(U) and satisfies the eikonal equation
|Vd*> =1 in U. (3.9)

(i) If y € U, the point pr(y) := y — d(y)Vd(y) belongs to OE and is
the unique solution of

min{|z —y|: x € O£},
i.e. pr(y) is the orthogonal projection of y on OE. Moreover
Vd(y) = Vd(pr(y)). (3.10)
Proof. See [5], [51, Appendix B]. O
Remark 3.2. Observe that
(i) from (3.9) it follows Vd = v¥ on F and, by differentiation,
Vd € ker(V?d)  on U. (3.11)

Hence Vd is a unit zero eigenvector of V2d, and therefore, given
x € OF, we can choose an orthonormal basis {v1,...,v,} of R"
which diagonalizes V2d(x) and such that v,, = Vd(z).

(ii) From (3.11) it follows that

div,(Vd) = div(Vd) = Ad on 0F, (3.12)
hence
Ad=H*® and — AdVd=H?  onJE. (3.13)
(iii) Differentiating twice identity (3.9) we get
VidVid = —V;xdVid  on U, (3.14)

for any i,5,k € {1,...,n}.
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The following result describes the expansion of the eigenvalues of V2d
on the whole of U.

Theorem 3.3. Let E, U and d be as in Theorem 3.2. Let y € U and let
x := pr(y) be the orthogonal projection of y on OE. Fix an orthonormal
basis {v1,...,v,} of R™ in which V2d(z) is diagonal, such that v, = Vd(x)
and

V3d(z)v; = kZ (x)vi, i=1,...,n, (3.15)

where kZ(z) := 0. Then v, € Ker(VZ2d(y)), the basis {v1,...,v,} diago-
nalizes V2d(y), and if we denote by u;(y) the eigenvalue corresponding to
v; fori=1,...,n, then

sE (pr(y))
T d(y)nE (pr()) (8.16)

Proof. We follow [5, Theorem 3]. Define
B(s) := V%d (z + sVd(x))

wi(y) =

for |s| small enough in such a way that x + sVd(x) € U. Observe that

Zlil z)v @ vy (3.17)

Fix 4,5 € {1,...,n}. Consider the (¢,j)-th entry B;;(s) of B(s). Then,
using (3.14) we get

Bj;(s) = Vijrd(z 4 sVd(x))Vid(z) = —(B*(s)), (3.18)
hence B’(s) = —B?(s). The solution of this system of ODEs with initial
condition (3.17) is B(s) = Y -, 1+m;(m)vl ®u. O

Remark 3.3. In the statement of Theorem 3.2 the number p > 0 is small
enough in such a way that, in particular, 1 + d(y)xF (pr(y)) > 0 for any
yeU.

Remark 3.4. Let E and U be as in Theorem 3.3, and set 7 := d?/2. Then
ne C>®U),n=0ondF, and

Vn=dVd=0 ondE. (3.19)

Moreover, if 4,5 € {1,...,n} we have V;;n = V,dV;d + dV;;d on U, so
that

Vi =Vd®Vd  on JF. (3.20)
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Hence V25 (z) is the orthogonal projection on N,(OF) at z € OF. Finally,
ifi,j5,k € {1,...,n} we have

vijkn = vidv]‘kd + devikd + devijd + dvijkd (3.21)

on U. Therefore, recalling (3.11), we find

AVn = AdvVd=-HF  on 0E. (3.22)
Remark 3.5. Observe that

(i) from (3.16) we obtain

kY (pr(y)) = % i=1,...,n. (3.23)

(ii) For any ¢ = 1,...,n we have #% < u;i(y) in U N E, hence

i Si in UN{d < 0}.

Similarly #% > wi(y) in UN(R™\ E), hence

n

11_ 22 in UN{d>0}.

i=
3.4. Smooth mean curvature flows

Let us recall the definition of smooth flow and of normal velocity, see for
instance [5, Section 5]. We begin by looking at the flow as a smooth family
of smooth immersions of a given boundary.

Definition 3.1. Assume that OF is connected and compact. Let T" > 0
and let T'(t) be a subset of R™ for any ¢ € [0,T]. We say that (I'(t))¢c(o,1]
is a smooth flow on [0, T] starting from OF = OF(0) if there exists a map
¢ : OF x [0,T] — R™ of class C*° such that

(i) 6(y,0) =y for amy y € OF:
(ii) ¢(-,¢) is a bijection between OF and I'(t) for any ¢ € [0, T];
(iii) the (n—1)-dimensional tangential Jacobian J,é(y,t) [5] is not zero
for any y € OF and any ¢t € [0, 7).
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Observe that I'(t) is a smooth, compact, connected hypersurface without
boundary.

Definition 3.2. Let y € 0F, ¢t € [0,T] and set z := ¢(y,t) € I'(t). The
normal velocity V(y,t) of I'(¢) at « is defined as the orthogonal projection
of %(y,t) on the normal space N, (T'(¢)) to T'(¢) at .

The normal velocity V(y,t) depends only on the set I'(¢) and not on the
way ['(t) is parameterized, since reparameterizations add only tangential
components to the velocity.

Definition 3.3. If E(t) is a family of subsets of R parameterized by t €
[0,T] we let

dPWO (z) = dist(z, B(t)) — dist(z, R*\ E(t)),  t€[0,T], = € R™ (3.24)

the signed distance function negative inside E(t). Whenever no confusion
is possible, the function d¥(*)(z) will be denoted by d(z,t).

The symbols Vd and Ad stand for the gradient and the Laplacian of d
with respect to x. By V. (resp. div,, A;) on 0E(t) we mean the tangential
gradient (resp. the tangential divergence, the Laplace-Beltrami operator)
on OE(t).

The following result shows the connection between the normal velocity
and the gradient of the function d(z,t).

Theorem 3.4. Let (OE(t))o,r] be a smooth flow on [0,T] starting from
OF = 0E(0). Then there exists an open set A such that A D OE(t) for any
t€0,T] and d € C*°(A % [0,T]), and
od
ot
for any y € OF and any t € [0,T).

(x,t) Vd(z,t) = =V (y,t), x:= ¢(y,t) € OE(t) (3.25)

SKETCH OF PROOF. We prove only (3.25). We know that d(¢(y,t),t) =0
for any y € OF and any t € [0,T]. Hence, differentiating with respect to ¢
and setting x := ¢(y,t), we get

od 0
Then, using the definition of normal velocity and (3.26) we get

%(y, 1)Vd(z,t) = —@(:17, H)Vd(x,t),

V(y,t) = (Vd(z,1), pr
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ie (3.25). O
We are now in a position to define classical mean curvature flow of
boundaries using the signed distance function d defined in (3.24).

Definition 3.4. We say that (E(t)):c[o,7) is @ smooth mean curvature flow
on [0,T] starting from E = E(0) if

(i) there exists an open set A such that A D dE(t) for any ¢ € [0, T

and d € C*(A x [0,T));
(ii) we have

%(:v,t)Vd(:C,t) = Ad(z,t)Vd(z,1), t€0,T], x € OE(t).

ot
(3.27)

Sometimes we will also say that (OE(t))c[o,] is @ smooth mean curva-
ture flow on [0, 7] starting from OF = OFE(0). Note that (3.27) means that
V(y,t) = HE®O (), for = := ¢(y,t) € DE(t).

Remark 3.6. If OF is compact, then the open set A in Definition 3.4 can
be taken as a suitable tubular neighbourhood of OF.

Remark 3.7. The system in (3.27) is equivalent to

%(m,t) = Ad(z, t), te€[0,T], = € OE(t) (3.28)
which, in turn, is equivalent to the system
od
— =Ad
ot ’
t e [0,T]. (3.29)
d('v t) = Oa

Remark 3.8. If we define n(z,t) :=
have that (3.27) can be written also as
ovVn

ot

$d(x,t)?, then recalling (3.22), we

(x,t) = AVn(x,t), t€[0,T], = € OE(t). (3.30)

Example 3.1. Let Ry > 0; the mean curvature flow starting from the
sphere Bg,(0) is the sphere Bg(;)(0), where

R(t) = \JRE -2 -1, te [0, tf:z%_
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Indeed dPr (®0)(z) = d(x,t) = |z| — R(t), hence g? (z,t) = —R(t), and

x

= Vid(x,t) = ||<Id Tl ||> Ad(z,t) =

||

n—1
Vd(x,t) = Z -
||
Hence (3.28) becomes
n—1

R(t)
Coupled with R(0) = Ry, the solution is R(t) = /R — 2(n — 1)t.

R(t)=—

Example 3.2. Assume that E(t) = {z € R" : u(z,t) < 0} and 0E(t) =
{z € R" : u(x,t) = 0}, where u : R” x [0,7] — R is a function which is
smooth in A x [0,T], where A is an open set containing {u(-,t) = 0} for
any t € [0,7], and such that u? + |[Vu|?> > 0 in A x [0,7]. Then, letting
up == 2% (3.27) can be written as

uy Vu . Vu Vu

—_t - — ) — 1) =0 3.31

o~ () wr orfeen=0h @a
which is usually rewritten in the equivalent scalar form as

u VZ’UJVJ’UJV”U
= |Vuldiv (|V |> T T veE on {u(-,t) =0}. (3.32)

Indeed, since u(¢(y,t),t) = 0, differentiating with respect to ¢ yields

ou oler

E(m,t) + (Vu(z, t), E(y, t)) =0, x = ¢(y,t).

Hence the normal velocity V(y,t) of x € {u(,t) = 0} is given by

- ‘gz(é’?)l \gzgﬂgl’ so that (3.31) follows from (3.5).

Remark 3.9. If [Vu|? = 1 in a neighbourhood of {(z,t) : u(z,t) = 0} then
problem (3.32) reduces to

ou
a0 A (3.33)
u(-,t) =0,

ie., (3.29).
The partial differential equation

= |Vuldiv (;”') (3.34)

is fully nonlinear parabolic, and is degenerate where |Vu| = 0. It has been
extensively studied, in particular in the framewok of viscosity solutions, see
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for instance [40], [42], [43], [30], [49]. If u is a solution to (3.34) which is
smooth in a space time region around one of its level sets {u(-,t) = A},
then this level set flows smoothly by mean curvature.

Example 3.3. Assume that E(t) = {(2/,z,) € R"" ! xR : z,, > f(2/,1)}
for a smooth function f : R"1 x [0,7] — R. Then 9E(t) = {(2/,x,) :
u(z',xp,t) := f(2',t) — 2, = 0}, hence by (3.5) it follows

H” = —div v/ (V1) (3.35)
VI+IVIP ) 1+ VP
Since the flow can be parameterized as (z/,t) — (2/, f(2/,t)), we have

% = (0, %), which is in the “vertical” direction e, and not in normal
direction. The normal velocity is then
99 g fi
V = (2L JBON B — It yfq), 3.36
(Ge PO = e (V) (3.36)

The mean curvature flow of the graph of f therefore reads as

= iv 7Vf
fi=+vV1+]|Vf]2d (W) (3.37)

on R~ x [0, 7.

Equation (3.37) is a quasilinear parabolic equation, and has been studied
in [35], [36].

Remark 3.10. As a consequence of (3.8), (3.25) and (3.27), we have

d n—1 _ 2
EH OB (1) = /8 o (B (3.38)

which shows how the area of OE(t) is decreasing along the flow.

Example 3.4. Assume that OFE C R? is the rotation around the z-axis
of the graph of a smooth function f = f(z) : R — ]0,4o00[, precisely
E={(z,y,2) € R3 : 4>+ 22 < f?(z)}. Define u(z,y, 2) := y? + 2% — f*(x),
for (z,y,2) € R®. Then {u = 0} = 9F and {u < 0} = E, and Vu =
2(=f(z)f'(z),y, z). Hence a direct computation gives

L Vu '\ i 1
HE — div (IVUI> — G et oy OB (639
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3.5. Short time existence

Short time existence and uniqueness of the solution to (3.28), starting from
a compact smooth initial datum 9F(0), is a consequence of a general theo-
rem proved in [46]. A proof using the signed distance function was originally
given in [41] (see also [66]). In order to illustrate briefly the approach of [41]
we need the following lemma.

Lemma 3.1. Let d, A and T be as in Definition 3.4. Let z € A and
t €10,T]. Let x € OE(t) be the projection point on OE(t) of z € A. Then

ad ad

for any w belonging to the closed segment connecting x with z.

Proof. We follow [5]. Let s € R be such that |s| is small enough, in such
a way that y°(x,t) := x + sVd(x,t) € A x [0,T]. Using (3.9) we have

|Vd(y*(z,t),t)[* = 1. (3.41)

Differentiating (3.41) with respect to t yields

od
od
+ S<v2d(ys($, t)a t)va (ys (Ia t)v t)a Vd(ys (Ia t)v t>>
Using (3.11) we have (V2dVZZ,Vd) = (VZZ,V2dVd) = 0 at the point
(y*(z,t),t). Therefore, from (3.42) we deduce
od , s
0= (Vo (" (1), 1), V(y (2,1),0). (3.43)

Define now

By (3.10) and (3.43) we deduce

(s) = (Vo0 (4 (2, 1), 1), Vil(z, 1)

ad
ot

Hence b is constant, and this concludes the proof. O

= <V (ys(a:,t),t),Vd(ys(x,t),t)> =0.
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In view of Lemma 3.1 and (3.23), we have that (3.28) is equivalent to a
single equation on the fized set A x [0, T], which reads as

od <~ .
@ _ A T]. 44
ot = 21— dp in A x [0,T] (3.44)

Given a smooth set £ = E(0) with compact boundary, the idea of [41]
is therefore to prove local existence and uniqueness of the solution v (in
appropriate functional spaces) to the problem

% = F(V?v,v) in Ax 0,77,
v(z,0) = d¥(z) x € A, (3.45)
Vo2 =1 on 0A x [0,T],

where F(R, z) := tr(R(Id — zR) 1) for a symmetric matrix R and a vector
z, and to show that v satisfies the eikonal equation |[Vv|? =1 in the whole
of A x [0,T]. Once this is proved, the authors recover the (unique local)
classical mean curvature flow starting from F as 0E(t) := {x € A: v(x,t) =
0} for any t € [0,T].

Remark 3.11. Thanks to (3.44) and (ii) of Remark 3.5, we have

d
%—Adgo in An{d <0},
(3.46)
od
E—Adzo in An{d > 0}.
Inequalities (3.46) are useful when studying mean curvature flow with the
level set method (using viscosity solutions) and with the reaction-diffusion
equations, see for instance [39], [76] and references therein.

Let us show how to find the evolution law of the normal vector field [55]
using the signed distance function.

Lemma 3.2. Assume that OF = 0F(0) is compact. Let (E(t))efo,) be the
smooth mean curvature flow on [0,T] starting from E. Then

%w =V.Ad  on JE(t). (3.47)

Proof. Let A be the open set in Definition 3.4. Define G(z,t) := (Id —
d(z,t)V2d(z,t)) ! for (x,t) € R™ x [0,T]. Recalling (3.44), we have
od

i tr(G V3d)  in A x [0, 7). (3.48)
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Let Gij(z,t) be the (i, j)-th entry of G(z,t) and let k € {1,...,n}. Observe
that

Gij = 5ij + dV”d + O(d), VkGZJ = devwd + O(d), (349)
in A x [0,T]. Differentiating (3.48) with respect to x; and using (3.49)
yields, in A x [0, T7,
oi_ o
Yor ot
= Vijid 8;j + VidV;;dV j;d + O(d) = Viigd + Vd|V3d|? 4+ O(d)
= Vi Ad + Vid |V2d]* + O(d),
where |V2d|? := tr(V2dV?2d) is the square of the length of the second

fundamental form. Observe that (3.14) (applied with ¢ = j) implies
—|V2d|? = (Vd,VAd). Hence
ad
Va = VAd - (VAd, Vd)Vd + O(d)

in A x [0,7T], and (3.47) follows. O

Vid = Vi(Gi;Vjid) = ViGi;Vjiid + Gi; Vijid

Remark 3.12. In general, the evolution equations satisfied by geometric
quantities, such as the mean curvature or the square of the second funda-
mental form, is crucial to derive informations on the flow. See for instance
the papers [46], [52] for the evolution of curves, the paper [55] for evolution
of boundaries of convex sets.

Curvature flow of curves, called also curves-shortening, was studied in [45],
[46] under convexity assumptions, and in [52] in the general case. See also
the papers [11], [12], [13] and references therein. In [52] Grayson was able
to prove a global result, i.e., if 9E(0) is compact then the curvature flow
(OE(t))sefo,4] starting from OE(0) is smooth on a maximal time interval
[0, tt [, the curves OFE(t) eventually become convex and contract, as ¢ T tt, to
a point. The time t' is called the extinction time. Another global result in
higher dimension was proved in [55]: if E(0) C R™ is bounded and convex,
then the mean curvature flow (OFE(t)):c(o.+1[ starting from 0E(0) is smooth
on a maximal time interval [0,¢7[, the sets F(t) are strictly convex for
t €]0,t'[, and converges to a point as t T t'. Moreover, when appropriately
rescaled, the hypersurfaces OF(t) converge to a sphere as t T tf. Other
global results can be proved when OF is the graph of a function f satisfying
suitable properties [35] (see also [17]): the mean curvature flow of graphs
will be considered in Section 3.9.
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3.6. Special solutions to mean curvature flow

Beside the shrinking sphere (Example 3.1) there are other interesting ex-
amples of classical mean curvature flow, see also [34].

Example 3.5. Let h € {1,...,n — 1} and Ry > 0; the mean curvature
evolution of the cylinder {(z,w) € R*™" x R" : |2| < Ry} is the cylinder
{(z,w) € R"" x R" : |2| < R(t)}, where R(t) = /RZ —2(n—h— 1)t,
te[0,R%2/(2(n—h—1))].

Example 3.6. Assume that H? = 0. Then 9F is a minimal surface, hence
is a stationary solution to (3.28).

Let us define self-similar contracting solutions to mean curvature flow.

Definition 3.5. We say that E gives raise to a self-similar contracting
solution to mean curvature flow if there exists 7' > 0 such that

t
E()=a(®)E, te€[0,T], alt) :=4/1— T (3.50)
where (E(t)).e[o0,r] is the mean curvature flow starting from E = E(0).

Sets E giving raise to self-similar contracting solutions have a boundary that
must satisfy a suitable elliptic partial differential equation. More precisely,
the following result holds.

Lemma 3.3. The set E gives raise to a self-similar contracting solution to
mean curvature flow if and only if
1

Ad(x) = ﬁ<Vd(a:),x>, x € OF. (3.51)

Proof. Assume that E gives raise to a self-similar contracting solution

to mean curvature flow. Let x € R™. We have

dist (z,a(t)E) = inf —z|=a(t) inf a(t) —x/alt
(@a®B) = inf ly-al=a(t) it [s/al) - a/a()

= a(t)dist(xz/a(t), E).
Hence, if d¥()(z) (resp. d) is the function defined in (3.24) (resp. in (3.1)),
we have d¥® (z) = a(t)d(xz/a(t)), so that VdFP®) () = Vd(z/a(t)),
1
a(t)
0

510" @) = o Od@/alt) - T

AdPO (z) = Ad(xz/a(t)), (3.52)

(Vd(z/a(t)), x). (3.53)



78 G. Bellettini

Since OE(t) = {z : d¥®(z) = 0} = {z : d(x/a(t)) = 0}, from (3.53) we
deduce

%dE(t) (x) = =/ (t)(Vd(z/a(t)),z/a(t)), =€ IE(L). (3.54)

Using (3.52), (3.54) and 0E(t) = «(t)0F, the equation (3.28) expressing
mean curvature flow of OE(t) becomes an equation for the function d on
OF which reads as

—o/ (t)(Vd(x/a(t)),z/a(t)) = LAd(:z:/oz(t)), x/a(t) € OF,

a(t)
Ad(z) = —d/ (t)a(t)(Vd(z), 2), z € 0E. (3.55)
Since o' (t)a(t) = —%, equation (3.51) follows.

Conversely, if there exists T' > 0 such that equation (3.51) holds, the family
(E(t))tejo, 7| defined in (3.50) is the mean curvature flow in [0, T'[ starting
from E. O

An interesting problem is to classify all solutions OF to (3.51), see [57] for
results in this direction.

Remark 3.13. Observe that (3.51) is the Euler-Lagrange equation of the
functional

FE — e~ T,
oF

Indeed, using the notation of Theorem 3.1, recalling (3.6) and setting
z 2
a(x) == e’%, we have (see also formula (3.83) below)

d L2
I / ((X.Vd)Ad a+ (X, Va~V.a)).  (356)
OFE> oOF
Since

=2

T (x, Vd)Vd on OF,

1 _
Va—-V.a=(Va,Vd)Vd = —5re

from (3.56) we deduce

|z|2

d |2 1
— AT, = X, Vd) | Ad — — d —ar
dX\ Jog, ¢ o /6E< V) ( 2T<x7v >> ©r
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Example 3.7. We look for a special solution to (3.37) of the form f(z,t) =
g(x) +t, for some real valued function g to be determined. The function g
must satisfy

VIF NP div | —9__ ) = 1. (3.57)
V1+|Vgl?

Assume n = 2. Then (3.57) reads as
gil)(l)

e = (ancts(a). = L (3.58)
A solution to (3.58) is given by g(x) = —log(cosz) for x € | = 5, 5[. The
corresponding solution f(xz,t) = —log(cosz) +t, for x € | — Z, 5[ and

t € [0,400[ (called grim reaper) is said to be a translating solution to
curvature flow.

3.7. The comparison principle between smooth compact
flows

Let us recall the following form of the maximum principle.

Lemma 3.4. Let A and B be two open sets with smooth boundary, and
assume that there exist v € R™ and p > 0 with the following properties:

x € 0AN OB, ANB,(x) C BN B,(x).
Then HA(z) > HB ().

Proof. Since the mean curvature is rotationally invariant, we can assume
that v4(z) = vB(z) = —e,, = is the origin of the coordinates, AN B,(x) =
graph(f), 0BNB,(z) = graph(g), where f and g are two smooth functions
defined on an open set of R*~! = span{ey, ..., e, 1} such that f > g locally
around 0. Then f—g has a local minimum at 0, so that V f(0) = Vg(0) =0
and Af(0) > Ag(0), see Figure 3.1. Then

HA(z) = Af(0) > Ag(0) = HP (2).0

The maximum principle is at the basis of the comparison principle for
smooth compact mean curvature flows, which reads as follows.

Theorem 3.5. Let E = E(0) and F = F(0) be two open sets with smooth
compact boundary, and assume that

E(0) C F(0).
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-

Figure 3.1. Locally around the point x € A N OB, the set A is contained in the
set B. The tangent space to A at x equals the tangent space to 0B at x, and is
horizontal. The mean curvature of A at x is greater than or equal to the mean
curvature of OB at x.

Let (E(t))iepo,r) and (F(t))icpo,m be the two smooth mean curvature flows
in a common time interval [0,T] starting from E(0) and F(0) respectively.
Then the function

5(t) = dist(E(t),R™ \ F(t)), te0,T], (3.59)
is nondecreasing. In particular
E(t) C F(t), t€[0,T]. (3.60)

SKETCH OF PROOF. Let M := 0FE(0) x 9F(0). We divide the proof
into three steps.

Step 1. Let u : M x [0,T] — R be a smooth function. Define, for ¢ € [0, T],

m(t) := glﬁléil\r}[u(x,t), C(t) :={x € M :u(z,t) =m(t)}. (3.61)
Then for any ¢ € [0, there exists lim, o+  (m(t + ) — m(t)) and
.1 . [Ou
Tlin& ~ (m(t +7) —m(t)) = min {E(I’t) tx € C(t)} .

For any t € [0,T[, z € C(t), 7 > 0 small enough, we have

du

mt+71) <u(z,t+71) :u(x,t)—i—Tat

(x,t) +o(7)

T@(:E,t) + o(7).

=m(t) + 5

1 0
Therefore limsup — (m(t +7) — m(t)) < 8—1;(:10, t), which implies
7—0+t T

1
hirisolip - (m(t+7)—m(t)) < acIenCl‘I(lt) %(,T, t). (3.62)
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Fix € > 0 and define Cc(t) := {x € M : u(z,t) < m(t)+e¢}. Then C(t) is a
neighbourhood of C(t). Let L := sup¢o 1y ||%||Lo®(M). For any t € [0, T,
x € Cc(t) and 7 > 0 small enough, we have

Ou
u(z,t +7) = u(z,t) + T

ou
> i —_— .
>m(t) + Tyelgef(t) 5 (y,t) + o(T), (3.63)

(z,t) + o(7)

while if z € M \ C.(t) we have

ou
at
>m(t) +e— 7L+ o(7). (3.64)

u(z,t+7) >m(t)+e+7—(x,t) + o(7)

For 7 < 5% the right hand side of (3.63) is smaller than the right hand side
of (3.64). We deduce

ou
> i —
u(z, t+71) > m(t) + Tyelgef(t) Er (y,t) + o(7)

for any x € M and 7 < 5%. It follows

m(t+7) >m(t)+7 inf @(y,t)—i—o(T), T< <.

yeC.(t) Ot 3L
Hence
o o ou
hTrI_l)lorif - (m(t+7)—m(t)) > yelgef(t) E(?Ja t),
which implies
1 ou ou
lim inf — t —m(t)) > inf —(y,t) = min —(x,t
iminf = (m(t +7) — m(t)) >sup nf o (y,t) in 5 (2, 1),

where the last equality follows from the continuity of the function %(~, t).

The proof of step 1 is concluded.

Since E(t) (resp. F(t)) is a smooth flow on [0,T], there exists a map
E:0FE x [0,T] — R™ (resp. F : OF x [0,T] — R™) having the properties
(i)-(iii) of the map ¢ in Definition 3.1. Observe that

5(t) = min{u(s,o,t) : (s,0) € M}, t € 0,77, (3.65)
where u : M — [0, +00[ is defined as
u(s,o,t) = |E(s,t) — F(o,t)]|. (3.66)



82 G. Bellettini

Let 0 < t; < tg < T. We have to prove that d(t1) < §(¢2). Assume for
simplicity £; = 0. Assume also
5(0) > 0. (3.67)

Thanks to the smoothness of the flows, there exists a € ]0,T[ such that
d(t) > 0 in [0,a]. In particular, the function u defined in (3.66) is smooth
on M x [0, al.
Step 2. We have
1

111%1+ —(6t+7)=48(@1) >0 t €[0,al. (3.68)

T— T
From step 1, applied with m := § and T := a, we get
S(t+71)—0(t)

iy 1T 5
= min { P 0t) u(so ) =50) Y, te 0,
—(Sgl)lgM 5 s,o,t) s u(s,o,t) = , ,al.

At fixed t € [0, a[,let (3,5) € M be two minimizing parameters for the right
hand side of (3.69). Set z := £(5,t) € 0E(t) and w := F(7,t) € OF(t), see
Figure 3.2.

Figure 3.2. The bold curves denote E(0) and 0F(0). The outward unit normals
to OE(t) at z and to OF(t) at w are parallel (and denoted by v), since |z — w| =
a(t).

Then

ou,_ _ ~  w—z OF,_ o€ _
E(S’U’t) = <|w o (7,t) 5 (3,1)). (3.70)
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As §(t) = |lw — z| > 0, we have

ﬁ =vEO () = IO (w) =: . (3.71)
Observe also that
0F(@,t), < F 0E(G,t), e
<V5T>V_V ) <Va ot >V_V ) (372)

where V¥ (resp. V¢) is the normal velocity of OF(t) at w (resp. of OE(t)
at z), and

(v, @> = —HO(w), (v, @> = —HFO(2). (3.73)
From (3.70), (3.71) and (3.73) we get
lim L(5(t+7) — 6(8) = —HFO(w) + HEO(2).  (3.74)

T—0t T

Observe now that, being §(t) = |w — z|, if we consider the translated set
Ei.(t) := E(t) + 6(t)v, then Ey,(t) C F(t), and w € I(Ey(t)) N OF(t).
Hence, by Lemma 3.4, HF«®(w) > HFO(w). Since HFP=®(w) =
HP® (%), from (3.74) we then get (3.68). The proof of step 2 is concluded.
Step 3. Assume (3.67). Then the function § is nondecreasing in [0, al.

Assume by contradiction that there exist 0 < ¢; < t2 < a such that 6(t2) <
d(t1). Assume for simplicity that ¢4 = 0. Let P(s) be a linear decreasing

function such that P(0) = 6(0) and P(t2) > 0(t2). Let
t* :=sup{t € [0,a] : 6(t) < P(t)}.
Then P(t*) = 6(t*), t* < a, and
1
lim = (6(t* +7)—0(t")) < P'(t*) <0,
T—0t T
a contradiction with step 2.
Once we assume (3.67), we get that J is nondecreasing in [0, a], hence
the argument can be repeated also for times larger than a. Removing

assumption (3.67) requires an approximation argument which is omitted.
O

The following theorem is proved in [41].

Theorem 3.6. Let (E(t))icjo,r) and (F(t))icjo,r) be two smooth mean cur-
vature flows in [0,T] starting from E(0) and F(0) respectively. Assume
OE(0) and OF(0) connected, and

E0) € F(0),  E(0) # F(0).
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Then
E(t) C F(t) and OE(t)NOF(t) =10 t €10,77. (3.75)

3.7.1. Estimates of the extinction time

We begin with the following result, which is a consequence of the compari-
son principle.

Lemma 3.5.
Let OF be compact. Assume that the mean curvature flow starting from
E is smooth up to the extinction time t'. Then

i< (diam(E))?

< =) (3.76)

Proof. Denote by (E(t));c[o,++[ the smooth mean curvature flow starting
from E = E(0). Let Ry := diam(F). We have E C Br(p) for some point
p € R™. Therefore, by the comparison principle between smooth flows
(Theorem 3.5) and Example 3.1 we have

E(t) € B (p), R(t)=y/R3—2(n—1)t, te [0, Rq {

2(n—1)

R2
Hence tt < 2(71—31) O
The following theorem gives an estimate from above and from below of the
extinction time for a smooth compact mean curvature flow. We refer to the

papers [38], [50], [42] for all details.

Theorem 3.7. Let OF be compact. Assume that the mean curvature flow
starting from E is smooth up to the extinction time tT. Then

2|E i - 2/(n—1)
H10E)° <t' <C(H"'(9E)) : (3.77)

where C' > 0 is a constant depending only on the dimension.

Proof. Denote by (E(t)):c[o,+1] the smooth mean curvature flow starting

from E = E(0). To prove the estimate on the right hand side of (3.77) we
follow [38]. We recall the following inequality (see for instance [68, 1.4.1]):
if € CX(R™), then

n—2

(/ |¢|’35> e / (V-] + |EZ|¢]] , (3.78)
oF oF
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(n—1)4»—D
T/ (n—1)
(n—2)w}/ T

(3.78) with ¢ =1 in a neighbourhood of JF yields

where ¢ = and w,—1 = [{z € R"! : |z| < 1}|. Applying

(H1(0E)) " < / Pl
OF

<c |HE v (H"(0E))"* . (3.79)
oOF
n—2 1

Since 2=2 — £ = 2(’:1—:31), from (3.79) we get

(Y (OE)) ™ < C/aE \HP P2, (3.80)

Recalling (3.38) and applying (3.80) with E(t) in place of E we deduce

%H"‘l(aE(ﬂ) = —/ \HED]2 < —¢ (H"@0E() "/,

dE(t)
(3.81)
and integrating we have

(Hn—l(aE(t)))Q/(n—l) o (Hn_l(aE(O)))2/(n—l) < —Ct,

where C denotes (possibly different) constants depending only on the di-
mension. Letting t Tt/ we deduce t' < C (H"’l(aE))W(n_l).
Let us prove the left inequality in (3.77). We follow [50]. Set

v(t) == |E(t)], a(t) == H" 1 (OE(t)).
Recalling also (3.38) we find

1/2
_U/(t) - ~/8E(t) e = </(9E(t) |HE(t)|2> (Hn_l(aE(t))) "
a2(t)Y 1/2
— (-atae)? = (~0)

where ’ denotes the derivative with respect to t. Using Jensen’s inequality,
it follows

v(0) — v(t) S/OH <—@>W dt < 1" (/j—@ dt)

e (20 a2<2t*>>”2,

1/2
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_ 1/2
. B _ (n"'E))*
Recalling a(t!) = v(t7) = 0, we get |E| < <tTf . O

Remark 3.14. To show estimates on the lifespan of weak solutions requires
refined tools, such as the clearing out lemma, see [27], [42].

3.8. Huisken monotonicity formula

Concerning the arguments of this section, we refer to [56], [57], [34] for a
much wider discussion. Let us begin with the following result.

Lemma 3.6. Assume that OF is compact. Let (E(t))icjo,) be the smooth
mean curvature flow on [0,T] starting from E = E(0). Let ¢ € C*°(R"™ x
[0,T]). Then

d

N xr = _ ('“)w
dt BE(t)w( 1) /8 E(t)( Y(Ad)? — (Vep, Vd)Ad + o ) (3.82)

Proof. We recall that

d

81/))
< ) = div. X + (Vb, X) + 22 3.83
G ven=[  (vdexs @ g (3.89)

where X := —AdVd is the velocity field of 0FE(t). Observe that on OE(t)

we have
—div, X = (V,Ad, Vd) + Ad div,Vd = Ad div,Vd = (Ad)?,
where the last equality follows from (3.12). Then (3.82) follows. O

Remark 3.15. By the integration by parts formula (3.6) we have

/ div, Vi) = (Vip, Vd)Ad
E(t) dE(t)

Hence (3.82) can be rewritten, for a test function ¢ > 0, as

d

2
4 ) = — Ad + —(Vi,Vd 3.84
AT / E(t)w( + L, >) (3.80)

1 )
— d — 4+ div, .
+/6E(t) (¢<Vw,v> + 5 + div vw)

Observe that, in the particular case ¥ = 1, (3.84) coincides with (3.38).
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Remark 3.16. Formula (3.83) is at the basis of Brakke’s definition of weak
motion by mean curvature, see [27].

The following result is Huisken’s monotonicity formula [56]: it describes
how the area of F(t) changes when weighted with a backward heat kernel
in the ambient space. It is a parabolic version of the monotonicity formula
for minimal surfaces, and is an important tool for the analysis of singu-
larities in mean curvature flow (see for instance [56], [57]). We will use a
similar monotonicity formula in Section 3.9.

Theorem 3.8. Let xg € R", tg € [0,T] and set

r—x 2
(2,1) (2,1) e~ oo R™, t <to.  (3.85)
P\, T) = P, Lyl) 1= ———————— 71> T e , T <to. .
(o-to) (4n(ty — 1)) "= °
We have

d 1 ?
— p=— plAd+ =(Vp,Vd)y| <O0. (3.86)
dt Jap) OB (t) p

Proof. Since p is positive, we can use formula (3.84) with ¢» = p. Then
the equality in (3.86) will follow if we prove that

1 0]
Z(Vp, Vd)?: + 2L 4 div, vp = 0. (3.87)
p ot
Assume for simplicity that g = 0 and ¢ty = 0. Then
1 |2
p(x,t)zﬁem , xeR" t<0.

(—4mt) 2

Therefore Vp = %x,

Op —|z]? n-1
ot :< w2 2 )P (3:88)

1 1
Vip=|— — 1d
0 ( vt o )p,

412
div,Vp = tr((Id — Vd ® Vd)V?p) (3.89)
B @_ (z,Vd)? +n—1
o\ 42 442 2 )P
Since £(Vp, Vd)* = gz (z, Vd)?p, from (3.88) and (3.89) we deduce (3.87).

O
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3.9. The gradient estimate of Ecker-Huisken

Let fo : R®™! — R be a smooth Lipschitz function. It is possible to prove
that, under suitable growth assumptions at infinity on the graph of f, there
exist T > 0 and a unique smooth function f : R"~1x ]0, T, satisfying (3.37)
in R"~1x ]0, T, such that lim; g+ f(z,t) = fo(z) for any x € R"~!, and
sup |V f(z,t)] < +o0, t€]0,T]. (3.90)
zeR? 1

One of the results proved by Ecker-Huisken in [35] is the following.

Theorem 3.9. We have
sup |Vf(z,t)] < sup |Vfo(x)l, te€]0,T7. (3.91)

z€Rn—1 z€Rn—1
Once (3.91) is established, the authors are able to prove the following
global result for mean curvature evolution of Lipschitz graphs (see the orig-
inal paper [35] for more details and estimates on derivatives of the normal
vector to the graph of f(-,t)).

Theorem 3.10. Let fo : R*™Y — R be a Lipschitz function. Then there
exists a unique smooth function f : R"~1x ]0,+oo[— R satisfying (5.37)
in R"1x 10, +ool, such that lim,_,o+ f(2',t) = fo(z') for any 2’ € R*~1,
and

sup |[Vf(2',t)| < sup |Vfo(a'),  t€]0,+o0l. (3.92)
x/eRnfl IIGRH71
SKETCH OF THE PROOF OF THEOREM 3.9. Set v = (v1,...,Vp)

\/ﬁ(—Vﬁ 1), where v is evaluated at the points of graph(f(-,¢)). We

are interested in the last component

1
v (2, f(2' 1)) = ¢ eR* te0,T).

VIFIVIE 2
Indeed, estimating the gradient of f is equivalent to estimating

1
wi= — = I+ VI

n

For notational simplicity set
0:=V,=V—(V,vyv

the tangential differential operator on the graph of f(-,t), see [69], [68], [51],
[70]. Observe that

Spw = —w2Spvp. (3.93)
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We divide the proof into four steps.
Step 1. We have

ow  L0v,

This follows as in the proof of (3.47) (applied with E(t) replaced by the
subgraph of f(-,?)).
Step 2. We have

—w? A v, = Arw — 2w How|? (3.95)
From (3.93) it follows |dw|? = w6, 0hvy. Hence

Ayw = 000w = 0 (—w?Shryn) = —w? Arvy — 2WERWELEY,
= —w? A vy, + 20300y = —w A vy, + 2w How|?,
and step 2 follows.
Step 3. We have
w25, Ad = w A, v, + w| A%, (3.96)

where |A|? := 81,0514 is the square of the length of the second fundamental
form.

Recall (see for instance [68]) that, given h,k € {1,...,n}, the following
commutation rule holds:

On0k — 00 = (Vnorvj — VibnY;)d;. (3.97)
Recalling (3.12) and applying (3.97) with k = n we get
OnAd = §,00Vn = 6p0nln — VROnV0vn + vndnvidvn
= 0pOnln + Vn0jupdvn = 0ponly + V| AP
— SnGnm + v A2 = Asun + %|A|2, (3.98)
because v,0;v, = 0 and (0;v;) is symmetric. Then (3.96) follows by multi-

plying (3.98) by |w|?.
Before passing to the next step we observe that from steps 2,3 we deduce

—w?0,Ad = Arw — 2w [dw|? — w|A|%
Hence, from (3.94) we get

%_1: —Acw= =20 w —wlA? <0  ongraph(f(-,1).  (3.99)
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The following step is a weighted monotonicity formula (compare (3.86)) on
unbounded boundaries. Recall that p = p(,, 4, is defined in (3.85).

Step 4. Let ¢ € C°(R™ x [0,T]) and t < to. Assume that ¢ satisfies proper
growth conditions at infinity that ensure that all integrals that follow are
finite. Then [35]

d 2
pr op=— / PO (Ad +—(Vp, Vd>) (3.100)
t graph(f(-,t))

graph(f(-,t))
o

+ / p( 4 — (AdVd, V) — qS).
graph(f(,t))  \ Ot

In particular, if for such a ¢ we have also

>0, % — (AdVd, Vo) = A6 <0 on graph(f(-1)), (3.101)

then
d

—/ op < 0. (3.102)
dt Jaraph(f (1))

Assume for simplicity that (xg,%9) = (0,0). Recalling (3.83) we have

d d¢
< o= p ( ~ (Advd, V¢>)
dt Jerapn(7(-,1)) graph(f(-,t)) { ot
) (— — (AdVd, vp>> - (Ad)%;p]
Now, adding and subtracting faE(t) pA¢ and using (3.7), we can write

/ o (@ ~ (Advd, v¢>>)
graph(f(-t))  \ Ot

-/ {p (‘;ﬁf (AdVd, V) - AT¢> n ¢A7p] .
graph(f(-,t))

Hence

d 0¢
L / p( — (AdVd, V) - ATqS)
dt Jom graph(f(t)  \ Ot

0
+ / ¢( P (AdVd, V) + Arp — <Ap>2p>.
graph(f(-,t))  \ Ot

Therefore, to prove (3.100) it remains to show

Idp

2
57— (MY Vp) + Arp— (Ap)°p = <Ad+ (Vp, Vd>) . (3.103)
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Let us compute % — (AdVd,Vp) + Arp. Using (3.87) and the equality
div,.Vp = A, p+ (Vp,Vd)Ad, we have
dp
5
and (3.103) follows. The proof of step 4 is concluded.

Let us now conclude the proof. Define L := sup,/cgn-1 w(z’,0) < 400.
Let p > 2 and define

P = g(w), g(s) := [max(s, L) — L]".
Observe that g is convex and of class C%(R). Using (3.99) it is possible to
prove that

1
(AdVd,Vp) + Arp=—2(Vd,Vp)Ad — ;(Vp, Vd)?,

(?9_2{] —(AdVd, V) —Arp <0 on graph(f(-,t)). (3.104)
Applying (3.102) with ¢ := ¢ > 0 we deduce
’ Yp<0 te]o,T] (3.105)

At Jgraph(s (1))

Since faE(o) ¥p = 0and faE(t) tp > 0, from (3.105) it necessarily follows

faE(t) ¥p =01in]0,T[. Hence ¢ = 0 in |0, T[, which is equivalent to (3.91).
O

3.10. Formation of singularities: the example of Grayson

We have seen that the sphere of radius Ry shrinks to a point in the finite
time R%/(2(n—1)). This behaviour can be interpretated as a singularity of
the flow; in this section we show a more interesting example of singularity,
which is due to Grayson in [53].

Let r and [ be two positive numbers such that

2l — 7r > 0. (3.106)

Let g : R — ]0, 400 be a function whose graph has the shape depicted in
Figure 3.3. Let us rotate the graph of g around the z-axis, and denote by
D C R3 the solid set inside the rotated graph, see Figure 3.4.

It is possible to choose the function g smooth enough and such that
the mean curvature of 9D is nonnegative everywhere. Choose now a real
number R with
8ir?

20 — 7’

R? > (3.107)
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graph(g)

Figure 3.3. Qualitative shape of g : R — R.

graph(g)

Br(q) Br(P
/;\ - / I 5 .
AN A L Y

D

Figure 3.4. The set D, which is the interior of the rotation of the graph of g,
contains the union of the two balls. The function g is chosen in such a way that
the mean curvature of D is nonnegative.

and two points p,q inside D far enough from the origin so that Br(q) U
Br(p) C D as in Figure 3.4. The result of Grayson is the following.

Theorem 3.11. Let I,r, R satisfy (3.106) and (3.107). Assume that the
mean curvature of 0D is nonnegative everywhere. Let E C R3 be a bounded
connected open set with smooth boundary, and assume

Br(q) UBRgr(p) C EC D. (3108)

Then the mean curvature flow starting from OF develops a singularity before
its extinction time.

Proof. Take a (comparison) surface ¥ generated by the rotation of a
smooth periodic graph y = y(z) : R — ]0, +00[ around the x-axis such that

X cD, int(X) D E, (3.109)
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\\ graph(g)
/\ r

Figure 3.5. The initial set E contains the union of the two balls and must be
connected and contained in D.

see Figure 3.6. Here int(X) denotes the rotation around the z-axis of the
open subgraph of y.

Figure 3.6. The surface of revolution X is in between OF and 0D. It is not
compact, but is periodic.

Since ¥ is a surface of revolution, its mean curvature H> is

3 Yzxz 1
(L+ 2P y(l+y2) %
recall Example 3.4. Tt follows that the mean curvature flow 3(t) of ¥ is the
rotationally symmetric graph, obtained by rotating around the x-axis the
graph of the smooth periodic function y(-,t), with y : R x [0, T] — [0, +o0]
solving

ayi Yax 1
o 1+y2 y

(3.110)
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(recall Example 3.2), for some T > 0. It is possible to prove that y(z,t)
remains smooth till y > 0, i.e. the only way for ¥(t) to singularize is when
it intersects the z-axis. By the comparison principle (observe that X(t) is
unbounded, but periodic)

Br(9) U Bry(p) C E(t) C int((t)) € OD, (3.111)

where R(t) = v R? — 4t and int(X(¢)) denotes the rotation around the -
axis of the open subgraph of y(-,t). The last inclusion in (3.111) follows
because the mean curvature of 9D is nonnegative everywhere. From (3.111)
it follows that the extinction time t'(E) of E satisfies

t'(E) > R?/4. (3.112)

Define now

By (3.110) we have
1 !
0y Y 1
A = —(x,t dm:/ ( i ——) dx

l
1
:/ I{—/ — dCC,
graph(y(-,t)) -1y

where k indicates the curvature of the plane curve graph(y(-,t)). Hence

!

1

At < 7r—/ . (3.113)
-1 Y

From (3.111) we have y(z,t) < r for any « € [—[,1] so that —1/y(z,t)

—1/r, and therefore from (3.113) we deduce A’(¢) < w—2l/r. Since A(0)

2lr, we find

<
<

A(t) < (= 2U/r)t + A(0) < ( — 21/7)t + 2rl. (3.114)

The right hand side at (3.114) vanishes for ¢t = 2?_’”; which, in view of
(3.107), is strictly less than R?/4. Hence, at time t* = R?/4 (which is
smaller than the exinction time of E thanks to (3.112)) we have A(t*) =0,
so that X(¢) must shrink around the z-axis for some time ¢ less than or
equal to t*. The assertion of the theorem then follows by the comparison

principle. O
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3.11. Manifolds with arbitrary codimension

Following the ideas in [31], [32], in this section we briefly show how to define
mean curvature flow in arbitrary codimension using the square distance
function (see also [8]). In the sequel I' denotes a k-dimensional embedded
compact connected manifold of class C>° without boundary in R™, k €
{1,...,n—1}, and

1
0" (x) := §dist(x,l")2, x € R"™.

If z € T we let NI (resp. T,I') be the normal (resp. tangent) space to I at
2. Concerning the following result, we refer to [5, Section 4] for the proof
and the expansion of V2n'' out of T. We refer to [7], [67], [37] for more
details on the relations between the derivatives of V21T and the second
fundamental form of T

Theorem 3.12. There exists p > 0 such that, setting U := {x € R"™ :
dist(z,T) < p}, the following properties hold:

(i) n©' € C*(U) and |Vn'|2 = 20" in U;
(i) if y € U the point pr(y) := y — Vn(y) belongs to T' and is the
unique solution of min{|y — x| : x € I'}. Moreover, for any x € T,
the matriz V2n¥ (z) is the orthogonal projection on N, (T');
(iii) —AVnL is, on T, the mean curvature of T.

In (iii), AVn' is the row vector whose i-th component is the Laplacian of

o .
EETA

Remark 3.17. If we define ((y) := $|y|> — n" (y), then V((y) gives the
projection pr(y) of y on I' and V?n'(x) is the orthogonal projection on
T,(T"). Observe also that, when k = n —1, (ii) (resp. (iii)) of Theorem 3.12
is expressed by (ii) of Theorem 3.2 and (3.20) (resp. (3.22)).

Also in arbitrary codimension, one of the motivations of studying mean
curvature flow is given by the first variation of area.

Theorem 3.13. Let ¢ and X be as in Theorem 3.1. Let I'y := ¢,(I).
Then T'y is smooth for small |\|, and

d
SH o = [ XAV ant
d\ or
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If T'(¢) is a family of subsets of R™ parameterized by ¢ € [0,T] we let

'O (z) == %dist(x,F(t))Q, reR", tel0,T]. (3.115)
Since no confusion is possible, the function n"(*)(z) will be denoted by
n(z,t); Vn (resp. V?n) stands for the gradient (resp. the Hessian) of n
with respect to .
The definition of smooth flow in arbitrary codimension is the one in Defini-
tion 3.1 replacing OF with ' = I'(0), and where in (iii) we take k in place of
n— 1. The definition of velocity is given in Definition 3.2. In order to define
mean curvature flow using the function n we need some preliminaries.

Theorem 3.14. Let (I'(t)):eo,1) be a smooth flow on [0,T] starting from
I' = T'(0). Then there exists an open set A such that A D T'(t) for any
t€0,T] andn € C*(Ax[0,T]), and

0
5 Vi@ t) = =V(y,t),  @:=9(y,t) € (). (3.116)
SKETCH OF PROOF. We prove only (3.116). Let &k € {1,...,n}. From

the equality Vin(¢(y,t),t) = 0 for any y € T' and ¢ € [0,T] we get, for
T = d)(ya t)v

0 0
Vi (e 1) + (VVan(a,0), 90 . 1)) = .

Recalling that V2 (z,t) is the orthogonal projection on N, (I'(t)), formula
(3.116) follows. O

Definition 3.6. We say that (I'(t))c[o,7] is a smooth k-dimensional mean
curvature flow in [0, T] starting from I' = I'(0) if the following conditions
hold:

(i) there exists an open set A C R™ containing I'(¢) for any ¢t € [0, T
such that € C>(A x [0,T]) and rank (V?5(z,t)) = n — k for any
t €[0,7] and any x € T'(t);

(ii) we have

%Vn(x,t) = AVn(x,t), te[0,T], = € T(t). (3.117)

Condition (i) implies that I'(¢) is a smooth embedded compact con-
nected k-dimensional manifold without boundary, smoothly evolving in
time [32], [8], [5]. Condition (ii) implies that the normal velocity at each
point x of I'(t) equals the mean curvature of I'(¢) at z.
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Remark 3.18. The proof of a short time existence and uniqueness theorem
for mean curvature flow in arbitrary codimension follows from [46].

Mean curvature flow in arbitrary codimension has been the subject of sev-
eral papers, starting from the work of Brakke [27], see for instance [2],
[4], [65], [20], [81], [80], [73]. Interesting connections between the gradient
flow of the Ginzburg-Landau functionals and motion by mean curvature in
higher codimension have been proved in [9], [26].

3.12. Final comments

The discussion in Section 3.10 is the motivation for studying global solutions
to mean curvature flow, defined beyond singularities. There are several
notions of weak solutions present in the literature, which may differ after
the onset of singularities. In addition, the mutual relations between these
solutions are not yet completely classified. We refer to [27], [40], [30], [74],
[64], [62], [63], [65], [31], [32], [1] and to the bibliographies of [5] and [19]
for a (possibly incomplete) list of papers in this direction.

Related to the previous comment, one natural issue is studying the qual-
itative behaviour of the evolving manifold at the singularity time and, in
general, the regularity of weak solutions. In this respect we refer to [27],
(18], [3], [35], [56], [71], [57], [75], [23], [15], [24], [33], [44], [59], [60], [82], [14],
[83], [84], [34] and references therein (again the present list of references is
far from being complete).

We conclude the paper by recalling that mean curvature flow is an ex-
ample of geometric evolution of manifolds. Other interesting examples
are for instance the Ricci flow [54], the evolution of harmonic maps [77],
the anisotropic mean curvature flow [25], the crystalline mean curvature
flow [79], [29], [48], [22], the curvature flow of networks [28], the inverse
mean curvature flow [58], the Gauss mean curvature flow [10], and the flow
of the Willmore functional [61].
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4.1. Preface

These notes present three basic methods of the modern Bifurcation The-
ory. The topic was lectured by the author at Dipartimenti di Matematica

*This research has been supported by the Grant Agency of the Czech Republic, no.
201/03/0671.
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Pura ed Applicata e Metodi e Modelli Matematici per le Scienze Applicate,
Universita di Padova, Italy, during June 11-15, 2001, in the framework of

“Minicorsi di Analisi Matematica”.
The material of these notes is also a part of the syllabus of the course
“Modern Mathematical Methods”

at the Faculty of Applied Sciences, University of West Bohemia in Pilsen,
Czech Republic.

This text was published as a textbook for the students of the University
of West Bohemia in Pilsen, in 2002. The author is grateful to this institution
for permitting republication.

The reader should keep in mind that this is just an introduction to
the subject, only basic results are presented while many other methods are
ignored here. For instance, the important and very interesting notion of
the Hopf Bifurcation is not mentioned in these notes at alll However, if the
reader wants to understand the present “state of the art” of the Bifurcation
Theory, then s/he should master the methods mentioned in these notes.

I would like to thank Professor Massimo Lanza de Cristoforis for his
kind invitation to Padova and to my young colleagues RNDr. Jiti Benedikt,
Mgr. Marie Benediktova, Ing. Petr Girg, Ph.D., Ing. Gabriela Holubova,
Ph.D., Ing. Ales Matas, Ph.D., Ing. Petr Necesal, Ph.D. and Lenka Stuch-
lova who all helped me to give the text this present form.

Padova — Pilsen, June 2001 — December 2003

4.2. Introduction, basic notation

The Bifurcation Theory is nowadays one of the most developing parts of
the modern nonlinear analysis. Even if some related results in the finite
dimension go back to the 19*" century, modern methods dealing with the in-
finite dimension were developed in the second half of the 20*® century. The
Bifurcation Theory combines deep results of the linear functional analysis
(especially the Spectral Theory of linear compact operators are often used
here) and sophisticated methods of the nonlinear functional analysis (such
as the Implicit Function Theorem, the Degree Theory, Variational Princi-
ples, etc.). There are numerous results in the literature which deal with
(or refer to) the Bifurcation Theory. One of the main impulses to develop
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this theory were open problems in various fields of differential equations.
That is why, besides of some motivation in the finite dimension, we apply
abstract results to boundary value problems. We choose ordinary differen-
tial equations only in order to avoid necessary technical assumptions which
would have to be done if we dealt with partial differential equations. How-
ever, it is clear that abstract results apply to more dimensional boundary
value problems as well.

These notes actually follow selected parts of the text [8] by Stard and
John which is available only in Czech. We want to concentrate here exclu-
sively on three basic methods used in the Bifurcation Theory. On the other
hand, to make the exposition brief and clear we cannot define every notion
used here, and we have to assume that the reader is acquainted with some
knowledge from both the linear and the nonlinear functional analysis. For
the reader’s convenience, we list the most important notions used in these
notes and present the most frequent notation as well. It is assumed that
the reader will be able to master the notions presented below from other
sources. In order to keep the exposition as smooth as possible, we decided
to postpone some important facts and proofs to appendices at the end of
these notes.

Basic notions (the order is determined by the exposition in Sections 4.3—
4.7)

normed linear space, Banach space, Hilbert space, metric space
linear operator

eigenvalue, eigenvector

Fréchet differential of the nonlinear operator, partial Fréchet deri-
vative

isomorphism

spectrum of the linear operator (point spectrum)

compact linear (nonlinear) operator

regular (symmetric) matrix

positive definite (semidefinite) matrix

Fredholm operator (mapping), kernel and range (image) of the lin-
ear operator, index of the Fredholm operator

co-dimension of the linear subspace

linear projection
expressions which are of order o(¢) when ¢ — 0
Fredholm Alternative (for linear operators)
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Brouwer degree of the mapping

Brouwer Fixed Point Theorem

Leray—Schauder degree of the mapping

Leray—Schauder index of the point (with respect to a given map-
ping), Leray—Schauder Index Formula

algebraic and geometric multiplicity of the eigenvalue of the linear
operator

strong and weak convergence in the Banach (Hilbert) space
Lebesgue space (Sobolev space) of functions on a given interval
spaces of continuous and smooth functions

continuity and compactness of the embedding

derivatives in the distributional sense

potential operator

Riesz Representation Theorem

Lagrange Multiplier Method

saddle point

initial value problem for the ordinary differential equation with
values in the Hilbert space, existence and uniqueness of the solution
Courant—Weinstein Variational Principle

Notation (the order is determined by the exposition in Sections 4.3—4.7)

R™ (R) n-dimensional Euclidean space (n = 1)
x finite dimensional vector

A finite dimensional matrix

o zero element of the Banach space X

o  zero element (origin) of R™

X xR  Cartesian product of the spaces X and R
oOF 0°F

, Y e artial derivatives (in the finite dimension
DxON P ( )

I%’I (Fi), F,, (F{,) partial Fréchet derivatives (in the infinite
dimension)

o(T) spectrum of the linear operator T'

N  set of all natural numbers (1,2,3,...)

CP?  class of functions (operators, functionals), the derivatives of
which are continuous up to the order p

S solution set of the equation F(x,\) = o

det A  determinant of the matrix A

F'(0) (F"(0)) the first (second) differential of F' at o
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e Ker f'(0o) kernel of the linear operator f’(o)

e Im f'(0) image (range) of the linear operator f’(o)

e dim X; dimension of the linear space X;

e codimY> co-dimension of the linear subspace Yo

e Qf'(0)|x, restriction of the operator Qf’(o) onto the subspace
Xo

e y*(yo) value of the continuous linear functional y* at the element
Yo

o Lin{xy,...,x,} linear hull of the elements z1,..., 2,

o 7'(s)|s=o derivative of Z with respect to s at the point s =0
deg[f;D,p] Leray-Schauder (L.-S.) degree of the mapping f
with respect to the set D and the point p

i(xg) Leray—Schauder index of the point zg

B(zo;e) ball centred at xo, with the radius €

D closure of the set D

0D  boundary of the set D

P,(T) point spectrum of the operator T

xn — x  sequence {x,} converges strongly to the element z

xn, = x sequence {x,} converges weakly to the element x

LY(0, ), W01’2(O,7r) usual Lebesgue, Sobolev space of functions
on (0,)

C[0,7], C?[0,7] usual spaces of continuous functions and func-
tions which have continuous second derivatives in [0, 7]

X G Y continuous embedding of X into Y

X GG Y compact embedding of X into Y

(-,-y  scalar product in the Hilbert space

(,-) scalar product in R™

S(o;r) (= 0B(0;7))  sphere centred at o, with the radius r

4.3. Motivation, examples

Many mathematical models are expressed in the form of the operator equa-
tion

F(z,\) = o. (4.1)

Here z is unknown (function, point in R™,...) and X is a parameter (real,
complex) which characterizes the problem. The operator F is, in general,
a nonlinear mapping.

We shall restrict our attention to problems where = is an element of



108 P. Drdbek

some Banach space X,* and A is a real parameter. The operator F' will be
a mapping from X X R into another Banach space Y:

F: XxR—->Y.

By a solution set S of (4.1) we mean the set of all couples (z,A) € X xR
which verify (4.1). The structure of the solution set of (4.1) may be very
complicated in general. Actually, for every closed set S C X x R there
exists a continuous operator F' such that S is the solution set of (4.1). For
this reason it is impossible to say much about S without any additional
specifications of F.

Set

Sy={r e X:F(zx,\) =o}.

Our aim is to study qualitative properties of the set S\ depending on the
parameter \. We concentrate on the values of the parameter X in the neigh-
bourhoods of which Sy essentially changes its character. This is possible to
illustrate in a special case when F' is a linear operator.

Example 4.1. Let X =Y = R"™, A be a real matrix n X n,
F(z,\) = \x — Az, xzeR" AeR.
It is easy to describe the set Sy in this case:

e let A be not an eigenvalue of A, then & = o is the only solution of
(4.1), and so Sy = {o};

e let A be an eigenvalue of A and u be a corresponding (normalized)
eigenvector, then for any t € R, & = tu is a solution of (4.1), and
SO

Sy = {tu:t € R, u is an eigenvector associated with A}.
The solution set S of (4.1) contains then the line
{(0,A) : A e R}
of trivial solutions from which the “branches”
{(tu, Xo) : t € R\ {0}, X¢ is an eigenvalue
and u a corresponding eigenvector of A}

of nontrivial solutions “bifurcate” at the eigenvalues Ao (see Figure 4.1).
It is then natural to say that the eigenvalues of A are “the points of
bifurcation” of F(z,\) = o.

2In what follows all the linear spaces are assumed to be real.
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R’ﬂ

Figure 4.1.

Definition 4.1. Let F(o,\) = o for any A € R. The point Ay € R is
then called a point of bifurcation, or a bifurcation point (of the solution
set S subject to the line {(0,A) : A € R}, or shortly of (4.1)) if for any
neighbourhood U of the point (0, Ag) (in X x R) there exists at least one
(x,A) €U, x # o such that F(z,\) =o (i.e. (z,)) € S).

Example 4.2. Let X =Y =R and
F(x,\) = z(\ — 2?). (4.2)

Then the solution set S is sketched in Figure 4.2, and A\g = 0 is a point of
bifurcation of F'(z, A\) = 0.

Let us look at the point of bifurcation A\g = 0 from the following point
of view:

“In any neighbourhood of (0, o) the solution set S
cannot be expressed as a graph of a function of the variable \.”

If we confront this fact with the Implicit Function Theorem then we imme-
diately get that the only “suspicious” points (to be bifurcation points) are
those values of A\ where

OF
(0.3 =0.
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T
F(z,A\) =0
0 A
1 solution 3 solutions
A<0 0 A>0 A
Figure 4.2.
In our case of F given by (4.2), we have
OF 9 . oF
%(1',)\) =)\—3z N 1.e. %(O,A) =\

Hence the only “suspicious” point is A = 0 in this case.

In the general case F': X x R — Y where X and Y are Banach spaces,

the condition %—5 # 0 is substituted by the condition
F!(0,\o) is an isomorphism of X onto Y. (4.3)

Thus we have the following general necessary condition.

Lemma 4.1. Let F' be continuously differentiable in some neighbourhood
of (0,X0), F(0,A) =0 for any A € R. Let Ao be a point of bifurcation of
F(x,\) = 0. Then F.(0,)\o) is not an isomorphism of X onto Y.

Let us consider the special case X =Y and
F(z,\) = Mz — f(x).
Then
Fp(0,20) = Mol — f'(0)
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and the condition (4.3) does not hold if Ay belongs to the spectrum of the
operator f'(0). If, moreover, f'(0) is compact, then the points of bifurcation
may be only eigenvalues of the linear operator f/(o) and A = 0. On the
other hand, if f is a compact linear operator, then every real point of its
spectrum is a bifurcation point as well.

Theorem 4.1. Let X be a real Banach space, T: X — X a compact linear
operator,

F(z,A\) = x — Tx, AeR, zeX.
Then Ag is a point of bifurcation of F(x,\) = o if and only if
X €a(T)NR.
Proof. It follows from Lemma 4.1 that if \g is a point of bifurcation,
then necessarily Ao € o(T) NR.

Let us suppose now that A\g € o(T) N R, and prove that )g is a point of
bifurcation of F(x,\) = o. The fact A\g € o(T) NR implies that either A¢ is
an eigenvalue of T, or A\g = 0 and there is a sequence {)\,,} of eigenvalues
of T approaching 0. Assume first that )¢ is an eigenvalue, and denote by u

a corresponding eigenvector. For arbitrarily small neighbourhood U of the
point (o0, \g) there exists ¢ # 0 (sufficiently small) such that

(tu, Xo) €U and F(tu, o) = t(Aou — Tu) = o.

Hence Aq is a point of bifurcation.
Let now 0 = A\g = lim A,, A, be eigenvalues of T" and u,, be corre-

n—oo

sponding eigenvectors. Let us fix some neighbourhood U of (0, Ag). Then
there exists ng € N such that for all n > ng we have (o, A,) € U. Since U
is an open set, we obtain t,, € R, t, # 0, such that

(tntn, An) €U and F(tpun, \n) = o.
Hence \g = 0 is a bifurcation point. O]

Let us give examples which illustrate that the fact that 7" was a linear
operator was essential in Theorem 4.1 (i.e. that o(7T") cannot be replaced
by o(T'(0)) for T nonlinear).

Example 4.3. Let f: R?2 — R? be defined by
Fx1,22) = (21 + 23, 20 — 29)
and

F(z,\) =\ — f)(=), x = (v1,72) € R%
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Then
' (2)x = (z1 + 32322, 2 — 32711), Le.  fl(o)x = (x1,22).

Hence f'(0) = I, and Ay = 1 is its eigenvalue of multiplicity 2.
On the other hand, any solution (x,A) of the equation F(x,\) = o
satisfies

(A—1)a; — a3 =0,
(/\— 1):172 +I:1g =0.

Multiplying the first equation by z2, the second by z1, and subtracting we
get

a:il + xé =0, i.e. 1 =20 = 0.

Hence there is no bifurcation point of F(x,\) = o. This example shows
that even if A =1 is an eigenvalue of f'(0) (of even multiplicity), it is not
a point of bifurcation.

Example 4.4. Let f: R? — R? be defined by
(21, 20) = (221 + 43, 229 + 423),
and set
F(x,\) =\ — f)(=), x = (v1,72) € R

Similarly as above we show that A\g = 2 is an eigenvalue of f’(0) and its
multiplicity is again 2.

Let us investigate now the solution set of F(x, A) = 0. The point (xz, \)
solves F'(x, A) = o if and only if

(A —2—42?) =0, =12,
i.e.

1
;=0 or xi=:|:§\/)\—2 forA>2, i=1,2.

Hence A\ = 2 is a point of bifurcation of F(x,\) = o (see Figure 4.3). Let
us point out that f = ® where

(21, 22) = 27 + 23 + 2] + 3.

This was not the case in the previous example.
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Zq

Figure 4.3.

The examples above illustrate the following general scheme for
where f is compact and differentiable at o:

e fis linear — points of bifurcation coincide with o(f'(0)) NR (The-
orem 4.1),

e fis nonlinear — every eigenvalue of f’(0) with odd algebraic mul-
tiplicity is a point of bifurcation,
— an eigenvalue of f’(0) with even multiplicity need not be a point
of bifurcation (Example 4.3),

o fis nonlinear and potential (i.e., there is ®: X — R such that &' =

f) — every nonzero eigenvalue of f’(0) is a point of bifurcation
(Example 4.4).

In the following sections we shall prove the latter two assertions in spaces
of the infinite dimension.
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4.4. Crandall-Rabinowitz Bifurcation Theorem

In this section we concentrate on a bifurcation result based on the Implicit
Function Theorem. Let

F:R™—=R, meN,

be a function which is defined in some neighbourhood of the origin, and is
of the class C? (p > 2). Assume that F(0) = 0 and o is a critical point of
F,i.e. F'(0) = 0. Then we have (see Appendix H)

F(@) = 5(F"(0),2) +ofllzl”), |zl — 0.

If F”(0) is a regular m x m matrix, then there is a neighbourhood of the
origin in which the only critical point of F' is o.

The following Morse Lemma says that in such a neighbourhood we can
find a (nonlinear) transformation of variables x +— & for which

1
F(a) = 5(F"(0)§,€).
i.e., the graph of F' is a “quadratic manifold” in the new variables.

Lemma 4.2 (A.P. Morse). Let F: R™ — R (m € N) be a function
defined in some neighbourhood of the origin, F € C?, p > 2. Let

F(o)=0, F'(0) = o, F"(0) be a regular m x m matriz.

Then there exists £: R™ — R™ defined in some (smaller) neighbourhood of
the origin, & € CP~2, and such that

F(x) = - (F"(0)¢(z).&()).

N~

The proof of this assertion is based on the Implicit Function Theorem
(see Appendix A), and we shall omit it here (see Appendix B). We concen-
trate now on the description of the solution set of the equation

G(.’B) = O, xr = (Il, IQ) (44)

where G(x) = (Az,z) and A is a regular symmetric matrix 2 x 2. Then
(4.4) reads as

allx% + 2@12$1$2 + CLQQI% =0. (45)
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If a11 # 0, then we can factorize the left hand side of (4.5) as follows
(a11$1 + (012 - \/5) 172) (CL11171 + (alz + \/5) xz) =0

where
2
D= a19 — A11G22.

If A is positive (negative) definite (D < 0), the solution set S of (4.4)
consists of one point:

S ={(0,0)}.
For D =0 (A is semidefinite) we have that
S = {(21,22) € R? t a1121 + a12z2 = 0}.

The most interesting structure of S we have if A is an indefinite matrix
(D > 0). In this case,

S is a union of two lines which intersect at the origin.

These facts combined with the Morse Lemma yield the following assertion.

Theorem 4.2. Let U be some neighbourhood of (0,0) € R?, F: R? — R
is of the class CP(U), p > 2. Assume that

F(o) =0, F'(0) = o, (4.6)
the symmetric matriz F"(0) is reqular and indefinite. (4.7)

Then the solution set S of F(x) = 0 in some (smaller) neighbourhood of
(0,0) is a union of two CP~2 curves I'y, 'y which intersect transversally®
just at the origin.

Proof. Tt follows from Lemma 4.2 that there exists & = (£1,&2): R? — R?
of the class CP~2 such that

{lo)=0, &(o)=1, (4.8)
Fla) = (37 (06 )
for « from some neighbourhood of (0,0). Denote
A= %F”(o).

i.e., there are tangent lines of I'1, 'z at (0,0) which intersect with a nonzero angle.

b



116 P. Drdbek

If a11 # 0, the equation (A€, &) = 0 is equivalent to
(allfl + (CL12 - \/5) 52) (aufl + (CL12 + \/5) 52) =0. (4.9)
Indefiniteness of A yields
0>detA=-D.
The solutions of (4.9) form then two lines
= {(51752) rannén + (a12 - \/1_7) &= 0}7
p2 = {(51752) rannén + (a12 + \/1_7) &= 0}

which intersect at (0,0) with a nonzero angle « # 0.
It follows now from (4.8) that the solution set of F(z) = 0 (in some
neighbourhood of the origin) is formed by two curves

r, = {(9617562) tanér(x) + ((112 - \/1_7) §a(x) = 0} ;
Iy = {(:Cl,xg) Lané () + (a12 + \/5) &(x) = o} .

These curves are of the class CP~2, and their tangents in (0,0) are p; and
p2 (see Figure 4.4).

52 ‘/—\ $2 F2 ,
b2 3 , P2
b1 . IR 1
a g\
P Fl
0 51 0 T

Figure 4.4.
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The proof for a;; = 0 is similar (we would use (2a12&1 + a2282)&2 = 0
instead of (4.9)). O

Corollary 4.1. Let f = f(z,\): RxR =R, f € CP(U), p> 2, U is some
neighbourhood of (0,0) € R%. Let

_ 9 0.0=2%00) =
0*f _ 0*f

Then the solution set of f(x,\) = 0 in some (smaller) neighbourhood of
(0,0) consists of two curves

Iy ={(z,\):x=2(N\), € (—¢,8)}, z(0) =2'(0) =0, (4.12)
Ty = {(z,\) : A=A z), z € (—¢,6)}, A0)=0 (4.13)
where T'; € CP~2, i =1,2 (see Figure 4.5).

Figure 4.5.

Proof. The function f satisfies the assumptions of Theorem 4.2. Indeed,
(4.6) follows from (4.10), and due to (4.11) we have that the determinant
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of the matrix

o2 f 02 f
f/I(O7 O) — Z2f 8a2éfA

is

2
det f(0,0) = [882;; (0, 0)] <0.

Assume first %(0,0) # 0. By the same reason as in the proof of
Theorem 4.2 the set of all zero points of f in some neighbourhood of (0, 0)
is the union of the curves

Fl = {(LL',)\) : 51(,@,/\) = 0}
and

0% f
Oz0A

1—‘2 = {(:v /\) 82]2[ (O 0)51(!@ /\) + 2

(0,0)&a(x, N) = O} .

It follows from the Implicit Function Theorem that we can parametrize
them as in (4.12) and (4.13).

If gxé (0,0) = 0, then the equation

(%f”(o,oﬁ(m)vﬁ(””’”) B

takes the form

o2 f

Oz 6)\(0 0)&1 (2, N)&2(z, A) =0,

and the set of all zero points is formed by
Iy ={(z,A) : &(z,\) =0} and Ty = {(z,A) : &(z, \) = 0}.

Applying the Implicit Function Theorem, we arrive again at (4.12),
(4.13). O

The following assertion is a simple one-dimensional version of the
Crandall-Rabinowitz Bifurcation Theorem.
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Corollary 4.2. Let f = f(x,A): R x R — R be of the class C?, p > 2, in
some neighbourhood U of the point (0, \o). Let

F0,LN) =0  VAER, (4.14)
of B
52(0:20) =0, (4.15)
o2 f
3o (0:20) # 0. (4.16)

Then Ao is a point of bifurcation of f(x,\) =0. In some (smaller) neigh-
bourhood of (0, A\o) nonzero solutions form the set T'\ {(0, o)} where

= {(z,)\): A= A\z), z € (—¢,e)},

I e CP~2, and A0) = X (see Figure 4.6).

I

I A

Figure 4.6.

Proof. We can assume, without loss of generality, that A\g = 0. Thanks
to (4.14) we have
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Hence (4.10), (4.11) are fulfilled. In this case, however,
Iy ={(z,\) : 2 =0}

The nonzero points of the other curve I'y = I' are the only nontrivial solu-
tions of f(z, ) = 0 in some neighbourhood of (0, 0). O

Remark 4.1. The set T'\ {(0, A\g)} will be called a branch of nontrivial
solutions of f(x,\) = 0.

Remark 4.2. In particular, the condition (4.16) guarantees that I'; and
T’y intersect transversally. It follows from here that if I'y is formed by
trivial solutions, the set T's \ {(0, Ag)} is a branch of nontrivial solutions of
f(z,A) = 0 in some neighbourhood of (0, Ag).

Exercise 4.3. In the following cases decide if A\g = 0 is a point of bifurcation
of f(z,\) =0:

(1) f(z,A) =a® = Az,
(2) f(z,)\) =23 — A\ — sin \z,
(3) f(x,)\)*x?’—/\x—ksm/\:z:
(4) f(x,\) =23 — N2z,

In the following exposition we shall present the so called Lyapunov—
-Schmidt Reduction which is one of the main tools used to study nonlinear
equations and boundary value problems.

Let f: X — Y, X and Y be Banach spaces, and f(0) = o. Let us look
for all solutions of the equation

flx)=o0 (4.17)

in some neighbourhood U of = o. Assume that f € CP(U), p € N. Let us
denote

X1 =Ker f'(0),  Yi=1Imf'(o),
and assume that f’(o) is a Fredholm operator, i.e.,

(1) dim X; =d < o0,
(2) Y7 is a closed subspace of Y,
(3) codimY; = m < oco.

It follows from 1-3 that there are closed subspaces Xo C X, Yo C Y,
dimYs =m < oo,suchthat X = X; ® X5, Y =Y, ®Ys. Let

P: X — Xy, Q:Y—-Y"
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be the projections of X and Y onto X; and Y7, respectively (see Figure 4.7).

X f Ys
RN
29 = (I — P)z o) ya=(I-Q)f(x)

RN

X1 Yl

0 r1 = Px 0 y1 = Qf(x)

X1 = Ker f'(0) Y1 = Im f'(o)

Figure 4.7.

Set ©1 = Px, x9 = (I — P)x, i.e. x = x1 + x2. The equation (4.17) is
equivalent to the system of equations

Qf(x1 4+ z2) = o, (4.18)

(I - Q)f(z1 +x2) =o. (4.19)

Let us denote G(x1,22) = Qf(x1 + x2). Then G: X3 x X2 — Y7 and

G € CP(U) where U is some neighbourhood of the zero element in X7 x X5,

and G(o,0) = 0. Moreover, G5(0,0) = Qf'(0)|x, is an isomorphism of X,

and Yl.
Now it follows from the Implicit Function Theorem that there are

neighbourhoods Wi of o in X3, Wa of o0 in X3 and a unique mapping
Zo: Wi — Ws such that Z2(0) = o0 and

G(:Z?l,iiz(irl)) =0 Va1 € Ws.
We thus reduced the equation (4.17) to
(I = Q)f(z1+@2(z1)) =0 (4.20)

on W, C X;.
We can formulate now the following assertion.



122 P. Drdbek

Theorem 4.4. Solutions x of (4.17) in some neighbourhood of o in X
and solutions x1 of (4.20) in the corresponding neighbourhood of o in X3
are in one to one correspondence:

r=x + fz(xl).

Remark 4.3. The equation (4.20) will be called a guiding equation for
(4.17). Under the assumptions 1-3 this is a finite dimensional equation
because

H(z1) = (I — Q)f(w1 + #2(1))

maps X; (dimX; = d < o0) into Yz (dimYz = m < 00). From this point
of view, (4.20) is simpler than (4.17). At the same time, the reader should
bear in mind that the solution set of the equation

H(xz,)=o0 for H:R!—-R™
might be rather complicated even for m = 1!

The following assertion provides more information about the mapping
xo = Eo(x1).
Lemma 4.3. Let 25 = a(x1): Wi — W be as above. Then
#5(0) = o.
Proof. Due to the Implicit Function Theorem
i5(0) = —[Gh(0,0)] 7" 0 Gi(0,0)  where  Gi(0,0) = Qf'(0)|x,

Since X1 = Ker f'(0), the mapping f'(0)|x, is the zero mapping. The
mapping G%(0,0) is an isomorphism, and so the assertion is proved. O

Remark 4.4. The Lyapunov—Schmidt Reduction (Method) can be ge-
neralized also for the equation

flz,\) =o, zeX, AeR (4.21)
where f: X xR =Y, f(o,\) = o for all A € R. We investigate (4.21) in

some neighbourhood of (z,\) = (0,0). The only difference consists in the
fact that instead of X; we shall consider X; x R. The Implicit Function
Theorem applied on

Qf(x,A) =0

then yields a CP-function xy = Z2(21, \) such that

Qf(xl —I—fz(xl,)\),/\):O V(Il,)\) EWp x A
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where W is a neighbourhood of o in Ker f{(0,0), and A is a neighbourhood
of 0 in R.

In what follows we shall assume that X and Y are Banach spaces,
i XXxR—-Y

is a map of the class C?(U), p > 2, where U is some neighbourhood of (o, 0)
in X xR, f(0,0) = 0. We assume that f](0,0) € Z(X,Y) is a Fredholm
operator. Denote

X; = Ker f1(0,0), Y1 = Im f{(0,0).
Let Xo C X, Y5> C Y be complements of X7, Y7 such that
X=X10X,, Y=Y0Y,.
Assume that

(1) dlle = 1, Xl = Lin{l'o},
(2) codimY; = 1.

Since dim Y, = 1 (by 2), there exists yo ¢ Y1 such that Y2 = Lin{yo} (see
Figure 4.8), and there exists a continuous linear functional y* € Y™* such
that®

v (yo)=1, ¥ (y)=0 VyeY.

From the identity
y=Qu+(I—-Q)y
then follows
I-Qy=y" )y, Y1=Kery" (4.22)

Theorem 4.5 (Crandall-Rabinowitz). In addition to dimX; = 1,
codimY; = 1, assume that

flo,N)=o VA € R, (4.23)
f12(0,0)z0 ¢ V1. (4.24)

°The functional y* is easily constructed as a linear function on Y2 extended to Y with
the kernel equal to Y7.
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X5 Ys

Figure 4.8.

Then Xo = 0 is a point of bifurcation of f(xz,\) = o. The nontrivial
solutions emanating from the point (o, \g) form (in some neighbourhood of
this point) a CP~2-branch

{(z,\) : & = szo + Fa(s), A= A(s), s € (—&,&)}\{(0,X0)} (4.25)

where

i2(0) =0,  #H(0)=0,  A0) =X =0. (4.26)

Proof. Let us derive the guiding equation for f(xz,\) = o. We identify
X, with R using the following isomorphism:

(szg =) 1+ s.

It follows from Remark 4.4 that there exists a CP-function zo = Za(s, \)
which maps some neighbourhood of the zero in R x R into some neighbour-
hood of the zero element in X5, such that

#2(0,N) =0  VAER, (4.27)
Qf(sxo + T2(s,A),\) =0 (4.28)
for all (s, A) from the neighbourhood of zero in R x R. Lemma 4.3 then
yields
0o

—(0,0)=o. (4.29)
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Zo

Figure 4.9.

The guiding equation for f(x, A) = o can be then written (see (4.22)) as
F(s,A) = y*(f(swo + 22(s,A), A)) = 0. (4.30)

Now we apply Corollary 4.2 to F(s, ) with Ao = 0. It follows from (4.23)
and (4.27) that

FO0,\)=0 VieR
Hence (4.14) holds true. Further, we have

%F(s N =y (f{(s:vo + (s, A), ) (xo + ‘Z (s, A))) (4.31)

and so

0
O (0.0) =5 (F1(0.0)20) =0

(cf. (4.29)). Hence also (4.15) is verified. It follows from (4.31) that

O°F . %&»:f<.ﬁmw%+%mmv
A

950 (0,0) = lim Jimy )

= (a0 +o (H0520.0).
(4.32)
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We have f1(0,0)h € Y7 for all h € X, i.e.
y*(fi(0,0)h) =0

for all h € X. Hence the second term in (4.32) is equal to 0. The first term
in (4.32) is different from zero. Otherwise we should have f{'5(0,0)zo € V3
which contradicts (4.24). Hence

0*F
m(oao) #0

which verifies (4.16).
It follows from Corollary 4.2 that nontrivial solutions of F(s,\) = 0
form (in some neighbourhood of zero) a CP~2-branch

{(5,A\) : A= A(s), s € (—&,e)}\ {(0,0)} (4.33)

where A(0) = 0.

Now we apply an analogue of Theorem 4.4: the set of all nontrivial
solutions of f(x,A) = o in some neighbourhood of (0,0) € X x R forms the
set

{(z,A) : & = sz0 + Z2 (5, A(5)), A= A(s), s € (—&,8)}\ {(0,0)}
where A(0) = 0. Set Z3(s) = 22(s, A(s)). Then obviously #5(0) = o and

~ O 0o <
JI/2(S)|S:0 = E(()’ 0) + 5(0, O))\/(O) =0
according to (4.27) and (4.29). This proves (4.26). O

Remark 4.5.

(1) It follows from the previous theorem that the essential information
about the bifurcation branch is contained in the space X; x R. The
part from Xs is just a perturbation Z2(s) which is of order o(s) as
s — 0. From this point of view, the parametrization contains all the
essential information about the branch.

(2) Assume that the function A = A(s) from (4.33) has the form

" 1:
As) = X (0)s + A" (0)s% 4+
and assume that
S\(P)(O):O for p=1,2,...,9q—1,
A@(0) # 0.
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If ¢ is odd, we speak about a transcritical bifurcation, if ¢ is even and
@ (0) > 0, we speak about a supercritical bifurcation, and finally,
if ¢ is even and A9 (0) < 0, the bifurcation is called subcritical (see
Figure 4.10).

s s s
A A A
transcritical supercritical subcritical
Figure 4.10.

Example 4.5. (Application of the Crandall-Rabinowitz Bifurca-

tion Theorem) We shall study bifurcation points of the periodic problem
u () + Au(z) + g(2,u(@), v’ (x),\) =0 in [0,27], (434)
3
u(0) = u(27), ' (0) =u/'(27).

In this example we shall concentrate on the point A = 0 which is an eigen-

value of the associated eigenvalue problem
u”(z) + Au(z) =0 in [0,2n],
(4.35)
u(0) = u(27r), (0)=u/(27)

of the multiplicity 1.
We shall denote

X =C?P:={u: R — R : u is 2n-periodic, u € C*(R)},
Y =CP = {u: R — R: uis 2r-periodic, u € C(R)}.
Then Y and X equipped with the norms

[ully = max {ju(z)] : 2 € [0,27]},  ullx = lJully + [u'lly + [lu"]ly,
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respectively, are Banach spaces.
Let us define F': X xR — Y by

F(u,\)(z) = u" (x) + Mu(z) + g(z,u(z), v (z), \)
where the function
g=g(z,7,t,\)
satisfies the following hypotheses:

(1) g is 2m-periodic in  and continuous with respect to all four variables
(as a function from R* into R);

(2) the derivatives of g with respect to 7, t, A up to the order p (p > 2) are
continuous functions from R* into R;

(3) g(x,0,0,\) =0 for all z, A € R;

(4) g/ (x,0,0,)) = g;(x,0,0,A) =0 for all z,\ € R.

It follows from 3 that F(o, ) = o for all A € R. Moreover, thanks to 4
we have

Fl (0, Nw =w" + \w,
and so we conclude
dim Ker F/ (0,0) = 1.

It follows from 2 that F € CP. The Fredholm Alternative (for linear oper-
ators) yields

2
Yy =ImF,(0,0) = {u? ey :/ ﬁ)(x)dsz}.
0

Hence I'm F!(0,0) is a closed subspace of Y of the co-dimension 1. Set

27
x0 = 1, X1 = Lin{1}, Xo = {ﬂGX: / ﬂ(x)dx—()}.
0
Since
(0,001 =1 and 1¢ ImF,(o,0),

the transversality condition (4.24) is verified, too.

It follows from the Crandall-Rabinowitz Bifurcation Theorem (Theo-
rem 4.5) that A = 0 is a point of bifurcation of (4.34). In particular, the
point (0,0) € X x R belongs to the branch of trivial solutions (o, A), but
also to the branch

I'={(s+u(s),A(s)) : s € (—&,¢)}, @(0) = o, @,(0) =0, A(0) = 0.
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Hence for any s € (—¢,¢), s # 0, the nontrivial solution s+ u(s) is the sum
of a constant function (with respect to ) and the perturbed function a(s)
(which depends on ) such that @(s) belongs to Xo.

Remark 4.6. Theorem 4.5 can be generalized for the situation when
0<dimX; =d < oo.
The proof then requires a generalization of the Morse Lemma (Lemma 4.2)

and some other properties of Fredholm mappings (see, e.g., [9]).

4.5. Local bifurcation theorems

The basic assertion of this section is the following theorem. For the notions
“degree of the mapping” and “index” see Appendix C.

Theorem 4.6. Let X be a Banach space, € an open set in X x R, and
define a mapping f: Q2 — X by

flz, )=z —h(z, ), (z,)) e (4.36)
Assume that
h is a compact (nonlinear) mapping from Q into X, (4.37)
h(o,A\) =0 ¥(o,\) € Q,
(0, Ao) €S2 (4.38)

Let for all X € (Ao — €0, Ao + €0), with €9 > 0 sufficiently small, the Leray—
Schauder index of o with respect to f(-,\) and the point o be defined (and
we denote it by ix(0)). Assume

a12(0) # irg-<(0) (439)
for all € € (0,e0). Then Ao is a point of bifurcation of
F ) =o.

Proof. We proceed via contradiction. Assume that A\ is not a bifurcation
point. Then there exists a neighbourhood U of (0, Ag) such that the only
solutions of f(z,\) = o belonging to U are of the form (0, A). Take e > 0
so small that (4.39) is satisfied, and, moreover,

B(oje) X [Ao—eg, A0+l CU
(see Figure 4.11).
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Y

Figure 4.11.

Then for any A € [A\g — ¢, Ao + ¢] and = € 0B(0;¢) we have that
flx,A) #o.

It follows from the homotopy invariance property of the Leray—Schauder
degree (Appendix C) that (thanks to (4.37))

ixg+e(0) = deg [f(+; Ao +€); B(os€), 0] =
=deg[f(-, Ao — €); B(0;€),0] = ix,—c(0)
which contradicts (4.39). O

The proof of the above theorem is very simple. However, the basic
question connected with its application consists in the assumption (4.39)
which may be very difficult to verify. Below we present a lemma which
states how to verify (4.39) for a special form of f = f(x,\).

Lemma 4.4. Let X be a Banach space,  an open set in X x R. Assume

T is a linear compact operator from X into X, (4.40)
G is a compact (nonlinear) operator from Q into X, (4.41)
G(z,\)

im = 0 holds uniformly with respect to A € J (4.42)
lel—o ]| for any bounded set J C R,

Ao # 0, (0, /\0) e Q. (443)



Introduction to bifurcation theory 131

Let Ao be an eigenvalue of T of odd (algebraic) multiplicity. Set
flx,A) =Xxz =Tz + G(z,\) = AMa — h(z, A))
with
h(z, ) = %(Tz — G(x,N).
Then for any € > 0 small enough the indexr of o with respect to

ﬁf(-, Ao £ &) and the point o (we denote it by ix,+c(0)) is well defined,
and, moreover,

irge(0) # ig—c(0). (4.44)

Note that Ay # 0 guarantees that € > 0 can be chosen so small that
0 ¢ [Ao —¢, Ao +¢]. The index of o with respect to - =/ (-, Ao £¢) and the
point o, and the solution set of f(x, A\+¢) = o then coincide with the index
of o with respect to I — h(-, \gp & ) and the point o, and with the solution
set of z — h(z, A+ ¢) =

Proof. | of Lemma 4.4] We can assume, without loss of generality, that
Ao > 0, and choose £ > 0 so small that Ay —e > 0 and
PU(T) n [)\0 —&, 0+ E] = {)\0}

(here P,(T) is the point of spectrum of T). Now we apply the Leray—
Schauder Index Formula (Theorem 4.16). By (4.40) and (4.42) we have

folo. Ny = lim My —T <ty2 +G(ty, \)

According to the choice of £, the mapping % f(-, \) satisfies the assumptions
of Theorem 4.16 for any A\ such that

0<|)\—)\0|§8.

=y —Ty.

Then

. 1
ixo+e(0) = deg [mf('v)w +¢€); B(o; 5)70] = (-1)%
where (4 is the sum of algebraic multiplicities of all real eigenvalues u of

Yoors L —T1 if
ote Xo+e +a
and only if A = u(Ao + ¢€) is an eigenvalue of T'. Hence p > 1 if and only if

A (as an eigenvalue of T) is greater than Ag. So

T which are greater than 1. However, p is an eigenvalue of

By = Z ny where ny = dim U Ker (M —T)F

AE P (T)NR k=1
A>Xg
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(algebraic multiplicity of A). In the same way we prove

ixg-c(0) = (=1)7~  where f_ = Z nx = By +nx,-

AE Py (T)NR
AZXo

Since ny, is an odd number, we have
irg-c(0) = (- 1) # (~1)** =5 2(0). -

The following example shows that in the previous lemma it is neces-
sary to consider the algebraic multiplicity of Ay, and so, in particular, the
assumption that dim Ker (AI —T') is odd is not enough.

11

Example 4.6. Let X = R2, T = (0 )

>, G:R? —» R?, G = (g1, g2) where
x = (71, T2),
g1(21,72) = —:vé, 92(21,22) = les
The mapping f = (fi(x, A), f2(x, A)) is defined as
fi(x,\) = (A= 1)ay — 9 — 23, fa(m, A) = (X — 1)ag + 5.
The matrix T" has just one eigenvalue A = 1,
dimKer (I —T)=1, dimKer(I-T)*=2.
The equation f(x, \) = o has for any A € R only the trivial solution = o.

We have also the following necessary condition for Ag # 0 to be a point
of bifurcation.

Lemma 4.5. Let Ao # 0 be a point of bifurcation of f(z,\) = o, and
assume (4.40)—(4.43). Then Ao is an eigenvalue of T.

Proof. 1If A\g is a point of bifurcation of f(z,A) = o, then there exists a
sequence {(z, \n)} C Q such that o # z, — 0, Ay = Ao, f(@n, An) = 0.
Set

‘/L.'ﬂ

Uy = ———.

Then {v,} is a bounded sequence, and the compactness of T implies that we
can select a convergent subsequence from {Tv,} (denoted again by {Tv,}).
Dividing f(zn, An) = 0 by ||z,|| we obtain

G(zn, \n)

0|

AUy, = T, — (4.45)
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Due to (4.42) and the convergence of {Twv,} we have from (4.45) that
{Anvn} converges to an element Agv, v € X (we have A\g # 0). Taking
the limits in (4.45), we arrive at

Aov = Tw.

Since ||v|]| = lim ||Jv,|] = 1, v is an eigenvector of T associated with the
n—oo

eigenvalue Ag. O

Maybe, the most important sufficient condition is the following imme-
diate consequence of Theorem 4.6 and Lemma 4.4.

Theorem 4.7 (Krasnoselski). Let X be a Banach space, Q0 an open set
im X XR and let f: Q — X be of the form

flx,N) = e —Tax+ Gz, \) (4.46)
for all (z,\) € Q. Here

T is a linear compact operator from X into X, (4.47)
G: Q — X is a compact (nonlinear) operator, (4.48)
G =oel) el —0 )

uniformly for all X € J for any bounded set J C R,
(0, A0) € 92, (4.50)

Ao is a monzero eigenvalue of T
with odd (algebraic) multiplicity.

Then Ao is a point of bifurcation of
@) =o.

Example 4.7. (Application of the Krasnoselski Local Non-po-
tential Bifurcation Theorem) Let us consider the Dirichlet boundary
value problem

u’(x) + Au(z) + g(z,u(x),\) =0 in (0,m),
(4.52)
u(0) = u(m) = 0.
We shall summarize first the results about the linear problem
u(z) + Mu(z) = —f(x) in (0,7),
(4.53)
u(0) =u(mr) =0
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where f € L(0, 7). By a weak solution of (4.53) we understand a function
u € Wy'?(0,7) for which the integral identity

/07r (v (z)w' (z) — Mu(z)w(z)) dz = /077 f(x)w(x)dz

holds for all w € Wol’z((), 7). In Appendix D we prove that if f € C[0, 7],
then any weak solution u of (4.53) satisfies u € C?[0, 7], u(0) = u(w) = 0,
i.e., u is a classical solution.

The weak formulation of (4.53) can be restated as the operator equation

u— ABu = Bf (4.54)
where the operator B: L'(0,7) — W, "?(0,7) is defined by

(Bu,v) = /077 u(z)v(z) da (4.55)

for any u € L'(0,7), v € Wy*(0, 7). Here (-,-) denotes the scalar product
in W, %(0,7) defined by

(u,v) = /07T o' (z)v' (z) da.

Then B: L'(0,7) — W01’2(0, 7) is a continuous linear operator due to the
continuity of the embedding of W, %(0,7) into C[0, ).
A number A is an eigenvalue of the boundary value problem

{ u”(x) + Au(xz) =0 in (0,m),

u(0) =u(r) =0 (4.56)

if there is a nonzero function u € C?[0, 7] which solves (4.56). Since in
(4.56) we have f = 0, i.e. f € C[0,7], Theorem 4.17 implies that the
problem (4.56) is equivalent to the operator equation

u— ABu = o, (4.57)

and so A is an eigenvalue of (4.56) if and only if A # 0 and A = % where p
is an eigenvalue of B.

The operator B: Wy 2(0,7) — Wy?(0,7) is compact. This follows
easily from the compact embedding of W01’2(0, ) into L(0, 7). Tt is easy to
verify that B is a self-adjoint operator from W,**(0, ) into W,?(0,7), and
that the eigenvalues p, and the corresponding normalized eigenfunctions
Upn = un(x) are of the form

1 1 /2
=5, un(@) = —\[Zsinnz,  neEN.
n n ™
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It then follows from the Fredholm Alternative that
Im (I —AB) =Wy2(0,7) if A#n? nel,
Im (I —n?B) = {F € W, (0, 7) : (F,sinnz) = 0}, n e N.
Let us prove that
Ker (I —n?B)> = Ker (I -n*B), neN. (4.58)

This would imply that the algebraic multiplicity of the eigenvalue u,, = #
is 1.
Let u € Ker (I —n®B)?, i.e.

(I —n?B)*u= (I —n’B)(I —n’B)u = o.
Then for some a € R we have
(I —n*B)u = asinnz.

Thus asinnz € Im (I —n?B), and so

(asinnz,sinnz) = a|jsinnz|> = 0.
Since || sinnz| # 0, it must be @ = 0. Then (I — n?B)u = o, i.e. u €
Ker (I —n?B), and (4.58) is proved.

We shall transform the boundary value problem (4.52) to the form

f(u,A) =u—ABu+ G(u,\) = o.

We set X = W, (0, ),
G(u,\) = BN (u, \), N(u, \)(z) = g(x,u(x), \).

If g = g(z,s,A) is a continuous function from [0,7] x R x R into R, then

G is a compact operator from W, *(0,7) x R into Wy">(0,7). This fact

follows easily from the continuity of the Nemytski operator N: C[0, 7] xR —

C[0,7], and the embeddings W,*(0,7) G.G. C[0,7] and C[0, 7] ¢ L'(0,7).
Let us assume that

g(z,s,X) = o(ls]),  [s| =0,

uniformly with respect to € [0, 7] and A from any bounded set in R. This
assumption implies

Gu,A) = o([lull),  [lull =0,

uniformly with respect to A from any bounded set in R. Now we apply
Theorem 4.7 to get the assertion that “\ = n2 is a point of bifurcation of
(4.52)”.
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Remark 4.7. (Comparison of the Crandall-Rabinowitz Bifurca-
tion Theorem and the Krasnoselski Local Non-potential Bifurca-
tion Theorem) Let us consider f of the form

f@,p) =z —pTz+ Gz, 1)

where
T: X — X is a compact linear operator, (4.59)
X is a Banach space, '
G: X xR — X is a compact (nonlinear) operator, (4.60)
G
B |(x,”u) = 0 holds uniformly with respect to u (4.61)
z||—0 x :

from any bounded set in R.
Let A9 be a nonzero eigenvalue of T and
dim Ker (A —T) = 1. (4.62)

Denote by v, ||v|| = 1, an eigenvector of T, associated with Ao, and set
Mo = ,\LO

Let us compare the assumptions of Theorems 4.5 and 4.7. One of the
essential differences consists in the smoothness assumptions: while in The-
orem 4.5 we must have G € CP, p > 2, Theorem 4.7 requires G compact
(and hence continuous) but also “small” at zero. The assumption (4.61)
guarantees that

A= filo,po) =1—pT,  fi5(0,p0) = -T. (4.63)

Theorem 4.5 requires

ImA=TmA, (4.64)
codimIm A =1, (4.65)
f15(0, po)v & Im A. (4.66)

The compactness of T implies that A is a Fredholm operator of index 0,
hence (4.64) holds, and also

codimIm A = dim Ker A =1,

i.e., (4.65) is true, too. The last assumption (4.66) is closely connected with
the algebraic multiplicity of Ay as follows from the assertion below.
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The assumption (4.66) is verified if and only if
ny, = dim U Ker A" = 1. (4.67)

k=1

Let us prove first (4.67) = (4.66). Assume the contrary: fi5(0,po)v €
Im A. According to (4.63) it means —Twv € Im A. Since v = poTv, we
have v € Im A, too. Then there exists w € X such that v = Aw. But
veE KerA, ie we Ker A%2. At the same time w ¢ Ker A. This implies

dim Ker A? > dim Ker A, i.e. Ny, > 1,

a contradiction.

Let us prove now (4.66) = (4.67). Let w € Ker A2, and set u = Aw.
Then Au = A?w = o what implies u € Ker A. Since Ker A is generated by
v, there exists a € R such that u = av. At the same time u = Aw € Im A.
For a # 0 we would have —Tv = —Agv = —%u € Im A, a contradiction
with (4.66). Hence a = 0 and u = Aw = o, i.e. w € Ker A. This proves

Ker A’ C Ker A.
Since the opposite inclusion is evident, we proved
Ker A? = Ker A.
By induction we now easily prove that
Ker A" = Ker A"
for any n € N.

Exercise 4.8. Consider the boundary value problem (4.52) and formulate the
most general assumptions on g (with g depending also on u) in such a way
that the Crandall-Rabinowitz Bifurcation Theorem will apply. Compare
then your result with the result of Example 4.7 in this section.

4.6. Global bifurcation theorems
In this section we shall write the bifurcation equation in the form
flz,yp) =z —pTe+ Gx,u)=o0 (4.68)

while the assumptions about T" and G will be the same as in the previous
section. The following result is due to Rabinowitz [6], [7].



138 P. Drdbek

Theorem 4.9 (Rabinowitz Global Bifurcation Theorem). Let X
be a Banach space, Q0 an open set in X x R, (o,p0) € Q, po # 0. Let
us assume:

T is a compact linear operator from X into X, (4.69)
G is a compact (nonlinear) operator from Q into X, (4.70)
Gz, p) = O(HCL'H), HCL‘H — 0, (4.71)

uniformly for p from any bounded set in R,

1
Ao = — is an eigenvalue of T of odd (algebraic) multiplicity. (4.72)
Ho

Denote by S the closure of all solutions of (4.68) with x # o, i.e.
S=A{(z,pn) €Q:a#o0, f(z,n) =0},

and let C be a component of S which contains the point (o, o).
Then either

(1) C is not a compact set in €,

or

(2) C contains an even number of points (o, ) where p # 0 and A = i 18
an eigenvalue of T with odd (algebraic) multiplicity.

Proof. We shall follow the proof of 1z¢é [4]. The idea is following. We
will assume that C is compact, and prove that it contains an even number
of points described in 2.

Since C is compact, it contains only a finite number of points (o, i)
where p # 0 and A = % is an eigenvalue of T (see Figure 4.12): we shall
denote them by

(07 /LO)a BN (07 ,Ukal)-
Since C is a component of S in 2 and S is closed, there exists an open set

Q C Q such that Q separates C from S\ C, i.e. C C Q and QN (S\ C) = 0.
We prove that € can be chosen in such a way that (see Figure 4.13)

(a) Q is open and bounded,

(b) CcQ,SNN =0,

(c) (o,uj)efl,jzo,...,k—l, but
(o,u)géflforu#o,)\:%EPU(T),u#uj,j:O,...7k—1.

Indeed, let U be a §-neighbourhood of C such that U \ C does not contain
any point (o, u), p # 0, % € P,(T). The set K = U NS is then compact,
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Y

Figure 4.12.

and obviously C N (OU NS) = 0. Then there exist compact disjoint sets
K1,K2 C K such that

’C:K1U’C2, CCICl, 8Z/lﬂSCIC2.
Hence Q can be chosen as an e-neighbourhood of K; with

e < min {dist (K1, K2),d}.

For any r > 0 define f,: Q — X x R as follows:
fr(, 1) = (f(z, ), 2]|* = r%). (4.73)
Then obviously
flam =0 < flam)=o and [z =r.

(In other words, the function f, “counts” the solutions of f(z, ;1) = o which
belong to the sphere ||z|| = r.) Then, thanks to the choice of Q and the
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Figure 4.13.

homotopy invariance property of the degree (Appendix C), we have that

deg [fr; 9, 0]

is well defined and independent of r» > 0.
The rest of the proof consists in the calculation of this degree for suffi-

ciently large r and for sufficiently small r.

Step 1: sufficiently large r. The boundedness of € implies that there
exists C' > 0 such that for any (z, ) € Q we have ||z|| < C. Then for r > C
the equation

fT(:Ehu) =0

has no solution in Q, and so, according to 5 of Theorem 4.15, we have

deg[fT;Q,o] =0.

Step 2: sufficiently small r. For j =0,...,k — 1 set

Uj(r.e) = {(,p) : ll=l|* + | — s> < r? + €%},
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and choose € > 0 so small that the sets U (¢, €) are pairwise disjoint, belong
to €, and do not contain (0,0) (see Figure 4.14).

X

U;(e,e)

Y

2%}

Figure 4.14.

We prove first that there exists r > 0 (r < €) such that
x—pTr +tG(x, 1) #o (4.74)
for all
tef0,1], (e, o<|az|<r |p—pl>e j=0,... k-1

Indeed, assume via contradiction that such 7 > 0 does not exist. Then
there exist t, € [0,1] and (z,,, ") € Q, n €N, 0 # x, — o, |[u™ — pj| > ¢,
j=0,...,k—1, not satisfying (4.74), i.e.

Ty — P T2y + t,G(xp, p™) = o. (4.75)

We can assume, without loss of generality, that u™ — . It follows from
the construction of Q that % ¢ P,(T). On the other hand, it follows from
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(4.75) that (setting vy, = 722)

Yn — W' Typ +t,—————2 = 0. (4.76)
T

Now, the compactness of T' and (4.71) imply that for some y # o0 (yn, — ¥
for some subsequence) we have

y—pTy=o,
a contradiction.

We shall write U; = U;(r, ) for simplicity. It follows from 2 of Theo-
rem 4.15 that

deg [ 2, 0] Zdeg frilly,0 (4.77)

Let p; be fixed. It follows from the choice of € > 0 that for 0 < |p—p;| <e
we have

1
; ¢ PU(T)'

Then for any such u the degree
deg [l — uT; B(o;7), 0]

is well defined. Moreover, the homotopy invariance property of the degree
implies that it is locally constant with respect to u. Denote

il = deg I — (1 — &)T; B(o;7), ],
i, = deg[I — (u; +¢€)T; B(o;r), 0.
It follows from Lemma 4.9 that
deg [ fr; Uy, 0] = il — i, (4.78)

If n; is the (algebraic) multiplicity of \; = %j’ then it follows from Theo-
rem 4.16 that

Po= (=)l
Hence for n; even we obtain
deg [fr;U;, 0l =i — i), =0, (4.79)
while for n; odd we have

deg [ fr;U;, 0] = 247 (4.80)
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It follows from (4.77)—(4.80) that
~ k_l .
deg [fr;,0] =2 Z il
=0
n; odd

J

Since this degree must be equal to zero (see Step 1 of this proof), there
must be an even number of eigenvalues of odd algebraic multiplicity among

Hos5 - -y k-1 O

Corollary 4.3. If Q= X X R in Theorem 4.9, then the first alternative 1
reduce to C is unbounded in X x R and 2 remains unchanged.

Proof. Let (x,u) € C. Then
x=puTz — Gz, u).

This implies that if C is bounded in X x R, it is also relatively compact
because

Az, p) = pTx — Gz, )

is a compact operator. But C is closed in the complete space X x R, and
so it is compact. We thus proved that if C is bounded in X x R, it is also
compact. O

We shall now pay special attention to the bifurcation from simple eigen-
values. Let us assume that X is a Hilbert space and T is a self--adjoint
operator (these assumptions are technical and can be dropped). Let Ag
be an eigenvalue of T, ny, = 1, and let v, ||v]| = 1, be the eigenvector
associated with Ag. For ¢ € (0,1) define (see Figure 4.15)

Ke = {(z,pn) € X xR : [{z,v)]| > e|z|},
Kd = {(z,p) € X xR : (z,v) > ez},
K = {(z,n) € X xR: —(z,v) > ¢|z|}.

Let

S=T@mm eX xRz Zo, f@.p) =0},

and C be the component of S containing the point (o, yo)-
It is possible to prove that there exists ¢ty > 0 such that

(S\ {(0, 0)}) N B((0, po); to) C Ke
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Figure 4.15.

(see Dancer [2]). For t € (0,%o] define (see Figure 4.16)
D} ={(0,110)} U(S N B((0, mo); ) N KT),

Dy = {(0,10)} U (SN B((0, p0); 1) N ).

Figure 4.16.
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Further, let C;” be the component of C \ D; containing (o, uo), and, simi-
larly, C;” be the component of C \ D} containing (o, 1) (see Figure 4.17).
Finally, we put

ct= o, c = ¢

0<t<to 0<t<to

Then C* and C~ are connected sets and CT UC~ C C.

Figure 4.17.

Theorem 4.10 (Dancer Global Bifurcation Theorem). The sets
C* and C~ are either both unbounded, or

crne #{(o m)}-

The proof of this assertion follows similar ideas as that of Theorem 4.9.
The reader can found it in [2].

Remark 4.8. The meaning of C* is the following. The sets C* describe
the branches of nontrivial solutions which bifurcate in the direction of the
eigenvectors +v (see Figure 4.18).
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Figure 4.18.

Example 4.8. (Application of the Dancer Global Bifurcation The-
orem) Let us consider again the Dirichlet boundary value problem?

{u”(x) + du(x) + g(z,u(z),\) =0 in (0,7),

w(0) = u(r) =0, (480

and assume that g = g(z, s, A) is a continuous function from [0, 7] x R x R
into R satisfying

g(z,s,X) = o(ls]),  [s| =0,

uniformly with respect to z € [0, 7] and X from any bounded set in R. Since
A =n?% n €N, is a simple eigenvalue of (4.56), we can apply both global
bifurcation theorems of this section.

It follows from Theorem 4.10 that there are maximal connected sets C*
and C~ of solutions of (4.81) which both contain the point (o, n?), and either
both are unbounded, or C* NC~ # {(0,n*)}. We show that the latter case
cannot occur if g = g(x, s, \) is locally Lipschitz continuous with respect to
the variable s.

The function g is locally Lipschitz continuous with respect to s if for
any interval J C R there exists a constant k& > 0 such that for any x € [0, 7]
and any si, S2, A € J we have

|g((E781,A) _g(.’I],Sg,A” < k|81 - S2|'

dWe shall use the same notation as in Section 4.5.
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This property of g implies that the initial value problem (with A fixed)
{ () + Nufa) + g, u(x), N) = 0

4.82
u(zo) = ug, ' (xo) = uq, xg € [0, 7] ( )

has a unique solution defined in [0, 7r]. In particular, (4.82) with ug = u; =0
has only the trivial solution since g(z,0,\) = 0.

The regularity result (cf. Remark 4.13) implies that for any (u, \) € C*
we have u € C2?[0,n]. Also it follows from the Uniqueness Theorem for
(4.82) that the number of nodes of u in (0, 7) is finite for any u such that
(u,\) € C* for some .

Let (ur, A\x) € CT — (ug, \g) € C*T in X x R. Then it follows from the
embedding W,%(0,7) ¢ C[0,7] that u, — ug in C2[0,7]. In particular,
this implies that the number of nodes of a nontrivial solution does not
change along the branch C*. Indeed, consider (ux,A\x) € CT such that
|luk]| — 0, Ax — n?. Then it follows from

up — A\ Buy, + G(uk, /\k) =0 (4.83)

exactly as in the proof of Lemma 4.5 that

1 /2
Vg Uk —\/;sinn:v in W,%(0,7).

= —
[ukll

The embedding W,*(0,7) G C[0, 7] and (4.83) then implies that the above
convergence holds even in C2[0,7]. In particular, it means that for any
(u,\) € CT we have that

(1) u has exactly n — 1 nodes in (0, 7),
(2) ¥/(0) > 0.

Similarly, for (u, A) € C~ we obtain
(1) w has exactly n — 1 nodes in (0, 7),
(2) ¥/(0) <O0.
From here we conclude that
ctnec = {(o,n?)}.

Hence both sets C* and C~ are unbounded in W, %(0, 7) x R.
Let us emphasize that this means that C* are unbounded either with
respect to |Ju||, or with respect to A (or with respect to both |lu| and A!).
Some further properties of g might provide more information about the
properties of C* (e.g., boundedness with respect to u — if there are a priori
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estimates for all solutions — and unboundedness with respect to A; or vice
versa boundedness with respect to A and unboundedness with respect to
||u|| — so called blow up of the solution for finite A, etc.).

Exercise 4.11. Consider the boundary value problem (4.81) and apply
Theorem 4.9 to get conclusions about the bifurcation branches. Formulate
further assumptions on g which will imply unboundedness of the branches
with respect to ||u|| and A, respectively.

4.7. Potential bifurcation theorems
Let us remind the definition of a potential operator.

Definition 4.2. Let 2 be a subset of a Hilbert space H, f: Q@ — H. We
say that f has potential (in Q) if there exists a functional F':  — R which
is Fréchet differentiable in €2, and for any = € €2 we have

f(z) = F'(x). (4.84)

Remark 4.9. Let us explain how to interpret the equality (4.84). Fréchet
differential F’(x) is a continuous linear mapping of H into R. It follows
from the Riesz Representation Theorem (see, e.g., [9]) that there is a unique
point z € H such that

Fla)y = (,2), llzll = [IF'@)ll-,

for any y € H (here (-,-) is the scalar product on H, || - || = y/(-,-) is the
norm on H and || - ||« is the (usual) norm in the space of all continuous

linear functionals on H).
In what follows we shall identify F'(z) with z € H and we will study
points of bifurcation of the equation

A\x — F'(z) = o. (4.85)

The main objective of this section is to prove that (under the assump-
tions F'(0) = o, F'(0) = o and some assumptions about the smoothness of
F) every nonzero eigenvalue of F"(0) is a point of bifurcation of (4.85).

Theorem 4.12 (Krasnoselski Potential Bifurcation Theorem).
Let F be a weakly continuous (nonlinear) functional on a Hilbert space
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H. Assume that
F s differentiable in some neighbourhood U(o)

of the origin in H, (4.86)
F' is compact on U(0), (4.87)
there exists F''(0) = A, (4.88)
F(o) =0, F'(0o)=o. (4.89)
Then Ao # 0 is a point of bifurcation of
A —F'(z)=o0 (4.90)

if and only if Ao is an eigenvalue of the operator A.
Remark 4.10. Note that the equation (4.90) is a special case of the equa-
tion
o=Ax—Tx+ G(z,\)
from Section 4.4. Indeed, the left hand side of (4.90) can be written as
Az — F"(0)x + [F"(0)x — F'(z)]
where F"(0) is a compact linear operator, and
F'(0)x — F'(z) = o([|z]),  ll=ll — 0.

Proof. | of Theorem 4.12] Note first that the implication

“If Ao # 0 is a point of bifurcation of (4.90),

then Ao is an eigenvalue of A”

follows from Lemma 4.5.

So we shall concentrate on the proof of the reversed implication.
Roughly speaking, we know that the “linearization of (4.90)”, i.e., the equa-
tion

(M —F"(0))z=0

has a nontrivial solution, and we want to show that there is also a nontrivial
solution of the “close” but nonlinear equation (4.90).

The basic idea of the proof consists in the fact that (4.90) is a necessary
condition for = to be a saddle point of F' subject to the sphere

S(o;r) = {x €H:J)= %TQ} where J(x) = %||17H2
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Here we use the fact that identity is differential of the functional J, and the
Lagrange Multiplier Method. Later we prove the existence of a sufficiently
large number of saddle points of F' on S(o;r). If we restrict to spheres
with sufficiently small radius, we get saddle points converging to zero. The
last part of the proof consists of showing that the corresponding Lagrange
multipliers can be chosen close to Ag.

Let us assume that Ao # 0 is an eigenvalue of the operator A. The
assumptions (4.87) and (4.88) guarantee that F"/(0) is a linear self-adjoint
operator (see [9]). We can assume, without loss of generality, that A\ > 0.

Let us start with a geometrical interpretation of the points z € S(o;r)
such that

Az = F'(z). (4.91)

In this case the differential F’(z) is perpendicular to the sphere S(o;r) at
2. Then x can be looked for as a limit of those points of the sphere S(o;7)
in which the tangent projections of F’ converge to zero. More precisely we
have the following

Lemma 4.6. For z € H, z # o, set
F'(2),2)
D = F — <7’
()= F(s) - LR
(D(z) is the projection of F'(z) to the tangent space of S(o;|z||) at z).
Let x, € S(o;71), 2y = x, F' be continouous in x, and

(4.92)

lim F'(x,) =y # o, lim D(x,) = o. (4.93)
Then x, — x, y = F'(x), x # o, and
1
A —F'(z)=o0 where X\ = —(F'(x),z). (4.94)
r

Proof. [of Lemma 4.6] From the weak convergence x,, — x and from
(4.93) we obtain

<F/($n),$n> - <y,{E>,

a,nd hence
! nj)y<n 9

r2 " r2
At the same time, from the definition of D(z,) and (4.93) we have
(F"(2n), Tn)
r2

Ty = F'(x,) — D(z,) — v.
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Hence

1
Y= r—2<y,x>x-

Since y # o, we have & # o, and also (y,z) # 0. The definition of D(z,,)
and D(z,) — o yields

= T2Fl(xn) — D(zn) 2 Y
! (F"(xn), xn) (y, )

Continuity of F’ at x then implies

y = F'(), ie. F'(z) = <y7:2x>:1c -

We shall continue in the proof of Theorem 4.12 in the following way: we
will look for a curve on the sphere S(o;r) which starts at a fixed point z,
the values of F' along this curve do not decrease, and after some finite time
(even if large) we shall reach “almost” saddle point of F'. More precisely,
we are looking for a curve k = k(t,z), t € [0,00), x € S(0;7) such that

k(0,z) = z, (4.95)
and for all ¢ € (0, 00) we require
k(t,z) € S(o;r), ie. |k(t, 2)|* = r2
The last expression implies
d
— |kt z)|* =0
L.

what is equivalent to

<%k(t,x), k(t,x)> =0 (4.96)

for all t € (0, 00).

The equality (4.96) states that for all ¢ € (0,00) the element %k(t,x)
is perpendicular to k(t,x). This will be satisfied if we look for the solution
of the initial value problem

d
—k(t,z) = D(k(t,z)), t € (0,00),
dt (4.97)
E(0,z) = .
We shall skip the detailed discussion about the solvability of (4.97). We
restrict ourselves only to the statement that if the right hand side D of
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the equation in (4.97) is a bounded and Lipschitz function of k, then for
arbitrary € S(o;r) there exists a unique solution of (4.97) which is defined
on the whole interval (0, 00) (see, e.g., [3]). This would force us to assume
that F” is Lipschitz continuous in some neighbourhood of 0. Continuity of
D with respect to k is not enough to get this result in general. However,
the special form of D and the compactness of F’ guarantee the existence of
a solution of (4.97) which is defined on the whole interval (0, c0) and which
depends continuously on the initial condition z € S(o;r) (see, e.g., [5]).

Let k be a solution of the initial value problem (4.97). Then it has the
following important properties:

(a) For any ¢ € (0, 00) we have
%F(k(taiﬂ)) = (F'(k(t,x)), D(k(t,x))) = [|D(k(t,x))|* = 0.

In other words, the values of the functional F' do not decrease along k
regardless the choice of x € S(o;7).
(b) For any t € (0,00) we have

F(k(t,:v)):F(:E)—f—/O | D(k(r,z))||* dr.

Since F' is bounded on S(o;r), there exists a sequence {t;} C (0,00)
such that

lim D(k(t;,x)) = o.

11— 00

(c) Since {k(t;,z)} is bounded, we can select a weakly convergent subse-
quence.

To summarize we have the following

Lemma 4.7. For any © € S(o;r) there exist a sequence {t;} C (0,00) and
xo € H such that

k(ti, JJ) — X, (498)
D(k(ti,x)) — o, (4.99)
{F(k(ti,x))} is a non-decreasing sequence. (4.100)

If we also prove F'(k(t;,z)) — y # o, then the assumptions of Lemma 4.6
are verified with x,, = k(t,,, z), and so the existence of a solution z of (4.90)
with A described by (4.94) will be proved.
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In what follows we show that the convergence above as well as the fact
that A given by (4.94) is sufficiently close to Ao can be proved making an
appropriate choice of the initial condition € S(o;7).

Recall that A = F"(0) is a compact self-adjoint linear operator in the
Hilbert space H. Its spectrum consists of a countable set of eigenvalues
(with one possible limit point A = 0) and the point 0. We shall split the
set of all eigenvalues to the parts A > Ag, and A < A, respectively. We
shall denote by Hi, and Hs, respectively, the corresponding closed linear
subspaces generated by the eigenvectors. The eigenspace associated with
Ao will be denoted by Hy. Let P;, P> be the orthogonal projections of H
onto Hy, Ho, respectively (see Figure 4.19).

H,

P,
Py

(HQ C)Hl

Figure 4.19.

It follows from the Courant—Weinstein Variational Principle (see Ap-
pendix G) that if we want to get close to the eigenvalue \g, we should start
from an initial condition x € S(o;7) N Hy. At the same time we want to
guarantee that along the curve k we shall not get too far from Ag.

Let us denote

Si(o;r) ={z € Hy : ||z|| =7}

Lemma 4.8. There exists ro > 0 such that S(o;r9) C U(0), and for all
0 <7r<ry we have

(1) there is no t € [0,00) for which the set k(t,S1(o;r)) is contractible to
a point (see Appendiz F) in

R={xz € H: Pz # o},
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(2) for any t € [0,00) there exists x; € S1(o;r) such that
Plk(t,l't) € Hy, i.€. k(t,l‘t) € Hy® H,.

Proof. [of Lemma 4.8] Let us realize that the assertion 2 follows directly
from 1 and Lemma 4.12. Hence we prove 1. According to Lemma 4.10
it is sufficient to prove that for any ¢ the set k(t,S1(0;7)) is a continuous
deformation of the set Si(o;r). Indeed, the set Si(o0;7) is not contractible
to a point in R according to Lemma 4.11. Since k is a continuous function
of both variables, it is sufficient to prove that it assumes only values from
R: we want to prove that

Vit € [0,00), = € S1(0;7) Pik(t, x) # o. (4.101)
We have

FH0.2) = F(a) 2 (7" o)) ~ ellal)el? = (330 = (el ) el

where ¢(r) — 0 as r — 0. Since F(k(t,x)) is monotone non-decreasing in
t, we conclude from here that

F(k(t,z)) > <%/\0 - 5(r)> r2. (4.102)

On the other hand, we have the estimate from above (we write k instead
of k(t, z) for the sake of brevity):

FR) = 3" @k k) + [ F(8) = 3P (o)) <

(F"(0)k, Prk) + %<F”(0)k,P2k> +e([[kIDIE]

l\3|’—‘

(see Appendix H for details).
Denote

p=max{\: X € P,(F"(0))}, v=sup{\ € P,(F"(0)) : A < Ao}
Then
P(k) < SIIPKI? + 51 Pok]* + (kI k> =
= IR + E= Bk + <RI
Hence, due to the fact ||k|| = r, we have

F(k) < Zr +—|\P1k|\2+s( Yr? (4.103)

-2
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It follows from (4.102) and (4.103) that

- 4
|Pk(t, )| > Vs e(r)r?.
n

—v w—v
This implies the existence of ry such that for any r < rg
| Pik(t, )||* > ar? (4.104)
where a = a(rg) > 0. This completes the proof of Lemma 4.8. O
We shall finish the proof of Theorem 4.12.

Step 1. Let t(n) — oo be an arbitrary sequence of positive numbers.
Let x(n) be such a point from S;(o;r) for which

Pik(t(n),z(n)) € Ho

(its existence follows from 2 of Lemma 4.8). Since Si(o0;7) is compact, we
can select a strongly convergent subsequence (denoted again by {z(n)})
such that

lim x(n) = Z. (4.105)

n—oo

Step 2. It follows from Lemma 4.7 that there is a sequence {¢;} such
that

k(t;, @) =x; — xo in H,
and at the same time also
D(z;) — o.
Step 3. The compactness of F’ implies that (passing again to a subse-
quence if necessary) there exists y € H such that
Jim P =

We show that y # o. Indeed, we have

(F'(z;), Prxi) — (y, Pixo).
Also, for all i € N, we have the following estimate

(F'(x;), Prz;) = (F"(0)x;, Pra;) + (F'(x;) — F"(0)x;, Prxi) >
> NollPril|” — e[|l ]|]1 > %/\06””2

for all » < ry due to (4.104). This immediately implies (y, Pizo) # 0, and
S0 Y # o.
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Step 4. We just verified the assumptions of Lemma 4.6. Hence x; — x¢
in H, and xg solves (4.90) with X\ given by (4.94):

1
Azg — F'(x9) = o, A= r—2<F/(x0),x0>.

Step 5. The last step consists in proving the fact that for r > 0 small
enough )\ is arbitrarily close to A\y. Let us estimate

1
A= Xo| = T—2’<F/($0)7$0> — Xo{wo, zo)| <

< | 14F Can) = P (0o, )+

+2 ’<%F//(O)wo,xo> — F(xo)| + ‘QF(,TO) — )‘0<$0,!Eo>’ _

1
- T—2’2F(:v0) — )\0<x0,x0>} +e(r).
Since (r) — 0 as r — 0, it suffices to estimate
1
ﬁ|2F(l‘0) — Xo{zo, zo)|-
The weak continuity of F' implies
F(xzo) = lim F(x;). (4.106)

Since F' is non-decreasing along k, we also have

F(x;) = F(k(t;, 7)) > F(%). (4.107)
Since Z € S1(o;7),
<%F"(0)5c,:%> > %«2. (4.108)

Then (4.106)—(4.108) imply an estimate from below:

F(z0) > <% - a(r)) r2. (4.109)

On the other hand, we shall derive an estimate from above for F(z).
Since x(n) — T and k depends continuously on the initial condition, for
fixedie N

k(ti,x(n)) — k(t;, 2).
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The weak continuity of F' implies that for fixed i € N and r > 0 there exists
ng € N such that for all n > ng we have
Flh(ts, &) < F(k(t, () +1°. (4.110)
But for any fixed i € N we find n; > ng such that ¢(n;) > t¢;, and the
monotonicity of F' along k£ then implies
F(k(ti, 2(n:))) < F(k(t(n:), 2(n:))). (4.111)
The choice of z(n) from Step 1 guarantees that k(¢t(n;),z(n;)) € Ho ® Ha,
and so (writing k; instead of k(¢(n;),z(n;))) we have the estimate

F(k;) < L

A
§<F”(o)ki, ki) 4+ ek )Nk ))* < (70 + E(T‘)) r2. (4.112)
But (4.106), (4.110) and (4.111) reduce (4.112) to

A
F(zo) < (70 + s(r)) 2. (4.113)
Both estimates (4.109) and (4.113) yield that
1
T—2‘2F(I0) - /\0<I0, I0>| — 0
as r — 0. This completes the proof of Theorem 4.12. O

Remark 4.11. It follows from the Krasnoselski Potential Bifurcation Th-
eorem that every nonzero eigenvalue \g of the potential operator is a point
of bifurcation. On the other hand, the operator must be of special type,
and there is no warranty that there is a curve (or continuum) of nontrivial
solutions which emanates from (o, Ao). In fact, there are counterexamples
even in the finite dimension which prove that such a curve need not exist.

Boéhme [1] gave an example of a real function of two independent real
variables, F' € C°°(R?), for which Ao = 1 is a point of bifurcation of

f(z,A) =Xz — F'(2) = o, z=(z,y) € R xR, AeR. (4.114)

On the other hand, there is no continuous curve of nontrivial solutions of
(4.114) which contains the point ((0,0), o).

Example 4.9. (Application of Krasnoselski Potential Bifurcation
Theorem) We shall consider the periodic problem similar to that one
studied in Example 4.5:

{u”(x) + du(x) + g(x,u(z),\) =0 in [0,2m7],

(4.115)
u(0) =u(27), '(0)=u'(27).
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The difference between (4.115) and (4.34) consists in the fact that here we
do not allow g to depend on u/. The reason for this restriction consists in
the fact that the boundary value problem (4.34) does not have potential if
g depends on u'.

We shall simplify the situation even more and write ¢ in the form

glx,8,\) = (A+1)g(x, s).
Set

Glz,s) = /Osg(x,t) dt = /01 g(x, so)sdo,

i.e., G is the primitive of g with respect to the second variable s.
Put

27
F(u) = / Buz(a@) + é(m,u(m))] dz. (4.116)
0
We shall work in the Hilbert space
H:=WP = {u: R — R : u is 27-periodic, u € W'2(0,27)}.
Then
2m
(F'(u),v) = / [u(z)v(z) + gz, u(z))v(z)] dz (4.117)
0

for any u,v € H.
A weak solution of the periodic problem is a function v € H which
satisfies the integral identity

/0 i [u/ (2)v (@) — Mu(z)v(z) — (A + 1)g(@,u(x))v(z)] dz =0  (4.118)
for any v € H. The last equality (4.118) can be written as
2m
| @@ + e - o+ Duteeto) - )
— (A + 1D)g(z, u(x))v(z)] dz = 0.
With respect to the scalar product on H given by
(u,v) = /0 [u/ (2)v' (@) + u(x)v(x)] dz, u,v € H,

the integral identity (4.119) for A # —1 can be written as the operator
equation

pu— F'(u) = o
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where y = /\L—H Let us define the operator B: H — H by

27
(B(u),v) = /0 u(x)v(z) da.

It follows easily from here that B is a bounded linear operator and the
compact embedding H G G CP (see Example 4.5 for definition of CP)
yields that B is compact. Then yu =
if A = n? is an eigenvalue of

{ u”(z) + Au(xz) =0 in [0, 2],

n++1 is an eigenvalue of B if and only

u(0) = u(27), '(0)=u/(27).
We shall make the following assumptions:

g: R xR — R is a continuous function and also

q 4.120
@: R x R — R is continuous, ( )
ou
N 9g
g(x,0) =0, 8—(:10,0) =0 Vz € R. (4.121)
U

We shall prove now that F verifies the assumptions of Theorem 4.12:

(1) Weak continuity of F'. Realize first that

27 2 1
F(u) = %/ u?(z) d +/ [/ gz, tu(z))u(z) de| de.  (4.122)
0 0 0

Let u, — win H. The compactness of the embedding H G G CP yields
that we can pass to a subsequence (denoted again by {u,}) for which
u, — u in CP. The continuity of § and (4.122) then imply F(u,) —
F(u). If F was not weakly continuous at u, then for some sequence
we would have u, — u and |F(u,) — F(u)| > &¢. This contradicts the
above considerations.

(2) F(o) =0 is an immediate consequence of (4.121).

(3) Differentiability of F follows directly from (4.116) and (4.120).

(4) Compactness of F'(u). This is a consequence of the compactness of the
embedding H ¢ G CP.

(5) F'(0) = o is also a consequence of (4.121).

(6) F"(o) = B.

Theorem 4.12 now implies that every eigenvalue n++1’ n=20,1,..., of the

operator B = F"'(0) is a point of bifurcation of the equation
pu — F'(u) = o.

In other words, for any n = 0,1, ... we have the following assertion:
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For arbitrarily small neighbourhood U of the point (0,n?) € WP x R there
exists (u, A) € U such that u # o is a weak solution of the periodic problem

{ u”’(z) + du(z) + (A + 1)g(z,u(x)) =0 in [0,2n],
u(0) = u(27), '(0)=u'(27).

Note that the continuity of ¢ and a similar regularity argument as that used
in Appendix D imply that every such nontrivial solution satisfies v € C?P.

Exercise 4.13.  Apply Theorem 4.12 to the Dirichlet and Neumann bou-
ndary value problem, respectively.

4.8. Comparison of previous results

To summarize the methods presented in these notes we shall distinguish
between three basic methods to deal with the bifurcation phenomenon:

e Implicit Function Theorem Method (IM)
(see Section 4.4)

e Degree Theory Method (DM)
(see Sections 4.5 and 4.6)

e Variational Method (VM)
(see Section 4.7)

It is impossible to say that one method is more general or better than
one another. It always depends on the particular situation which method
is usable and which provides more interesting information. Nevertheless,
it is useful to know what are the differences among the above mentioned
basic approaches to the bifurcation problems. However, one has to be
aware of the fact that a “disadvantage” in one situation may appear to
be an “advantage” in another situation and vice versa. So, the following
discussion deserves some abstraction.

“Advantages” of IM

e very precise information about the structure of the solution set near
the point of bifurcation

e differentiability properties of the solution set near the point of bifurca-
tion, transversality

e possibility to deal with non-potential equations

“Disadvantages” of IM
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e smoothness requirements on the equation
e local character of the information about the solution set

“Advantages” of DM

e less smoothness of the equation is required
e possibility to deal with non-potential equations
e global information about the branches of nontrivial solutions

“Disadvantages” of DM

e the solution set need not be a curve even in a small neighbourhood of
the point of bifurcation

e global structure of the solution set may be unclear if there is no addi-
tional information about “higher order terms”

e bifurcation only from eigenvalues of odd (algebraic) multiplicity

“Advantages” of VM

e bifurcation from any eigenvalue
e not much differentiability required

“Disadvantages” of VM

e the equation must be of special form

e only local information about nontrivial solutions

e the structure of the solution set might be very wild even very close
to the point of bifurcation (it need not form a continuum as shown in
Bohme [1]).

A. Implicit Function Theorem

In this appendix we formulate an abstract Implicit Function Theorem. Its
proof is based on the Banach Contraction Principle, and can be found in
various books on the nonlinear functional analysis (see, e.g., [9]).

Theorem 4.14. Let X, Y, Z be Banach spaces and let f: X XY — Z
be continuous in (xo,yo) € X XY, f(xo,y0) = o0, and the partial Fréchet
derivative

fo(xo,y0): Y — Z

be a continuous isomorphism of Y onto Z. Assume, moreover, that

£ X xY — 2, 2)
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is a continuous mapping at the point (xo,yo). Then there exist €, > 0
such that for any x € X, ||z —xo|| < 0, there exists a unique u(x) € Y such
that

[u(z) — ol <&, flz,u(z)) =o.
Moreover, the mapping
is continuous at the point xg.

Remark 4.12. If we assume that f is of the class CP, p > 1, in some
neighbourhood of (g, o), then wu is also of the class C?, p > 1, in some
neighbourhood of zy.

B. Proof of Morse Lemma

In this appendix we prove Lemma 4.2. Let us look for a mapping £ in the
form

§(z) = R(z)x
where R(0) = I, R(x) is, for any x, a matrix m x m.
Denote
1
Q = EF”(O).

Integrating by parts and using the properties of F' we obtain

F(x) = F(x) — F(o) = /0 %F(tw) dt =
1 12
—/0 (t = 1)-Sp ) di =

1
= <{/ (1 —t)F"(tx) dt} w,w> = (B(z)z, ).
0
Hence we want to find a matrix R = R(x) for which
(QR(z)z, R(z)z) = (B(z)z, ),
or, equivalently,

(R (z)QR(z)x, ) = (B(x)z, x)
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(here R* is the adjoint matrix to R). The last identity holds if
R*(z)QR(x) = B(x) (B.123)

in some neighbourhood of zero in R™. The matrices Q and B are known,
and B € CP~2. The identity (B.123) can be viewed as the equation

H(z,R)=R'QR—- B =0.

Then H is a map from W x L C R™ x L into S where W is a neighbourhood
of the origin in R™, L is a subspace of the space K of all m x m real
matrices — L will be determined later — and S is a normed space of all
m X m real symmetric matrices. Since B(x) and Q are symmetric, H is
also symmetric. Obviously, H: W x L — S is of the class C?~2, and also

H(o,I) =0, H)(o,I)T = (R'QT + T*QR)|r—1 = QT + T*Q.
Since @ is regular and symmetric, for any P € S, there exists T' such that
H)(o,I)T =P

(here T = 1Q~'P).

Let us split K to K1 = Ker Hj(o,I) and K3 in such a way that I € Ko.
Then HY(o,I) is an isomorphism of K onto S. Then we set L = K3 and
apply the Implicit Function Theorem. Then there exist a neighbourhood
V1 of zero in R™ and a neighbourhood Vs of identity I in L such that for
any € V) there exists a unique R(x) € Vs, satisfying

R*(x)QR(x) — B(z) = O.

The map £ defined as above then satisfies all relations from Lemma 4.2.

C. Leray—Schauder Degree Theory

In this appendix we shall formulate some useful properties of the Leray—
Schauder degree of the mapping.

Theorem 4.15. Let X be a Banach space, 2 a bounded and open set in
X, T a compact operator from § into X. Denote

f=1-T.
Then for any p € X \ f(00Q) there exists a unique integer

deg [f; €, p]
which has the following properties:
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(1) (Normalizing property). For any p € Q we have
deg [I;Q,p] = 1.

(2) (Additivity property with respect to Q). Let Q1, Qo be open disjoint
subsets of Q, p & f(Q\ (Q UQ2)). Then

deg [f;Q, p| = deg [f; 1, p] + deg [f; Q2, p].

(3) (Continuity with respect to f). For any T as above there exists € > 0
such that for all compact operators S: Q — X satisfying

sup {|T(z) - S(@)| : v € O} <&
we have
deg[I —T;Q,p] =deg[I — S;Q,p].
(4) (Invariance with respect to translations).
deg [f; 2, p] = deg[f — p; ©2, 0].
(5) (Solvability of the equation).
deg [f;Q,p] #£0 = Jr e f(x)=rp.

(6) (Continuity with respect to p). For given f and ) the degree is constant
in components of X \ f(99).

(7) (Dependence on the boundary conditions). Let S be a compact mapping
from Q into X. If T|oq = S|oq, g = 1—S, then for any p € X\ f(00Q)
we have

deg [f; €2, p] = deg[g; 2, p].

(8) (Degree of the Cartesian product). Let ;, i = 1,2, be open bounded
subsets of Banach spaces X;, T; compact operators from Q; into X;,
fi=I-T;, pi€ X;\ fi(08). Set

X:XIXX27 Q:QIX927 f:(f17f2)7 p:(p17p2)'
Then
deg [f;Q, p] = deg [f1; 1, p1] deg [f2; D2, pa].

(9) (Homotopy invariance property). Let Q be an open bounded set in X,
S:10,1]xQ — X a continuous operator, H(t,z) = x—S(t,x). Assume
that for all t € [0,1], x € O we have

H(t,z) #p.
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Let either
S([0,1] x Q) is relatively compact,
or

(a) for any t € [0,1] the operator S(t,-) is compact,
(b) for any n > 0 there exists 6 > 0 such that for all t1,t2 € [0,1]:

[t1 —t2] <8 = sup{||S(ts,x) — S(ta,z)|| : x € Q} < 7.
Then

In the Bifurcation Theory we need the notion of the index of an isolated
solution x( of the equation

fz)y=p in Q.

We still assume that f is of the form f = I — T where T is a compact
operator. In this case, for any n > 0 sufficiently small

deg [f; B(wo;n), p]

is independent of 7 (we use the property 2 of Theorem 4.15). Hence the
following limit is well defined:

i(zo) = lim deg[f; B(zo;n),p)-
n—04

Then i(xo) is called the Leray—-Schauder index of the point xo (with respect
to the mapping [ and the point p).

If f(x) = p has a finite number of isolated solutions in £, then (using
again 2 of Theorem 4.15) we obtain

deg[fi0pl= Y i(x)
z€Q:f(x)=p
We use several times the following Leray—Schauder Index Formula.
Theorem 4.16. Let Q be a bounded subset of a Banach space X, T: Q —
X a compact operator, f = I —T, and x¢9 € Q an isolated solution of

f(z) = p. Assume that T has the Fréchet differential at x¢ (denoted by
T'(x0)), and

1.¢ Po(T"(z0))
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where P, (T’ (x0)) is the point spectrum of T'(xg). Then

i(z0) = (1) where (= Z ny

XEPH (T’ (xg))NR
A>1

and ny is the algebraic multiplicity of the eigenvalue \:

ny = dim U Ker (M —T'(x0))".
k=1

Let us point out that the sum above is always finite due to the compactness
of T'(xp).
The proofs of Theorems 4.15 and 4.16 can be found, e.g., in [9].

D. Regularity of weak solution

Let us consider the Dirichlet boundary value problem

{ —u"(x) + o(u(z)) = f(z)  in (0,m),
u(0) = u(r) = 0.

Assume that ¢ is continuous on R. If f € C(0, ), then the classical solution
is defined as a function u € C?(0,7) N C[0, 7] which satisfies the equation
and the boundary conditions point-wise.

If f € LY(0,7), then the weak solution is defined as a function u €
W,2(0,) for which the integral identity

/Ow (' (2)w' (z) + p(u(z))w(z)) dz = /; f(@)w(z)de

is satisfied for any w € W, '2(0, ).

It follows from here that for the weak solution the second derivative of
u in the sense of distributions belongs to L'(0, ), and the equation holds
almost everywhere in (0, 7). So, in general, every classical solution is also
a weak solution, and the converse is not always true. However, we have the
following regularity result:

Theorem 4.17. Let f € C[0,7] and u be a weak solution. Then u €
C?[0, 7] and u is a classical solution.

Proof. It is clear that the boundary conditions are satisfied because u
belongs to W01’2(0,7T) G C[0,x]. Using the integration by parts, we can
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rewrite the integral identity above as follows
/ [u'(m) - / (p(ult) - £(1)) dt] w'(z)de = 0
0 0

for any w € W, %(0, 7). Denote
and set

Because w € VVO1 2(0,7), it follows then from the integral identity that

_ [ x x) — r = ’ z) — C)* d.
O_/o F(z)(F(z) —C)d /0 (F(z)—C)*d
Hence F(z) = C, i.e.,

W (z) = / " (oult) - (1)) dt + C

holds almost everywhere in (0,7). This implies u’ € C*[0,7]. Taking the
derivative we get

which proves the assertion. 0

Remark 4.13. It is obvious that the same result holds true if ¢ is replaced
by a continuous function g = g(z, s, A).

E. Analogue of the Leray—Schauder Index Formula

In this appendix we prove an analogue of the Leray—Schauder Index For-
mula.

Lemma 4.9. Let f,, U; i, zﬂr be as in the proof of Theorem 4.9. Then
deg [fr;U;, 0] = i — zi
Proof. We shall connect f,. with a more simple mapping using a suitable
homotopy. Let us define this homotopy in the following way:
VEe [0,1] fre:ly — X xR frg(z, 1) = (ye, ),
ye = — plz+tg(z, p,

m=t([lel® = r*) + 1= 1)(e® = (n — 1))
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We prove that for any ¢ € [0, 1]
o & fre(0U;).
Assume the contrary, i.e., there exist ¢t € [0,1] and (z, 1) € OU; such that
frit(@, p) = o.
The fact that (x, u) € OU; implies
] + (o = py)* =% + &2
At the same time, from
0=r = t(la]* + (u — p;)?) = t(r® + &%) +* = (n—py)*,

we obtain 1 = p;+e, and so ||z|| = r. This together with y; = o contradicts
(4.74). The homotopy invariance property of the degree then implies

deg [fr;Uj, 0] = deg [fr,0;U;, o).
The mapping f, o is now easier to deal with. Indeed, the point o has two
preimages: (o, 1; —¢) and (o, uj + €) with respect to the mapping
fro(x, p) = (& — pTa,e — (- p5)*).
In both points the Fréchet differential f; ; is injective:
Fro(0, p)(w, ) = (u — pTu, =2(p — p1;)70).

Let us choose sufficiently small neighbourhoods of points (o, ; = ¢) in the
following way:

Ut =U' x ((u; ) Ud?)

where 4! is a neighbourhood of the origin in X and U? is a neighbourhood
of the origin in R. Applying now 8 of Theorem 4.15 and Theorem 4.16, we
obtain:

deg [fr.0;Us, 0] = i(0, pj — ) +io, i +€) =
=deg[fro;U ™, 0] +deg [fro;UT, 0] =
=deg[l — (uj — )T;U", o] deg [2e5;UU?, 0] +
+deg[I — (pj +&)T;U*, 0] deg [—2eT;U?, 0] =
=il

A4 (-1 =i~



Introduction to bifurcation theory 169

F. Contractible sets

Definition 4.3. We say that a set K is a continuous deformation of a set
M in a metric space @ O M U K if there exists a continuous mapping
f:10,1] x M — @ such that

f0,2) =z VreM, fa,M) =K.
In particular, if I consists of one point, we say that M is contractible to a

point in Q.

Next assertions summarize some useful properties of the sets which are
contractible to a point.

Lemma 4.10. Let F be a subset of a metric space @ and let G be a con-
tinuous deformation of F in Q. If F is not contractible to a point in Q,
then also G is not contractible to a point in Q.

Proof. Assume the contrary, i.e., the set G is contractible to a point in Q.
Following the definition there exists a continuous mapping f1: [0,1]xG — @
and a point y € Q) such that for all z € G we have

f1(0,2) ==, fil,x) =y.

On the other hand, G is a continuous deformation of F, i.e., there exists a
continuous mapping fs: [0,1] x F — @ such that

f2(0,2) =2 VxeF, f2(1, F)=G.
Let us define a mapping f: [0,1] x F — Q as follows:
fa(2t, ) for te [O,%],xe]—‘,
f(t,z) =
fi(2t =1, fo(1,2))  for te(3,1],z€F.

We easily verify that f is a continuous map which contracts F to a point
y in @, a contradiction. 0

Let Hy and Hy be two closed subsets of a Hilbert space H such that
H=H & H>.
Let P;: H — H;, v« =1,2, be projections, and assume that
dim H; < oo.
Set
R={xze€ H: Pz #o}.
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The set R equipped with the metric induced by the norm in H, is a metric
space.

Lemma 4.11. The set S1, = S(o;r) N Hy is not contractible to a point in
R.

Proof. It is enough to prove this assertion for the sphere with the radius
r = 1. Let us denote it by S7. We proceed in two steps. We prove first that
if S7 is contractible to a point in R, then it must be contractible to a point
in S;. In the second step we show that this fact contradicts the Brouwer
Fixed Point Theorem.

Step 1. If Sy is contractible to a point in R, then there exists a contin-
uous mapping f: [0,1] x S; — R and z¢ € R such that

f(0,2) =, f(1,z) = o Yz € 5.

For t € [0,1], z € S7 set

Plf t, x
g(t,z) = %
[PLf(t =)
Then g deforms continuously the set S; to the point % in S7.

Step 2. In this part we can restrict ourselves to a finite dimensional
space Hy. Let the unit sphere S; C H; be contractible to a point in S,
i.e., there exists a continuous map g: [0,1] x S; — S; and a point z¢ € Sy
such that

9(0,z) =z, g(l,z) = xo Vx € 5.

Now, we shall define h: B(o;1) — B(0;1) by
pews [o(L=lalzr)  for a0
—To for x =o.

Then A is continuous. Since dim H; < oo, the Brouwer Fixed Point Theo-
rem implies that there exists y € B(0;1) such that

h(y) = y.

Since h assumes only values from Si, we have y € S, |ly]| = 1. On the
other hand,

h(y) = —g(0,y) = —y

that is a contradiction. O
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Lemma 4.12. Let F be a subset of a metric space R. If there exists
xo € Hy, ||zo|| = 1, such that

P(F)Nn{y € Hy :y=axg, a € R} =0,
then F is contractible to a point in R.
Proof. Define f: [0,1] x F — R as follows
x + 2tzo(1 — (z,z0)) for te[0,3],z¢€F,
Fltz) = 1
xo+2(1 —t)(x — {x,z0)x0) for te(3,1],zeF
(see Figure 4.20).

Figure 4.20.

The mapping f is continuous and deforms F to the point zo. It is
sufficient to verify that for any ¢ € [0, 1], x € F we have

Py f(t,x) # o.
Indeed, for any t € [0, %] we have
Pif(t,x) = 2t(1 — {z,z0))z0 + Pi 7,
for t € (%, 1} we have
Pif(t,x) = (1 —2(1 = t){x, z0))xo + 2(1 — t) Prx.

For t € [0,1) we have then P, f(t,z) # o due to the assumption P;(F) N
Lin{zo} = 0. For t = 1 we have

Py f(t,x) =z # o. 0
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G. Courant—Weinstein Variational Principle

We shall formulate and prove the Courant—Weinstein Variational Principle.

Theorem 4.18. Let H be a real Hilbert space, A: H — H a compact
self-adjoint linear operator. Let A be nonnegative, i.e., for any x € H we
have

(Az,z) > 0.
Assume that positive eigenvalues A\, of A form the non-increasing sequence
M2 >332 2> A, >,

and the multiplicity of an eigenvalue X\ states how many times this A repeats
in the above sequence. Then for any n € N,

A= sup min (Ax,x).
XCH zeX
dim X=n lzl=1

(Here X is an arbitrary linear subspace of H of the dimension equal to n.)

Proof. Let {uy} be eigenvectors of A, and assume that uy is associated
with A\x. We can assume, without loss of generality, that {u;} forms an or-
thonormal basis of H (this fact follows from the Schmidt Orthonormalizing
Process). For n € N fixed we denote
Un = sup min (Az, ).
xcH  2€X
dim X=n llzl=1
Our aim is to prove p, = \,.
Step 1. We prove that p, > \,. Set
Xo = Lin{uy, ..., up}.

Then Xy is a linear subspace of H, dim Xy = n, and clearly

> i

fin 2 min (Az, ).
llel=1

But we can calculate the minimum of the quadratic form on the right hand
side. For z € Xy, ||z|| = 1 we have

n n
_ 2 _
T = TiUq, z; = 1.
i=1 i=1

Then
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Hence

n
L > Aanf = A\p.
i=1

Step 2. We prove p, < Ap,. Set
Y = Lin{u;}$°,

Then codimY = n — 1. Let X be an arbitrary linear subspace of H,
dim X = n. Then necessarily

dim (X NY) > 0,

and the space X N'Y must contain some element = # 0. We can assume
|z|| = 1. Since x € Y, we have

[eS) oo
Tr = E Tilg, E ,T? =
i=n i=n

The estimate of the quadratic form (Ay,y) on the unit sphere in X yields:

mln(Ayy> (Az, x) Z)\:v <A Zx =M.

\Iy\l 1

Since X is arbitrary, we have

tn = sup min (Ay,y) < \,.
xXcH  YEX
dim Xx=n lyll=1 O

H. Asymptotics for C2-functionals

Let X be a Banach space and F: X — R a functional which is twice
Fréchet differentiable in 0 € X (i.e., there exists F”'(0)). Then there exists
€: R — R such that

'<1F”<o>x,x> T F(o)a + Flo) — F(x)| < (2]l

2
and
[1F"(0)x + F'(0) = F'(z)|| < e(fl=[)]| =]l
where
Tl_i}r& g(r) =0.

Note that the estimates above are immediate consequences of the definition
of the Fréchet derivative of F.
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5.1. Introduction

My lectures at the Minicorsi di Analisi Matematica at Padova in June 2000
are written up in these notes®. They are an updated and extended version of
my lectures [37] at Jyviskyld in October 1994. In particular, an account of
the exciting recent development of the asymptotic case is included, which
is called the oo-eigenvalue problem. I wish to thank the University of
Padova for financial support. I am especially grateful to Massimo Lanza
de Cristoforis for his kind assistance. I thank Harald Hanche-Olsen for his
kind help with final adjustments of the typesetting.

These lectures are about a nonlinear eigenvalue problem that has a
serious claim to be the right generalization of the linear case. By now
I have lectured on four continents about this theme and my reason for
sticking to this seemingly very peculiar problem is twofold. First, one can
study the interesting questions without any previous knowledge of spectral

2 A short comment on the uniqueness proof in [11] has been added later.
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theory. Second, to the best of my knowledge there are many open problems
easy to state. The higher eigenvalues are “mysterious”.

The leading example of a linear eigenvalue problem is to find all non-
trivial solutions of the equation Au+ Au = 0 with boundary values zero in a
given bounded domain in R". This is the Dirichlet boundary value problem.
(In the Neumann boundary value problem the normal derivative is zero at
the boundary.) Needless to say, this has been generalized in numerous ways:
to Riemann surfaces and manifolds, to equations Au+ Au+ Vu = 0 with a
potential V', to more general differential operators than the Laplacian, and
SO on.

However, when talking about nonlinear eigenvalue problems, there is
seldom any eigenvalue at all involved. For example, one just considers the
existence of positive solutions. The extremely popular and very interesting
Emden-Fowler equation

Au+u)* T u=0

is of this type. If @ # 1, the parameter A plays no role in the equation
Au+ AMu|* " u = 0, since it can be scaled out: multiply u by a suitable
constant to see this. In equations of the type

Au+u+ ul* Pu=0

the parameter X is stabilizing, when the exponent « is critical. Though
interesting as they are, I will not consider these problems here. I refer to
Professor Donato Passaseo’s lectures about Nonlinear Elliptic Equations
Involving Critical Sobolev Exponents.

My objective is the nonlinear eigenvalue problem

div(|[VulP "> Vu) + Muf’ 2 u=0 (5.1)

with © = 0 on the boundary of a bounded domain €2 in the n-dimensional
Euclidean space. Here 1 < p < 0o and for p = 2 we are back to the linear
case Au + Au = 0. Note that

[ IVul” dx
Q

Sl dz
Q

A= (5.2)

if u is a solution, not identically zero. (Here dx = dxqdxs---dx, is the
Lebesgue measure.) Thus it appears that A > 0. Minimizing this so called
nonlinear Rayleigh quotient among all admissible functions we arrive at Eqn
(5.1) as the corresponding Euler-Lagrange equation. The first one to study
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it in any serious way seems to have been F. de Thélin in 1984, cf. [51]. The
so-called p-harmonic operator div(|Vu|p -2 Vu) appears in many contexts
in physics: non-Newtonian fluids, reaction-diffusion problems, non-linear
elasticity, and glaceology, just to mention a few applications.

The range of p in the p-harmonic operator

Ayu = div(|Vu|P~2Vu)
2
_ |Vu|p4{|Vu|2Au+(p—2)Z Ou Ju_07u }

92, 9, 90:07,

is usually 1 < p < co. The case p = 1 is the mean curvature operator (with
a minus sign)

. Vu
H=—-Aju=—div (m)

and the fascinating asymptotic case p = oo is related to the operator

n
ou Ou 0%u
Au= 3 JuOu P
=1 6:51- 6,Tj (91‘1(91']
In Section 5.6 the theory of viscosity solutions is used to treat the latter
case. An amazing “differential equation” replaces (5.1). Arcane phenomena
occur.

Many results are readily extended to equations of the more general form

p—2

2
"9 - ou Ou ou —2
ijZ:1 8$i ka:1 a,km(flf) 8$k axm a"LJ (.I) ax] + )\p(flf) |'LL| U= O

where the matrix (ag,) satisfies the ellipticity condition
n

> ai(@)6g; = |¢f°

i,j=1
for all £ = (&1,&2,...,&,), and, by assumption, p(x) > e > 0. The weaker
restriction p(z) > 0 leads to considerable technical difficulties, not to men-
tion the case when the density p(z) is allowed to change signs. See [54].
It is likely that the theory works, when (agm,) is a Muckenhoupt weight.
The essential feature here is that solutions may be multiplied by constants.
Indeed, among all the equations

div (|Vu|p_2 Vu) + A [ulPu=0
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only the homogeneous case s = p has the proper structure of a “typical
eigenvalue problem”, to quote an expression in [5].
In passing, I mention that the density p(z) in the equation

div(|VuP2Vu) + Ap(x)[ulP~2u =0

is very decisive. Indeed, if we take p(x)™? to be the distance function
§(z) = dist(z,09Q) in a convexr domain €, then there is no eigenfunction
at all: 0 is the only solution. Moreover, the sharp lower bound in the
inequality (“Hardy’s inequality”).

( _ l)p < JoIVelPda
D )

p Jo 15 dex
is not attained for any admissible function, if 2 is convex. It is curious that

p € Cg°(9),

this sharp bound depends only on p. This phenomenon was observed by S.
Agmon. See [40].

The reader who wants to learn this topic does well in reading the first
volume of the celebrated book by Courant & Hilbert and, perhaps, the book
by Polya & Szego, before passing on to so called modern expositions like [9]
and [50]. The lecture [32] by E. Lieb is very illuminating. See [12] about
spectral theory on manifolds. About elliptic partial differential equations we
refer to the books [24], [30], and [23]. See also [19]. The book Metodi diretti

nel calculo variazioni by E. Giusti is an excellent source of information.

NOTE ADDED IN PROOF. The reference E. Lieb [31] has come to my
attention. It contains an interesting result about the minimum of the non-
linear Rayleigh quotient. Thus it appears that E. Lieb was the first one to
study the nonlinear eigenvalue problem in several variables.

5.2. Preliminary results

Throughout these lectures €2 will denote a bounded domain in R™. For most
of the theorems no regularity assumptions are needed about the boundary
0f). The equation will be interpreted in the weak sense.

Definition 5.1. We say that u € Wol’p (), u £ 0, is an eigenfunction, if

/ |VulP "% Vu - Vnde = )\/ [ulP~? un da (5.3)
Q Q

whenever n € C§° (). The corresponding real number A is called an eigen-
value.
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The Sobolev space W, (2) is the completion of C§° () with respect
to the norm

P

lioll =4 [ (ol + 196l") do
Q

As usual, C§° (2) is the class of smooth functions with compact support in
Q. By standard elliptic regularity theory an eigenfunction is continuous,
i.e., it can be made continuous after a modification in a set of measure
zero. See for example [23], [24], [30]. Indeed, even the gradient Vu is
locally Holder continuous, the Holder exponent depending only on n and
p. See [17] or [53] for this deep regularity result, the first proof of which is
credited to N. Uraltseva.

In regular domains the boundary value zero is attained in the classical
sense. For example, any domain satisfying an exterior cone condition is
surely regular enough. As a matter of fact, the regular boundary points can
be characterized by a version of the celebrated Wiener criterion, formulated
by Mazj’a [39] in a nonlinear setting. See [22] and [29]. It is known that
those boundary points £ where the requirement

lim u(z) =0
z—¢
fails is a set of p-capacity zero. That is to say that the irregular boundary
points form a very small set. If p > n, then every boundary point is regular!
It is not difficult to see that every eigenvalue X is positive. Indeed, by
approximation, u itself will do as test-function in (5.3). Therefore

[ IVul? dz
)

A PP
Q

It is useful to have an explicit lower bound. The familiar Sobolev inequality
llullnp)(n—p) < ClIVullp, where C' = C(n,p) and 1 < p < n, implies

1

> W (5.4)

This lower bound for the eigenvalues is valid also for p > n. It is instructive
to prove it directly. Suppose that ¢ € C§° (2) where €2 is the parallelepiped
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O<zri<a,0<z<ag,...,0<x, <a,. Then
1 dg( )
t,To,..., T
o(T1, T2, ..., Tpn) = / %dt,
0
al d p
_ t,x2,...,T
lo(z1, 22, ... 2P < ¥ 1/ M dt,
dt
0
al a];f al
lo(x1, 22, ..y x0)|P doy < ? / |Dyo(t, z2, ..., xn)|F dt
0 0

and an integration with respect to the remaining variables o, ..., x, gives
the estimate

a1l az An

// . / lo(z1, 22, ..., 2| doyday - - - dxy,

0 0 0

a];f al az Ap
< ? // . / |Dip(x1, 22, ..., 2,)|P dzidas - - - d,.
00 0

Therefore

/WVdem

>
/Wwfdx @
Q

We only used the fact that ¢(0,22,...,2,) =0. (Since also

kS

: (5.5)

=g

olar, o, ..., xy,) =0

we can readily improve the lower bound a little, replacing a1 by a1/2.) Note
that we may write ag,as ..., or a, instead of a;. The shortest side yields
the best estimate.

Essentially the same reasoning can be used to prove the estimate

Const.
>
Z "
in a regular domain, R denoting the radius of the largest inscribed ball in
the smallest “box” containing 2. This means that the eigenvalues are large
even in very long, yet narrow domains. See [41] in the linear case.
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The Harnack inequality: If u is a non-negative eigenfunction, then

maxu < C'minu
whenever Bo, C Q. Here B, and Bs, are concentric balls of radii r and
2r. The constant C' depends only on n and p. This result is due to
Trudinger [55], who proved it in 1967 using the celebrated Moser itera-
tion. The inequality implies that, if v > 0 in Q, then v > 0. As we will
see in Section 5.4, a positive eigenfunction must correspond to the smallest
eigenvalue

[1Vel” da
M =infE — (5.6)

where the infimum is taken over all ¢ € C§° (), ¢ # 0. By standard
compactness arguments it is easily seen that the infimum is attained for a
function u in Wy (). But, if u is minimizing, so is [u|. By the Harnack
inequality |u| > 0. By continuity, either v > 0 in Q or u < 0 in Q. Hence a
first eigenfunction does not change signs.

To prove existence, the following slightly simplified version of the
Rellich-Kondrachov theorem is useful.

Lemma 5.1 (Rellich—-Kondrachov). Let p > 1. Suppose that uy,us,. ..
are functions in Wy'? (Q) and that |Vul,0 < L < oo, when k =
1,2,3,.... Then there is a function u € Wol’p () such that ux; — u strongly
in LP (Q) and Vug; — Vu weakly in LP (Q) for some subsequence.

Proof. This is a combination of the weak compactness of LP and the
Rellich-Kondrachov imbedding theorem. See [49, §11, pp. 82-85] or [57,
Theorem 2.5.1, p. 62]. As a matter of fact, the convergence is better than
we have stated. 0

We end this section by proving two results. First, the spectrum is a
closed set. This fact would properly belong to Section 5.5. Second, we
bound the eigenfunctions. This fact is needed in Section 5.4.

Theorem 5.1. The spectrum is a closed set.

Proof. Suppose that a sequence Aj, Ag, ... of eigenvalues converges to
A # oo and let ug,us9,... denote the eigenfunctions, normalized by the
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condition |lug|p.o = 1. We have

/|Vuk|p72 Vug - Vndz = A\ / |uk|]%2 ugn dx (5.7)
Q Q

for each n € C§° (2). We claim that X is an eigenvalue. By the normaliza-
tion

A = / |Vug|? dz.
Q
By the Rellich-Kondrachov Theorem there is a subsequence and a function
u € WyP (2) such that uy,; — u strongly in L? (Q) and Vuy, — Vu weakly

in LP (2). We have to prove that this u is the eigenfunction corresponding
to A. By the equation itself we have

/ [}Vukj ]p_2 Vay, — |Vul'~* Vu} -V (u, — u)dx

Q
=\, / ’ukj‘p_2 ug, (uk;, — ) do — / Vul’ " Vu - (Vug, — Vu) da.
Q Q

The first integral on the right-hand side approaches zero, because of the
convergence ||ug; — ul/p.0 — 0, and so does the second integral by the weak
convergence of the gradients. Therefore we have obtained that

tim ([ [[Vug, [~ Vur, = [Vl ™ Val - [Var, - Va] de =0,
j—o0

Q
The elementary inequality

217wy — wy|” < {|w2|p_2 wy — [wy [P~ wl} (w2 —w1),  p=2,
for vectors in R"™ shows that the limit above implies the strong convergence

lim /’Vukj — Vu‘p dx = 0.
Q

Jj—oo

There is a similar inequality for p < 2. Thus we can pass to the limit under
the integral sign in (5.7) to obtain

/ [Vul’ "% Vu - Vidz = )\/ ulP ™% und.
) )

This shows that A is an eigenvalue, since the normalization prevents u from
being identically zero. 0
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It is evident that an eigenfunction is bounded in a regular domain.
But there are continuous functions in the Sololev space VVO1 P (Q) that are
unbounded. Therefore we had better write down a proof of

sup |u(z)] < oo.
€N

Lemma 5.2. The bound

lull o0 < 4727 [ul

1,0 (5.8)

holds for the eigenfunction u in any bounded domain 2 in R™.

Proof. The interesting method in [30, Lemma 5.1, p. 71] yields this
estimate. (The constant 4™ is not optimal.) To this end, we may assume
that u is positive at some point. The function

n(z) = max {u(z) — k,0}
will do as test-function in (5.3) and so we obtain
/ |Vu|’ dz = A / lulP "2 u(u — k)dz (5.9)
Ay, Ay,
where
A ={x € Qu(z) > k}.

Clearly k |Ag| < |lul|1,0 and |Ag| — 0 as k — oo.
By the elementary inequality a?~! < 2P~ (a—k)P~1 + 2P~ kP~ we have

/u”_l(u — k)dx < 2P~ ! /(u — k)Pdx + 2P~ kP! /(u —k)dz. (5.10)

Apg Ay Ay
The Sobolev inequality yields
/(u CRPde < (270 | A) ¢ / IVl de, (5.11)
Ak Ak

when applied to each component of the open set Ax. (The constant % is
not essential.)
Combining (5.9), (5.10), and (11.9) we arrive at

1—2r72) |A,€|ﬂ /(u — k)Pdz < 2P72KPT N | Ayl /(u — k)dz.
Ak Ak
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In the first factor 2p_2)\|Ak|% < 1, when k > ki = 2n®=1/PAn/P|y|;.

Using the Holder inequality and dividing out we finally obtain the estimate
/(u — k)dz < 2A7 Tk | Ay T 0m (5.12)
Ay

for k > k. This is the inequality needed in [30, Lemma 5.1, p.71] to bound

esssup u.
Indeed, writing

£ = [(w=wys = [ |adat
Ay, k
we have f/(k) = —|Ag| and hence (5.12) can be restated as

Flk) < 2271k [ f/ (k) T

when k > kq. If f is positive in the interval [k;, k], then an integration of
the differential inequality leads to

1

BT T < [ [ (k) - ()

where € = p/(p — 1)n. Since f(k1) < f(0) = |lu|l1 and f(k) > 0 on the
right-hand side, this clearly bounds k& and hence f(k) is zero sooner or later.
The quantitative bound is seen to be

2n(p—1)

k<2 AT ul)h. (5.13)

This means that f(k) = 0, if (5.13) is not fulfilled, i.e. ess supu is never
greater than the right-hand side.
To bound ess inf u, consider the function —u. O

Let me mention a difficult question. Can an eigenfunction be zero at all
the points of an open subset of 27 This is the problem of unique continua-
tion. Except for the first eigenfunction this seems to be an open problem.
Zero has a special status. No eigenfunction can have a constant value dif-
ferent from zero in an open subdomain. This is evident from the equation.

5.3. The one-dimensional case

In the case of one independent variable all the eigenvalues are explicitly
known. This was first studied by Otani in connexion with the determination
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of the best constant in some Sobolev type inequalities. The equation is
=27\ p—2
(|u| u) +A|ul"Fu=0

where u = u(x), a < x < b, and u(a) = 0, u(b) = 0. The equation is readily
integrated and, via the first integral

Alul?

|/|P + ——— = Constant,
p—1

one arrives at the expression

W =0-0157 [
0

for the first eigenvalue, cf. [42]. This is the minimum of the Rayleigh
quotient

p

b
J 1 (@)I" d

b

[ u(@)]” dz

a

taken among all u € C''[a, b] with u(a) = u(b) = 0. The expression for A(p)
is easily evaluated and the result is

o) = 2T

(b —a)psin ¥
The rather striking result
+-=1

Y Ap) = VMg, % .

can be read off for conjugated exponents p and ¢. In terms of Rayleigh
quotients

!/ !/
N P—

”u”p B HU”q

)

See [34].
The spectrum can be completely determined. The eigenvalues are pre-
cisely

A(p), 2P A(p), 3PA(p), ..., kP A(p), - . .

The eigenfunctions are obtained from the first one. Let u; denote the first
eigenfunction in [0,1]. Extend it as an odd function to [—1,0] and, then,
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periodically to the whole real axis, i.e., u1 (z) = —u1(—2), u1 (z+2) = uy(z).
The higher eigenfunctions are

ug(z) = uy (kx), k=1,2,3,...

In the linear case we have the eigenvalue k272 corresponding to the nor-
malized eigenfunction

V2sin(krz), k=1,2,3,...

The spectrum is discrete in the one-dimensional case. The eigenvalues are
simple and the k*" eigenfunction has k — 1 nodes (zeros inside the interval)
and k nodal intervals of equal length.

An example in [10] shows that the Fredholm alternative does not hold
for the equation

([ [P~2u") + Ajul?2u = f(=)

in the nonlinear case p # 2. A solution can exist even if

1
(ur, f) = / wr(2)f(z)dz £ 0.

Some other orthogonality condition seems to be called for.

5.4. The first eigenfunction

The first eigenfunction (the Ground State) has many special properties. It
is the only positive eigenfunction. The restriction of a higher eigenfunction
to a nodal domain is a first eigenfunction (with respect to this smaller
domain).

The first eigenvalue or the principal frequency is

J Vel da
A = inf b 5.14
1 13 f |Q0|p dx ( )
Q
where ¢ € C§° (), ¢ Z 0. By (5.4) A\; > 0. Using a (normalized) mini-
mizing sequence 1, @2, ... we obtain a function u; € Wol’p (Q) such that
[ |Vui|? dx
A= 2

te f|u1|pd:c '
Q
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The compactness argument needed in the existence proof is provided by
the Rellich-Kondrachov Theorem. A well-known device due to Lagrange
shows that u; is a weak solution to the equation

div (|Vu|p_2 Vu) + A JulP 2 u=0.

If w1 is minimizing, so is |u1| and therefore also |u;| satisfies the equation.
Since |ui| > 0, we must have |u;| > 0 by Harnack’s inequality. By conti-
nuity either u; > 0 in € or u; < 0 in 2. We have established the following
result.

Lemma 5.3. There exists a positive eigenfunction corresponding to the
principal frequency \1. This eigenfunction minimizes the Rayleigh quotient
among all functions in the Sobolev space Wol’p (Q). Moreover, a minimizer
is a first eigenfunction and does not change signs.

Some basic facts can easily be read off from the Rayleigh quotient.
First, if 1 C Qg, then A1 (21) > A1 (Q2), since there are more competing
functions in Q. Second, the quantity pA(p)'/? increases with p. (The
notation A; = A(p) indicates the dependence of p.)

Being a solution to Eqn (5.3), the eigenfunction shares many properties
with solutions to more general quasilinear eigenvalue problems. But here
we would like to emphasize the following specific features:

I “Isoperimetric” property. Among all domains with the same vol-
ume (area) the ball (the disc) has the smallest principal frequency.

II Concavity. For any bounded convex domain log wu is concave, u de-
noting a positive eigenfunction [48, Theorem 1].

IIT Uniqueness. The first eigenfunctions are essentially unique in any
bounded domain: given p, they are merely constant multiples of each
other. Moreover, they have no zeros in the domain and they are the
only eigenfunctions not changing sign.

IV Stability. For any bounded sufficiently regular domain the principal
frequency is continuous as a function of p. [35, Theorem 6.1]. © In very
irregular domains there is some anomaly.

V Superharmonicity. In a convex domain the first eigenfunction is
superharmonic, for p > 2. (We mean that ”Au < 07.)

bFor the second eigenvalue there is a characterization in the linear case, cf [44].
©No similar result is known for the second eigenfunction.



188 P. Lindquist

VI Asymptotic formula. As p — oo we have

1
li U/ANp) = ————5~
ptoo () max dist(x, 09)

e
In other words, the reciprocal number of the radius of the largest in-
scribed ball in the domain gives the principal frequency for the case
p = ool

The uniqueness (III) for arbitrary bounded domains was first proved
in [33]. A new proof was found in [3]. Recently, an elegant variational proof
was found by Belloni and Kawohl, cf. [11]. The radial case has been studied
by F. de Thélin [52] and a good reference for C2-domains is [48, Theorem
A.1]. Other references for regular domains are [7], [6] and [2]. As we
said, the restriction of a higher eigenfunction to a nodal domain is a first
eigenfunction there. Though the original domain is as regular as we please,
it is not clear that this is inherited by the nodal domains. Therefore it is
important to prove the uniqueness in arbitrary domains. The proof will be
discussed below. The logarithmic concavity ¢ mentioned in (II) is due to S.
Sakaguchi [48], when p # 2, and the linear case is credited to H. Brascamp
& E. Lieb. The proof by Sakaguchi is based on a convexity principle of
N. Korevaar. The superharmonicity (V) is a consequence of (II) and the
formula

Apu
[Vulp=t

which connects the Laplacian Awu with the p-Laplacian A,u = V -

(p —2)|VulPAu + (p — 1)|Vul?Au,

(|VulP=2Vu) and the mean curvature operator —Aju = — div (|§—Z|)' The
formula has to be interpreted in the wviscosity sense. Property (I) follows
by spherical symmetrization (Schwarz symmetrization), cf. [28, p.90]. The
ball is (essentially) the only optimal shape, cf [8]. For p = 2 this is the cel-
ebrated conjecture of Lord Rayleigh, proved by E. Krahn ¢ and G. Faber.
The asymptotic formula (VI) is postponed to Section 5.6.

Let us begin by discussing the uniqueness (IIT). The first eigenvalue is
simple. That is, all the first eigenfunctions in a fixed domain are merely
constant multiples of each other.

dThe reader might find it strange that the property does not depend on p. The cor-
responding result for the equation div (|Vu|7’72 Vu) = —1 is that «'~1/? is a concave

function.
€See "Edgar Krahn 1894-1961”, a centenary volume edited by S. Lumiste & J. Peetre,
10S Press, Amsterdam 1994, pp. 81-106.
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Theorem 5.2. The first eigenvalue is simple in any bounded domain.

Proof. Suppose that u and v are two first eigenfunctions. So are |u| and
|v|. Thus the situation is reduced to the case v > 0 and v > 0. As Anane
has observed in [2], the result would follow by certain balanced calculations,
if the function n = v — vPu' P were, a priori, admissible as test-function in

/ IVulP ™ Vu - Vidz = A / lulP~? undz
Q Q

and v — uPv'~P in the similar equation for v. We use the modified test-
functions

- (ute)P —(v+e)? and (v+e)P —(u+e)?

(u+e)p—1 (v+e)p1

)

€ being a positive constant. Then

v+e\? v+e\P !
1+ (p-1 -
Vn { +(p )(u+€> }Vu p(u+€> Vv

and, by symmetry, the gradient of the test-function in the corresponding

equation for v has a similar expression, yet with v and v interchanged.
Using the fact that v and v are bounded (Section 5.2), we easily see that
ne Wy (Q).

Instead of reproducing the whole proof in [33] we write down the cal-
culations only for p = 2, that is, a non-linear proof of the linear case is
presented. Inserting the chosen test-functions into their respective equa-
tions and adding these, we obtain the simple expression

/ (“g + Ug) |Vlogu. — Vlogvgl2 dz
Q

Ue Ve

_ A1! {i - 1} (u2 —v?) dz, (5.15)

where we have written u. = u(x) + ¢ and v. = v(x) + €. As e approaches
zero, it is plain that the right hand side tends to zero. By Fatou’s lemma

/ (u® +v*) |Vlogu — Vlogv|* dz = 0.
Q

The integrand must be zero. Hence uVv = vVu a.e. Thus v = Cv or
v = Cu for some constant. This proves the case p = 2.
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If p > 2, then the inequality f

P
_ w2 — W1
wal? > Jwy [P+ p w1 [P~ wy - (w2 —wy) + ﬁ
should be used. Take ws = Vlogv. and wy = Vlogu.. There is a counter-
part valid when 1 < p < 2. For the details we refer to [33]. O

As a byproduct of the proof we can conclude the following
Theorem 5.3. A positive eigenfunction is always a first eigenfunction.

Proof. Suppose that v > 0 is an eigenfunction with the eigenvalue A.
Let w > 0 denote the first eigenfunction. In the case p = 2 the previous
calculation yields that

/ (u? + v?) |V logue — V10gU€|2 dr = / [Alui — )\UE] (u? — uﬁ) dzx.
€ €
Q Q

This exhibits that the right-hand member is non-negative. Hence, letting
¢ tend to zero, we have

(M=) /Q (u® —v*)dz > 0.

If A # Aq, then A > A; and /(u2 —’U2) dr < 0. This is an impossible

Q
situation, since w can be replaced by 2u,3u,.... We have proved that

A = A1. The case p # 2 is rather similar. O
A simple proof of the simplicity of A; has recently been given by Belloni
and Kawohl, cf [11]. It is based on the admissible function

w17
5 )
in the Rayleigh quotient. A short calculation yields

w=(

uP + uP

uPV logu + vPVlogwv|”
5 .

uP + vP

[Vw|” =

Because the positive quantities u?/(u? +v?) and v?/(u? 4+ v?) add up to 1,
we can use Jensen’s inequality for convex functions to obtain the estimate
uPVlogu + vPV logv

uP + vP

P < uP|VlogulP + vP|V logv|P
- uP + P ’

fThe inequality seems to be due to L. Evans, see [18, p. 250]. The best constant is not
the abovementioned 1/(2P~1 — 1).
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Thus we have
1 1
|[VwlP < §|Vu|p + §|Vv|p.

The inequality is strict at points where Vlogu # Vlogv. Now we can
conclude that
1 1
/|Vw|pdac —/ |Vu|pdx+—/ |Vo|Pdz
0 < 2 Jo 2 Jo
- 1

1
/wpd:v —/updx—i——/vpd:v
Q 2 Ja 2 Ja

If Vlogu # Vlogwv in a set of positive measure, then we would have a
strict inequality above, which is a contradiction. This proves that u and

)\lg :)\1.

v are constant multiples of each other. — This elegant proof is not, as is
were, capable of establishing that a positive eigenfunction is a first one.

About the concavity of log u we refer directly to [48]. It is worth noting
that the first eigenfunction w itself is never concave, the one dimensional
case beeing an exception. In a ball in R™ even u® is concave for some «,
1/n < a < 1. In [36] I have conjectured that, among all convex domains,
the ball has the best concavity exponent. Even the linear case seems to be
unsettled.

The stability of the principal frequency \; = A\(p), when p varies
is rather intriguing. This topic is discussed in [35]. By the Holder inequality

1 1
pA(p)? < sA(s)%, when 1 < p < s < 00,
so that the one-sided limits in

lim A(s) < A(p) = lm A(s). (5.16)
S§—p— s—p+
exist. The last equality is almost evident. Normalizing the eigenfunctions
so that ||us||s,o = 1 we actually have

s—p+

lim /|Vu5 — Vu,Pdr =0
o)

as s approaches p from above. When s approaches p from below, even the
adjusted version
lim [ |[Vus— Vu,|°dz =0 (5.17)
s—p—
Q

is plainly false in irregular domains, when p < n. However, (5.17) implies
that

lim A(s) = A(p). (5.18)

s—p—
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We think that (5.18) implies (5.17).
Given any p, 1 < p < n, there is a bounded domain €2 in R"™ such that
lim A(s) < A(p),
s—p+
and, a fortiori, (5.17) cannot hold for the normalized eigenfunctions. The
explanation is a rather interesting phenomenon. A sequence of eigen-
functions us will converge to a function u € WP (Q). One has u €
Wol’s (Q) for every s < p. This u is a weak solution to the equation

div (|Vu|p72 Vu) + Mu[P™? = 0 in Q, except that it fails to be in the

right space VVO1 P (Q). To cause such a delicate effect, one needs a closed set
Ep such that capy(=S,) = 0, when s < p, yet cap,(Z,) > 0. It is known how
to construct such sets as generalized Cantor sets. The final domain Q will
be of the form B\ Z,, where B is a sufficiently large ball containing =, in
its interior. For a complete discussion of the ”p-stability” we refer to our
fairly technical paper in ”Potential Analysis”. See also [26].

The question about variations of the domain, instead of of the ex-
ponent p, is relatively simple. Let €3 C Q9 C Q3 C --- be an exhaustion
of Q,

a=J9;
j=1
Then
lim AP () = AP (), (5.19)

J—o0

where the notation is evident. (By a remark in the book by Courant-
Hilbert, this is not true for the corresponding Neumann problem, when
p = 2. One has to define the admissible variations of the domain in a
careful way, when the normal derivative at the boundary is involved.)

To prove (5.19), we note that

AP (1) = AP (Q2) > - 2 AP ()

Given € > 0, there is a function ¢ € C§° () such that

Vel? da

AP Q) > &
/ ol da
Q
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since )\gp ) (Q) is the infimum. Being a compact set, the support of ¢ is
covered by a finite number of the sets {21,{2,.... Hence suppy C ; for j

large enough. Thus
/|V<P|pd$ /|V<p|pdx

/ ol da / ol da

AP (@) > AP () -«

)\(P)

so that

for all large j. It is plain that )\gp) (Q) > lim )\gp) (©,). This proves the
desired result.

Indeed, extending the eigenfunctions u; € Wy ™” (€;) as zero in Q\ Q;
so that u; € W* (Q), the strong convergence ||Vu — V]|, — 0 holds
for the normalized eigenfunctions (that is, ||u;||,.0 = 1). Here u is the first
eigenfunction in §2. The proof is not difficult.

5.5. Higher eigenvalues

The operator —A has a discrete spectrum Ay < Ao < A3 < --- and A\, —
oo as k — o0o. Each eigenvalue is repeated according to its multiplicity.
Weyl’s theorem about the asymptotic behaviour of the eigenvalues states
that

)\2/2 - Const.

lim 22— =
The corresponding eigenfunctions w1, us, us, ... can be chosen to satisfy
(ug, uj) = /ukujd:c = ;5.
Q

This orthogonality is the key to the linear case Au+Au = 0. We recommend
the classical book by Courant & Hilbert.
It is more difficult to prove that also the equation

div (|Vu|p_2 Vu) +A[uffPu=0

has infinitely many eigenvalues. There are several methods that work.
However, the main open problem is quite the opposite. Are there more
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eigenvalues than the chosen method produces? If so, how can one exhaust
the spectrum? Can all the eigenvalues be numerated? To the best of my
knowledge the nonlinear spectrum has not been proved to be discrete, not
even when the domain (2 is a ball or a cube.

In order to describe how higher eigenvalues are produced we have to
introduce an auxiliary concept, the genus of Krasnoselskij. The proof will
be skipped. About the method we refer to [9], [46], and [50].

If A is a symmetric® and closed subset of a Banach space, then its genus
~v(A) is defined as the smallest integer k for which there exists a continuous
odd mapping p: A — R¥\ {0}. Thus p(v) = —p(—v), when v € A. If
no such integer exists, then we define v(A) = co. Especially, v(A) = oo, if
A contains the origin, since ¢(0) = 0 for odd mappings. See [46] and [St,
Chapter II] about this concept.

Let >, denote the collection of all symmetric subsets A of WP (Q) such
that v(A) > k and the set {v € A ||v||p,o = 1} is compact. The numbers

/|Vv|p dx
A = inf max &t

(5.20)
AEY, veA /|v|pd:€
Q

are eigenvalues and there are infinitely many of them, cf. [21] and [6].
The fact that this minimax procedure yields eigenvalues is often explained
through the Palais-Smale condition.

These “minimax eigenvalues” \; < Ao < Ag--- satisfy an estimate of
the type encountered in Weyl’s theorem. According to [21] there are two
positive constants depending only on n and p such that

oM e
1]~ & 19
as k — oo. See also [6]. Unfortunately, it is not known whether the described
procedure exhausts the spectrum. Are there other eigenvalues than those
listed in (5.20)? Therefore the asymptotic result is of limited interest, so
far.
As the notation in (5.20) indicates, A; is the first eigenvalue. As we will
see, A1 is isolated. It is possible to show that Ag is the second one. An
unpublished manuscript [4] of A. Anane and M. Tsouli contains a minimax

&Symmetric means that —v € A, if v € A.
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characterization of the second eigenvalue in terms of the functional

2

/|Vv|p de | — [ |v|’ dz.
Q

Their proof is easily adapted to the Rayleigh quotient: for & = 2 (5.20)

yields the second eigenvalue Ao, that is Ao = }{nl}{l A. No such identification
<A1

is yet known for eigenvalues higher than the second. The second eigenvalue
is not known to be isolated, when its multiplicity is ignored.

The nodal domains are defined as the connected components of the sets
{u > 0} and {u < 0}. See [14] and [1].

Theorem 5.4. Any eigenfunction has only a finite number of nodal do-
mains.

Proof. Let u be an eigenfunction corresponding to A. If N; denotes a
component of one of the sets {z € QJu(z) > 0} and {x € Q|u(z) < 0}, then
u € Wy? (N;). By the Sobolev inequality

INj| = C(n,p)A~ 7.

Summing up, we have
Q=Y INj| = C(n,p)A~ 21
J
so that the number of nodal domains is bounded by a constant times
AVPQ. O

Theorem 5.5. The first eigenvalue is isolated.”

Proof. Suppose that there is a sequence of eigenvalues A, tending to A;
(these are not supposed to be minimax eigenvalues). If uy denotes the
corresponding normalized eigenfunction, then

/|Vu;€|pdac =\, /|uk|pdm =1.
Q O

By compactness arguments there are a subsequence and a function u €
WP (Q) such that Vuy, — Vu weakly and up;, — u strongly in LP ().

hFor smooth domains this is credited to Anane, cf. [2].
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By weak lower semicontinuity

/|Vu|pdx

2 < lim A =\

Q

so that wu is the first eigenfunction. Since u does not change signs, we may
take u > 0.

If A, # A1, then uy, must change signs in . Both sets Q) = {uj > 0}
and Q= {u < 0} are non-empty and their measures cannot tend to zero,
since

| > Cln,p)(N) "7, Q] > Cnyp)(N)~*

This prevents uy; from converging to a positive function in L? (€2). Indeed,
the sets

Q" = limsup sz, Q7 = limsup Q,;

have positive measure by a well-known “Selection Lemma”. We may assume
that v = limuy; a.e. in . Passing to suitable subsequences we can show
that « > 0 a.e. in Q1 and u < 0 a.e. in Q~. This is a contradiction. ]

There are many more open problems about the spectrum of the p-Laplacian
than those that have been mentioned here, in passing. To mention two
more: Is every eigenvalue of finite multiplicity? What about multiplic-
ity in the situation with general boundary values? Consider the equation

div (|Vu|p_2 Vu) + X |ulP”? u = 0 with given boundary values, say ¢. This
has always at least one solution. Does it have several solutions, if A happens
to be an eigenvalue? In the linear case one just adds solutions to see this.

5.6. The asymptotic case

It is instructive to see what happens when p — oco. Arcane phenomena
occur in this fascinating case. Let

/ VelPda
V P
i " Vel

/|<p|pd$ ||SD||p
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denote the principal frequency and write

Ao = inf Y Ploc (5.21)
¢ elloo
where ¢ € C§°(Q). It turns out that the distance function
0(z) = dist(z, 09Q)
“solves” the minimization problem:
IVl
o = . (5.22)
16]loo

To see this, notice that

[p(@)] < [Vellacd(z)
by the Mean Value Theorem. Hence
Voloe , 1o 1 _I90s
lp(@)] — 0(x) ~ [I6fle 0]
since|Vé(x)| =1 a.e. in 2. Thus we conclude that
Vol -, 1961
[elloe — 1l6lloo

for each admissible . This proves (5.22).

However, the minimization problem often has too many solutions in
Whee(Q) N C(Q) with boundary values 0. In order to define the genuine
oo-eigenfunctions, one has to find the limit equation of

div(|[VuP=2Vu) + X(p)|ulPu =0

as p — oo. It is shown in [27] that the limit equation is

max {Aoo _ V@) Aoou(:zr)} ~0 (5.23)

u(z)

for positive solutions. (At each point x in 2 the larger of the two quantities
is equal to zero.) Here

n 2
Z Ju Ou O0°u (5.24)

Asot =
1,j=1
is the so called oco-Laplacian. Unfortunately, the second derivatives of the
solutions do not always exist. The above equation has to be interpreted
in the viscosity sense, because it does not have any weak formulation with
test-functions under the integral sign. We refer to [27] about all this.



198 P. Lindquist

Definition 5.2. Let v > 0 and v € C(£2). We say that u is a viscosity
solution of the equation (5.23), if

(i) whenever xp € Q and ¢ € C?(Q) are such that u(zg) = ¢(zg) and
u(z) < ¢(x), when = # x, then

Ao — M >0 or Asp(xg) > 0.

o(0)
(ii) whenever zo € © and ¢ € C?() are such that u(xg) = ¢(z¢) and
u(z) > ¢(x), when x # xo, then

00 <0 and Asp(xg) <0.
90(960) <P( 0)

Notice that each point requires its own family of test-functions.

The essential feature is that the difference u(x) — ¢(x) attains its ex-
tremum at the touching point xg, where the derivatives of the test-function
are to be evaluated.

For example, when 2 is the ball |z| < 1, the infinity ground state is

u(z) =1— |z

We have Agu(z) = 0, when  # 0. The origin is the important point.
Here Ao = 1 is determined. Since there are no test-functions touching
from below at xg = 0, condition (ii) is automatically regarded as fullfilled.
If the function

p(r) =1+ (a,z) +0(|z]*)
touches from above, we must have
1+ {a,z) >1—|z|
as x — 0. Hence |a| <1 and so

Vel el
(0) L=
that is, condition (i) holds.
In passing, let me mention that in a square (cube) the distance function
0 does not solve the equation. This means that it is not the limit of the
ground states up, as p — co. Recall (5.21) and (5.22).
As we observed

1

Ao=—"""——.
max dist(x, 09Q)
€N

(5.25)
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Thus the principal frequency can be detected from the geometry: it is the
reciprocal number of the radius of the largest ball that can be inscribed in
the domain 2. This is an advantage. For example, if 2 is the punctured
ball 0 < |z| < 1, then Ay, = 1/2. We should point out that all boundary
points are reqular in the case p = oo. The solution is zero even at isolated
boundary points! The equation

max {A - |vuzég)|,Aoou(:v)} =0

has a positive solution with zero boundary values only when A = A,,. No

other A will do. In this respect we have a typical eigenvalue.
Let us consider the formula in VI, Section 5.4.

Lemma 5.4. A, = lim {/A(p).

p—0o0

Proof. Using the distance function as test-function in the Rayleigh quo-
tient, we have

[Vl

AP < i,

and hence
. Vil oo
limsup ¢/ A(p) < % = Aw.
p—00 [e'e]

To achieve the inequality

liminf {/A(p)) > Ao

p—0o0

we use a compactness argument for the eigenfunctions w,. For p large
enough

\Y
) = Yl x4y
l[upll
With the normalization ||upl, = 1 the norms ||Vuy|, are uniformly

bounded, when p > m. Using a diagonalization procedure, we can se-
lect a subsequence uy,; that converges weakly in each Wh4(Q), ¢ < oo, and
uniformly in each C*(Q), o < 1, to a function denoted by u,. By the weak
lower semicontinuity
1 1
Wuocle < yipn g [Vl < liminf [Vt I, [0 ™
lucolly = oo llup;llg = d—eo [up;llq
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/b Qa7 Qls
i inf 2P AT T O e )

j—oo ”uijq h HUOOHq Jj—o0

Taking the normalization into account and letting ¢ — oo, we obtain

M < liminf)\(pj)l/pf.

HUOOHOO J—00

The left-hand side is > A, because u., is admissible in the quotient. The
right-hand side can be replaced by liminf A(p)'/P, since we can begin the
construction with an arbitrary sequence of p’s. 0

Much more is known but there are also challenging open problems in the
case p = co. The interested reader can find some pieces of information in
P. Juutinen, P. Lindqvist & J. Manfredi: The infinity Laplacian: examples
and observations, Institut Mitag-Leffler, Report 26, 1999/2000.
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6.1. Introduction and statement of the problems

The purpose of these notes is to present a survey of some recent results
dealing with existence, nonexistence and multiplicity of nontrivial solu-
tions for semilinear elliptic equations, whose nonlinear term has critical or
supercritical growth.

Let us consider, for example, the following Dirichlet problem

Au+ [uP2u =0 inQ
P(Q,p) Cu=0 on 9N (6.1)
uZz0 in ,

where € is a smooth bounded domain of R", n > 3, and p > % (% = 2%

is the critical Sobolev exponent).

In particular we are interested to find positive solutions of P (£, p) or also

sign changing (nodal) solutions with a prescribed number of nodal regions.
This equation is a simplified model of some variational problems, coming

from Differential Geometry, Mechanics, Mathematical Phisics, Chemistry,

205
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whose common feature is the lack of compactness: for example a well known
problem in Differential Geometry, the Yamabe’s problem (see [1], [41], [44],
[45]), is related to the solvability of a problem like (6.1) with p = 2*; super-
critical nonlinearities arise in some combustion models; lack of compactness
also occur in Yang—Mills equations, etc...

In our problem the lack of compactness is due to the presence of critical
or supercritical exponents: it is well known that H,*(2) is continuously
embedded in LP(Q) for p < 2* and that the embedding is compact only for
p < 2.

Since the nonlinear term in (6.1) is homogeneous, one can easily verify
that solving problem P, (€2, p) is equivalent to finding critical points for the
energy functional

flu) = / |Du|2dm,
Q
constrained on the manifold
My(Q) = {u e HI2(Q) : / lufPde = 1},
Q

There is a sharp contrast between the cases p < 2* and p > 2*.

If p < 2%, then the infimum inf f is achieved by a positive function,
p

giving rise to a positive solution of P(f2,p), independently of the shape of
the domain € (indeed, one can find infinitely many solutions exploiting the
symmetry properties of f and M,(£2)). On the contrary, if p > 2*, the

infimum in(fz) f is not achieved (as we shall see below).
P
Hence the problem cannot be simply solved by minimization arguments and

the solutions (when there exist) correspond to higher critical values. But
several difficulties also arise when trying to find critical points by means
of the usual topological methods of the Calculus of Variations (like Morse
Theory, Ljusternik—Schnirelman category, linking methods, etc ...), since
the corresponding functional does not satisfy the Palais—Smale compactness
condition when p > 2*.

It is not only a problem of methods: there is a deep reason which explains
the impossibility of applying these methods in a standard way. In fact every
solution of problem

{Au +g(u)=0 inQ (6.2)

u=20 on 0f2
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must verify the following Pohozaev’s identity (see [36]):

—2 ujuax n U(E:l .’II'U%2O’
-5 [ gwpuda+n | Gtr =3 [ @Giran  (©3)

where G(u) = foug(t)dt and v denotes the outward normal to 0. As a
consequence (for g(u) = |u|P~?u) we have the following nonexistence result:

Theorem 6.1 (Pohozaev [36]). If Q is a star-shaped domain and p >
2%, then the problem P(,p) has no solution.

After Pohozaev’s Theorem, the researches in this topic followed two direc-
tions:

1) exploiting the shape of the domain € in order to regain the existence
of solutions,
2) modifying the equation by lower—order terms.

The first direction of research is supported by the following observation:
assume Q is an annulus (le. Q@ = {z € R" : 0 < r < |z| < ro}); then,
exploiting the radial symmetry of Q, it is easy to see (as pointed out by
Kazdan and Warner [15]) that P(Q,p) has a positive radial solution and
infinitely many nodal radial solutions for all p. This leads to a natural
question, pointed out by Nirenberg (see [5]): what happens if Q has the
same topology of an annulus, but not the same radial symmetry properties?
is there still a positive solution, at least for p = 2*7 and if we assume only
that  is not contractible, in itself, to a point?

This question has been answered by Bahri and Coron in [2], where the
following theorem is proved (see also [11] and [38]).

Theorem 6.2 (Bahri—Coron [2]). Assume Q is a smooth bounded do-
main of R", having non trivial topology (i.e. there exists an integer k > 1
such that either Har—1(Q,Q) #0 or H(QZ /27) #0).
Then problem P(Q,2*) has at least one positive solution.

Remark 6.1. It is clear that any domain with nontrivial topology is not
contractible in itself to a point. When n = 3, the converse is also true. On
the contrary, when n > 4 the converse fails (i.e. there exist noncontractible
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domains with trivial homology groups). Thus, if n > 4, it is still an open
problem whether the conclusion of Theorem 6.2 holds under the sole as-
sumption that Q is not contractible. However, note that the assumption
“€) has nontrivial topology” covers a large variety of domains.

After the results of Pohozaev and Bahri-Coron, the following two natural
questions arise (see [5]):

Question 6.1 (Brezis). Assume p = 2*. Can one replace in Pohozaev’s
Theorem the assumption “Q is star—shaped” by “QQ has trivial topology”?
In other words, are there domains Q with trivial topology on which P (£, 2*)
has a positive solution?

Question 6.2 (Rabinowitz). What happens when p > % ? Pohozaev’s
Theorem still holds. On the other hand, if Q is an annulus, it is easy to see
that P(€,p) has radial solutions for all p. So the question is: assuming 2
is a domain with nontrivial topology, is there still a solution of P(Q,p) for
all p?

Now let us consider the effect of lower—order terms: we deal with the prob-
lem

Au—a(z)u+|u* 2u=0 inQ
Pa(,2") {u=0 on 6Q (6.4)
uZz0 in Q,

where a(z) € L"/?(Q).

Motivations for the study of this problem come, for example, from this
simple observation: assume ) is any bounded domain and denote by A <
A2 < As... the eigenvalues of —A with zero Dirichlet boundary condition;
then general bifurcation results (see [4], [18], [37]) guarantee that P,(€2,2%)
has solution if a(x) = —A, where A is a constant sufficiently close to the
cigenvalues \; of —A in H*(€2). In particular, if A < A; and [\ — Ay is
small enough, then there exists a positive solution.

On the other hand this equation is related to the solution of Yamabe’s
problem (see [1], [41] [44], [45]), where the coefficient a(x) represent a scalar
curvature.
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The first results in this direction have been stated by Brezis and Nirenberg
(see [5], [7])-
The energy functional related to problem P, (,2*) is

falu) = /Q[|Du|2 + a(x)u®)da; (6.5)

the Pohozaev’s identity, satisfied by the solutions of P, (£, 2*), becomes

/Q[a + %(:v - Da)|u’dx + % /Q(:E : V)(%)Qdo =0. (6.6)

If a(x) < O somewhere in 2 and n > 4, then the infimum Minéfm fa is
.

achieved (the situation is more complicated in the case n = 3).

On the contrary, if a(x) > 0 everywhere in , then the infimum is not
achieved, but problem P,(£2,2*) may still have positive solutions. In fact,
as showed in [5], it is easy to construct such an example, where a(z) > 0 in
Q2 and P,(2,2*) has a positive solution (see section 6.3). This leads to the
following natural question:

Question 6.3 (Brezis [5]). Find general conditions on the nonnegative
function a(x) which guarantee the existence of solutions for Pa(§2,2*), in-
dependently of the domain’s shape (even in star—shaped domains).

Note that, if 2 is star—shaped and P, (€2, 2*) has solution, then a(z) cannot
be a positive constant, because of Pohozaev’s identity (6.6).

6.2. Effect of the domain’s shape

In this section we are concerned with the case a(xz) = 0 and p > 2*; Ques-
tions 6.1 and 6.2 are answered.
Notice that n(ié))f = 0 for all p > 2* (so this infimum cannot be
M,

achieved).
For p = 2* we have
inf f=S5 6.7
Mg}(sz) / ’ (6.7)
where ' is the best constant for the Sobolev embedding Hy*(Q) < L2 (Q).
It is well known that S is independent of (2 and depends only on the

dimension n: this property is an easy consequence of the fact that the ra-
tio || Dul|2/|u

o« 18 invariant under dilations and translations. Moreover
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S cannot be achieved in any bounded domain €2, otherwise (extending a
minimizing function by zero outside ) it should be achieved even in any
star—shaped domain containing €2, in contradiction with Pohozaev’s nonex-
istence result.

S is attained only when Q@ = IR™ and the minimizing function is unique,
modulo translations and dilations (see [6], [17], [43]).

Answer to Question 6.1

The first attempts to answer Question 6.1 are some results (by Carpio Ro-
driguez, Comte, Lewandowski, Schaaf) extending Pohozaev’s nonexistence
theorem to some contractible but non star—shaped domains: in [8], for ex-
ample, it is proved that P(£2, 2*) has no solution if the domain € is obtained
removing from a sphere a frustum of cone having vertex outside the sphere
(in such a way that the obtained domain is not star—shaped); also, in the
case p > 2%, nonexistence results hold in some dumb-bell shaped domains.

However the answer to Question 6.1 is negative since it is possible to prove
existence results in some bounded contractible domains Q: for example, if
) is an annulus pierced by removing a cylinder thin enough, then P(,2*)
has positive solutions (see [12], [13], [23]).

Indeed it is possible to find bounded contractible domains  where the
number of positive solutions of P(€2,2*) is arbitrarily large:

Theorem 6.3 (see [23]). For every positive integer h, there exists a
bounded contractible domain Qy,, such that P(Qp,2*) has at least h dis-
tinct positive solutions.

Sketch of the proof. In order to obtain such a domain €2, it suffices to
argue as follows. For every positive integer h, let us consider the domain
n—1
Th={z=(21,...,20) ER": D a7 <1, 0<m, <h+1}.  (6.8)
i=1
For all j € {1,...,h}, put ¢; = (0,...,0,7) € R"; fixed o1,..., 0 such that
0<o; < % for all j € {1,...,h}, set

h
DM =1\ | J B(cj, 05) (6.9)

j=1
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and, for all €1,...,€, in |0, 1], define

n—1
XL ={zeR": Y af<e, j<a, <j+1} (6.10)

i=1

h .
ey, = D"\ XL (6.11)
j=1

The assertion of Theorem 6.3 holds with ©Q = €, ., when €,... ¢,
are small enough. In fact Q., . ., is a bounded contractible domain and
P(Q, ..., »2%) has at least h solutions uc,,...,u,. These solutions are

obtained as local minimum points of the energy functional f on My« (),
constrained on the subspace of the functions having radial symmetry with

respect to the x,—axis (notice that the infimum inf f is not achieved,
Mo
not even in the subspace of the radial functions).

Moreover, for all j = 1,...,h, the method used in the proof shows that,
as ¢ — 0, u,; — 0 weakly in Hy?(Q), f (Huuﬁ

|Du,|? concentrates like a Dirac mass near a point of the z,—axis. O

) — S and the energy

Remark 6.2. In [12] and [13] Dancer and Ding prove that the positive
solution one can find in an annulus, persists if the annulus is perturbed
removing a subset of small capacity; moreover the solution in the perturbed
domain converges to the solution in the annulus, as the capacity of the
perturbation tends to zero. Therefore in a pierced annulus, or equivalently
in a domain €, like in the proof of Theorem 6.3, Dancer and Ding prove
the existence of a solution ., (see [12], [13]). However, let us point out that
the solution u,, obtained by Dancer and Ding is distinct from the solution
u., given by Theorem 6.3, because u., — 0 weakly in H,*(€), while .,
converges strongly to a solution in the limit domain (which is nontrivial in
the sense of Bahri-Coron).

Thus the existence of the solutions tue, , ..., U, 0of P(Qe,... ¢,,2"), which
does not depend on the solvability of the limit problem, seems to be related
to other new phenomena and suggests that every perturbation of a given
domain, which modifies its topological properties and is obtained remov-
ing a subset having small capacity, gives rise to solutions vanishing as the
capacity of the perturbation tends to zero. Indeed it is also possible to eval-
uate the number of positive solutions by the topological properties of the
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perturbation. These results can be summarized as follows (see [26], [34], [35]
for more details).

Definition 6.1 (see [14], [34]). Let X be a topological space and X1, X
two closed subset of X, such that Xo C X;.

We say that the relative category in X of X1 with respect to Xo is m (and
write catx[X1, Xa] = m) if m is the smallest positive integer such that

X1=UF5= X2 C Fy,
s=0
where, for all s = 0,1,...,m, Fs is a closed subset and there exists hs €

C°([0,1] x Fy, X) such that

I) hs(0,2) =2 VreFs, Vs=0,1,2,...,m
II) Vs > 1 3ps € X : hy(l,2) = ps Va € F
]]]) ho(l,l‘) € Xy Vx € Fy; ho(f,,T) eXy Ve FynNX,, Vte [O, 1]

Note that catx[X1, 0] is the well known Ljusternik—Schnirelman category.

Proposition 6.1 (see [34]). Let Q be a given bounded domain in R",
n >3, and K be a closed subset of §2.

Then, if the capacity of K is small enough, problem P(Q\K,2*) has at
least catg (Q, Q\K) positive solutions, which converge weakly to zero as the
capacity of K tends to zero, and concentrate like a Dirac mass.

In the previous proposition, as well as in Theorem 6.3, a basic tool is
given by the concentration—compactness principle of Lions (see [17]) or by
a global compactness result of Struwe (see [42]), which allow us to overcome
the difficulties given by the lack of compactness and, in particular, to show
that the Palais-Smale condition is satisfied in the energy range ]S, 2%/ S|
(i.e. every sequence (u;); in M- (Q), such that f(u;) — ¢ €]8,2%/"S[ and
gradyy,. ().f(ui) — 0 in Hy?(9), is relatively compact).

Notice that the method of the proof can be iterated in order to show that
several independent perturbations produce several distinct positive solu-
tions.

It is clear that this result can be applied in a large variety of geometric
situations and allows to obtain an arbitrarily large number of positive so-
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lutions. In particular one can obtain multiple positive solutions in domains
with several small holes like in [38] (without requiring, unlike [38], that the
holes are spherical).

On the other hand one can obtain more than one solution even by a unique
but topologically complex perturbation:

Example: Let n = 3 and set
C ={(21,22,23) €ER® : 23 =0, 27 + 23 =1}
Q={zeR’:dist(z,C) < 3}

and, for € €]0, %[,
1
Qe ={reR?: e < dist(z,0) < 5}

Then catg (€2, Q) = 2 and so, for € > 0 small enough, P(£2,2*) has at least
two solutions whose energy concentrates like Dirac mass as € — 0.

Notice that ). has radial symmetry with respect to z3—axis and so it is easy
to find radial solutions; however, let us point out that the solutions given by
Proposition 6.1 cannot have radial symmetry because of their asymptotic
behaviour as € — 0. On the other hand no symmetry assumption is required
in Proposition 6.1, which, for example, can guarantee the existence of two
positive solutions, for € > 0 small enough, in a domain of the form

~ 1 -
Q. = {z e R® : dist (z,C) < 3 dist(z, C) > €},
where
C = {,T = (1'171'271'3) eR?: x3 =0, (xl — _)2 +£L'§ — 1}7

which does not have any symmetry property.

The supercritical case: answer to Question 6.2

The answer to Question 6.2 is negative since, as we shall see below, it is
possible to find pairs (€2, p), where € is a smooth bounded domain of R",
nontrivial in the sense of Bahri—-Coron, p > % and problem P(£2,p) has
no solution.

In the supercritical case a crucial role seems to be played by the critical

exponents

k=1,...,(n—3), (6.12)
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corresponding to lower dimensions. In fact, the possibility of finding a
nontrivial domain 2, such that P(£2,p) has no solution, is strictly related
to the position of p with respect to the critical exponents (6.12), as showed
by the following result:

Theorem 6.4 (see [27], [28]). For every positive integer k there exists a
smooth bounded domain Q in R"™, with n > k + 3, homotopically equivalent
to the k—dimensional sphere Sy, (hence nontrivial if k > 1), such that prob-
lem P(Q,p) has no solution for p > (i(jk_)k—)w while, for 2 < p < (i(fk_)k_)2,
it has infinitely many solutions and at least one of them is positive

(see [27] and [28] for detailed statements concerning more general nonlinear
terms).

Sketch of the proof. For all x = (z1,...,2,) € R", let us set
Pf(x) = (z1,.. 2k, Tre1, 0,...,0) € R™, Py(z) = 2 — PF(2)
and define
Sp={reR":|z| =1, P¥(z)=0}
Ti(p) = {x € R" : dist(x, Sk) < p}.

If 0 < p < 1, then the domain Tj(p) is homotopically equivalent to S and
the conclusion of the theorem holds for Q@ = Ty (p).

The proof is based on the following generalized Pohozaev’s identity: for all
v € CHQ,R"), the solutions of problem P(£2,p) must satisfy

1 ou\?
) (5) -
|ul?

1
/(dv[Du] -Du)dm—i—/ —divvdm——/ | Du|? div vdz.
Q Q P 2 Ja

A suitable choice of the function v when Q = Ty (p) implies that u = 0 if
2(n—k)

p> k=3 which is a contradiction.
On the contrary, if 2 < p < %, then one can exploit the radial
symmetry of the domain T (p) with respect to the co—ordinates x1, . . ., Tx1+1

in order to find nontrivial solutions in the subspace of the radial symmetric

functions (which is compactly embedded in LP(Ty(p)) if 0 < p < 1 and

2(n—k)
P< Ga-p-z)-
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Note that no symmetry assumption is required for the nonexistence result
in the case p > 0 (fk)k)2 O

Remark 6.3. The previous proposition allows us to find a nontrivial do-
main only when k£ > 1 (in fact only in this case Tj(p) has nontrivial
topology in the sense of Bahri—Coron). Therefore, in the case n > 4 and
= <p<2f(n-1)= 0 ("1)1)2, or also in the case n = 3 and p > 2*(3) =6,
Theorem 6.4 does not gives counterexamples and Question 6.2 could have

a positive answer: it is still an open problem.

Moreover, let us mention the following question, which seems suggested
by the proof of Theorem 6.4: assume ) has the k—dimensional homology
group Hy(Q,Z /2 7Z) # 0; does this assumption guarantee that P(Q, p) has
(positive) solutions for 2 < p < T (nk)k)2, if n > k4 3, and for all p > 2 if
n<k+37?

On the other hand there exist examples of bounded contractible domains 2
(the same ones introduced above), such that P(, p) has positive or nodal
solutions for all p > 2:

Theorem 6.5 (see [29], [30], [31]). Let p > 2% and Q,,..., be the
bounded contractible domains above defined (see (6.11)). Then there ex-
ists € > 0 such that, for all eq,...,ep in]0,€[, problem P(Q, ..., p) has at
least h distinct positive solutions u.,,...,u., and at least h? nodal solutions
Ueie; (1, = 1,..., h), having evactly two nodal regions (i.e. both uf, . and

u_ .. have connected support).

€4,€5

Moreover, for alli =1,...,h, ue, — 0 strongly in Hé’ as €, — 0 and W
i T

concentrates like a Dirac mass; for all i,j =1,..., h, ul — 0 in Ho
+

_ . 1.2 u_ y .
€& — 0, u;, — 0w Hy” as ¢; — 0, and A ” , W concentrate like
P Ue p

Dirac mass.

Sketch of the proof. Let us point out that, even if the solutions we find
in the supercritical case present qualitative properties and asymptotic be-
haviour, as ¢; — 0, analogous to the ones obtained in the critical case (see
Theorem 6.3), there is a deep difference from the point of view of the vari-
ational framework. In fact in the critical case the solutions in Theorem 6.3
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correspond to local minimum points, in the subspace of the radial functions,
for the energy functional constrained on M« (2). On the contrary, when
p > -2 the functional f constrained on M,(2) has no local minimum
point, not even in the subspace of the functions having radial symmetry
with respect to the x,—axis.

The solutions in Theorem 6.5 are obtained using a special device: we modify
the functional introducing some obstacle in order to avoid some concentra-
tion phenomena, related to the lack of compactness, then we obtain the
solutions as local minimum points for the modified functional and, finally,
we prove that these modifications do not change the Euler-Lagrange equa-
tion, when €1, ..., €, are sufficiently small.

Moreover, the method used in the proof shows that, for all : = 1,... A,

m concentrates near the cylinder x. (see (6.10)) as ¢; — 0, while
ul . . .
- and —~“— concentrate near x’ and x’ respectively, as the size
H'U‘ei,ej I ”uei,ejH:D € €
of these cylinders tends to zero. O

Theorem 6.5 shows that it is possible to find an arbitrarily large number of
nontrivial solutions of P(£, p) in correspondence to several perturbations of
a given domain. On the other hand, it is possible to obtain many nontrivial
solutions even in correspondence to a unique perturbation, as shown by the
following theorem (but these solutions may have, conceivably, more than
two nodal regions).

Theorem 6.6 (see [32]). Let p > -2 and, for all € > 0, set

A={zeR": 1< |z| <2}
Co={x=(21,..,m,) e R": " a2 < €2, 2, >0}
Q. = A\C..

Then, for all positive integer k there exists €, > 0 such that problem
P(Qe,p) has at least 2k distinct solutions for all € €10, €| .

Moreover all the solutions tend strongly to zero in Hé’Q as € — 0 and their
energy concentrates like a Dirac mass near a point of the x,—axis.

Sketch of the proof. The main tool is a truncation method: we modify
the nonlinear term near the region where concentration phenomena (and
lack of compactness) could occur; then we find infinitely many solutions of
the modified problem; finally we analyse the behaviour of these solutions
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as € — 0 and show that many solutions of the modified problem (indeed
a number which goes to infinity as e — 0) are solutions of P({2,p) for e
sufficiently close to zero, since they tend to concentrate outside the region
where the nonlinear term has been modified. o

In conclusion, we have that in the critical case the nontriviality of the do-
main {2 is only a sufficient but not necessary condition in order to guarentee

the existence of nontrivial solutions for P (Q 2 ) (because of the results

of [2], [12], [13], [23], etc...). On the contrary, when p > -2 this condition
is neither sufficient, nor necessary (as shown in [27], [28], [29], [30], [31],
[32]).

It is a widely open problem to find what kinds of geometrical properties of
the domain € are related to the solvability of P(£2,p) for p > -2 (for more
recent results on this subject, see also [19], [20], [21], [22] and references
therein).

6.3. Effect of lower—order terms

The first results in this direction have been stated by Brezis and Nirenberg
(see [5], [7]). First, let us observe that, in order to have positive solutions of
problem P, (€2, 2*), it is essential that the linear operator —A+a is positive,
i.e. the first eigenvalue

p1 = min{ fo(u) : u € Hy?(), / ude = 1}
Q

is positive.
In fact, denoted by @1 > 0 the corresponding eigenfunction, if u is a posi-
tive solution of P,(2,2*), we obtain (multiplying by ¢1 and integrating by

parts)
Ml/usﬁldu’C:/UT_l%d%
Q Q

which implies p; > 0.
It follows that
def

I, = f o > 0. 6.13
2o, (6.13)

When this infimum I, is achieved, a minimizing function gives rise to a
positive solution of P,(,2*). Notice that we have always

I, <5,
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as one can easily verify testing the functional f, on a suitable sequence of
functions (see [5], [7]).

A useful tool, in order to prove that I, is achieved, is given by the following
lemma.

Lemma 6.1 (see [5], [7]). Let a € L™/?(Q) and assume that (see (6.13))
I, < S. (6.14)

Then the infimum I, is achieved.

The proof is based on the fact that every minimizing function is relatively
compact if I, < S (indeed Palais—Smale condition holds in the energy range
] — o0, S[: see [5], [6], [7], [17], [42]).

Thus the problem is to find concrete assumptions which guarantee that
(6.14) holds. The cases n = 3 and n > 4 are quite different.

In the case n > 4, the main result is the following

Theorem 6.7 (see [5], [7]). Assume Q is any bounded domain in R",
with n > 4. Then, the following properties are equivalent:

1) a(xz) < 0 somewhere on 2 (it suffices in a neighbourhood of a point)
2) I, < S (and so 1, is achieved).

In the special case where a(z) is a constant function, we obtain the follow-
ing corollary (other existence and multiplicity results, concerning the case
where a(z) is a negative constant, can be found for example in [9] and [10])

Corollary 6.1 (see [5], [7]). Let 2 be a bounded domain in R", with n >
4, and assume a(x) = —\ (constant).

Then problem P_x)(Q2,2%) has at least one positive solution for 0 < A < Ay
(A1 denotes the first eigenvalue of —A in Hy™(Q)); P»)(2,2%) has no
positive solution for X > \; for X <0 P_x)(2,2*) has no solution if Q is
a star—shaped domain.

Moreover the solution uy, for 0 < A < A1, converges to zero in Hé’z(Q) as
A — A1, while concentrates like a Dirac mass as A — 0.
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The situation is more complicated in the case n = 3.

Theorem 6.8 (see [5], [7]). Assume Q is any bounded domain in R® and
a(x) = =X (constant) in Q.
Then there exists a constant A\*(Q) €10, A1[, such that

a) I—xy =S for X < X*(Q) and I(_) is not achieved for A < \*(£2)
b) Iy < S for A > X*(Q) and so there exists a positive solution for
A*(2) < X < A1 (no positive solution can exzist for X > A1).

It is not clear what happens for A < A*(Q2); a complete solution is given
only in the case where (2 is a ball.

Theorem 6.9 (see [5], [7]). Assume Q is a ball in R>. Then \*(Q) =
i/\l (see Theorem 6.8) and there exists no positive solution of problem

P(_k)(Q,Z*) fOT A < %)\1

When a(z) > 0 everywhere on 2, then I, = S and so I, cannot be achieved
in any bounded domain 2 (otherwise S should be achieved too). Moreover
P,(£2,2*) cannot have solution in star—shaped domains, if a(x) is a nonneg-
ative constant (because of Pohozaev’s identity (6.6)).

However, let us emphasize that, even in the case a(z) > 0 on 2, problem
P,(£2,2*) may still have solutions; but these solutions cannot be obtained by
minimization arguments and correspond to higher critical values (obtained
by topological methods of Calculus of Variations). In fact, as shown by
Brezis in [5], in any bounded domain €2 it is easy to construct an example of
a nonnegative (noncostant) function a(z) such that P,(£2,2*) has solution:
fix ¥ € C§°(N) such that ¢» > 0, ¢ # 0, and let v be the solution of the
problem

Av+9Y =0 in
v=0 on 0f)

so that v > 0 on Q. If we set

w1 ox_ i
0= 21 _ Y
v

)
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then a(x) is a smooth function. Moreover it is easy to verify that a(z) > 0
everywhere on €, if ¢ is a sufficiently large positive constant, and that u = tv
solves problem P,(€,2*). This example motivates Question 6.3.

Note that Pohozaev’s identity (6.6) shows that an obvious necessary condi-
tion for the existence of a solution for P, (€2, 2*) is that [a(z)+ 3 (z- Da(x))]
should be negative somewhere on 2.

An answer to Question 6.3 is given in [24].

Theorem 6.10 (see [24]). Let Q be a smooth bounded domain in R",
withn >3, and xo be a fized point in Q. Leta € L™?(Q) and o € L™/?(R™)
be two nonnegative functions and assume that ||a| n/2gny # 0.
Then there exists i > 0 such that, for all u > [, problem P,(€,2*),
with
a(z) = a(x) + p*olu(r — xo)),
has at least one solution u,. Moreover

S < fa (“—“) < 22/ng

[epll2-

and

u
lim f, <—“ ) =65.
p—too T\ a2
If we assume in addition that
t]| przmny < S(22™ = 1), (6.15)

then Py (2,2*) has at least another solution u,. Moreover
fa< e )<fa( a1 ><22/”5
l[wplo- 1|2+

lim inf f, (L> > 8.
2*

ptoo 0\ iy

and

The proof is obtained using topological methods of Calculus of Variations.

An important tool is given by the results stated in [17] and [42], which
give a description of the behaviour of the Palais—Smale sequences and allow
us to prove that Palais—Smale condition is satisfied in the energy range
]S, 22/n8].



Nonlinear elliptic equations with critical and supercritical Sobolev exponents 221

Remark 6.4. Note that the assumption on the nonnegative function a(x)
in Theorem 6.10 seems to be fairly general. In fact, if we assume for example
that o =0, @ =0 and

a($)2{1 if 2| < 1

lz| =7 if o] > 1,

then, if § < 2 (ie. o ¢ L™?(R"™)) and Q is a bounded domain star—
shaped with respect to zero, problem P,(,2*), with a(x) = p?a(ux), has
no solution for any p > 0, because of Pohozaev’s identity (6.6); on the
contrary, if 3 > 2 (ie. a € L™?(IR")), Theorem 6.10 guarantees the
existence of solutions for u large enough, without any assumption on the
shape of © (if p is small enough and €2 is star—shaped, no solution can exist
because a(x) is constant in ).

Remark 6.5. The method used in the proof of Theorem 6.10 can be iter-
ated in order to obtain more general multiplicity results concerning func-
tions a(z) of the form

a(z) = a(z) + ZM?%‘[M@ — ;)]

where x1, ..., x, are points in Q, @ in L™/?(Q) and ay, ..., a, in L"/?(R")
are nonnegative functions and A1, ..., \y are positive parameters. Indeed,
there exist at least h distinct positive solutions when the concentration
parameters p1, ..., up are large enough, and at least 2h positive solutions
when, in addition, the functions a1, ..., ) satisfy condition (6.15).

Note that it is not necessary to choose distinct concentration points in
order to obtain h or 2h distinct positive solutions: it suffices to choose only
the concentration parameters p, ...,y in a suitable way (some possible
choices of these parameters are described in [24]).

Remark 6.6. In [3] and [25] one can find some results concerning the case
where Q = R".
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Consider the problem

Au—[e+a(@)|u+u*"'=0 in R"
u>0 in R"
Jgn [1DulPda < oo,

where a in L™?(R™), with a # 0, is a given nonnegative function and
e > 0.

In [3] it is proved that there exists at least one solution, under the assump-
tion that e = 0 and « satisfies condition (6.15).

In [21] we show that there exist, for ¢ > 0 small enough, at least two
solutions, u, and ., such that

S < fa. (u—) < fa, <u—) < 2%/ng,
[|ue |2- [|tie]|2+

where a.(z) = [e + a(x)].
Moreover u, vanishes as € — 0, while 4, converges to a solution of the limit

problem.

Finally, let us mention a result (stated in [33]), where we exploit the

combined effect of both the lower—order terms and the domain shape.
Notice that the positive solutions uy given by Corollary 6.1 concentrate as
A — 0 like Dirac mass near points of 2. Indeed, for every family (@))aso of
functions in Ma-(€2), such that f(_y)(@x) < S VA > 0, there exists a family
of points (zx)x>o in 2 such that the functions @y (z — ) tend, as A — 0,
to &g, the Dirac mass in zero.
This fact enable us to relate the topological properties of the sublevels of
the energy functional f(_,) to the shape of the domain (2. Thus, taking
also into account the behaviour of the Palais—Smale sequences described
in [5], [17], [42], it is possible to evaluate the number of positive solutions of
P~»)(£2,2%), when X is a positive constant sufficiently close to zero, by the
Ljusternik—Schnirelman category of €2, or by other topological invariants
(see [16], [33], [39]).

Theorem 6.11 (see [33]). Let ) be a bounded domain in R™, withn > 4,
and denote by m its Ljusternik—Schnirelman category.

Then there exists X €]0, \1[ such that, for all X €]0,\[, problem P (9,
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2*) has at least m distinct positive solutions, Ui x, ..., Um,x, such that

T <UZ77)\) <SS Vi=1,...m.
(i, |2

If we assume in addition that Q0 is not contractible in itself (i.e. m > 1),
then there exists another solution wm1,n such that

S < fio <M) < 92/ng.
Hum+1,>\H2*

Remark 6.7. The lower energy solutions u; y, . .., Um,» converge weakly to
zero in Hy?(Q) as A — 0 and concentrate like Dirac mass near some points
of Q. Moreover (see [40]) the concentration points are the critical points
of the regular part of the Green’s function for Laplace operator with zero
Dirichlet boundary condition.

The higher energy solution 41,5 either converges as A — 0 to a solution
of the limit problem, or converges weakly to zero and can be decomposed
as sum of at most two functions whose energy concentrates like Dirac mass
near two points of (2.

Finally, let us point out that, if 2 has some symmetry properties, then
the number of solutions may increase considerably: for example, if 2 is a
domain homotopically equivalent to the (k — 1)—dimensional sphere Sk_1
and is symmetric with respect to a point ¢ ¢ €2, then problem P_(€2,2*)
has, for A > 0 small enough, at least 2k+1 solutions, even if the Ljusternik—
Schnirelman category of €2 in itself is only 2.
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7.1. Lecture 1. Introduction. Basics in Operator Theory

In 1910 in his lecture on Wolfskehl Congress on pressing problems in
Physics, Hendrik Anton Lorentz stated a mathematical problem inspired
by the radiation theory created just a few years earlier by James Jeans: to
prove that the asymptotic behavior of eigenvalues of the Dirichlet Lapla-
cian in a three-dimensional body depends only on the volume of the body,
and not on its form. This, considered as hopeless, problem was almost
immediately solved by Herman Weyl [28], who not only proved the above
conjecture but also created a number of mathematical tools which turned
out to be extremely useful for other problems as well. After Weyl, up to
now, the study of asymptotic behavior of eigenvalues of elliptic operators
has been one of the most actively developing fields of analysis, having deep
relations also with physics, geometry, topology, algebra and number theory.

In these lectures we give an introduction just to one direction in this big
field, the asymptotic properties of eigenvalues of operators where singular-
ities of various kind are present, such as unbounded domains, non-smooth
boundaries and coefficients, singular weight functions. It is for this kind
of problems, the original approach of Weyl proves to be most efficient.
The main ingredients in this approach are the variational setting of the
eigenvalue problem, a perturbational reasoning, and general eigenvalue es-
timates.

We are going to present some, now classical, as well and some recent
results in this direction. We address the interested reader to the book [23],
where other sides of the problem are discussed, as well as to more recent
publications [13].

The author wishes to express his gratitude to Prof. Massimo Lanza de
Cristoforis for creating the possibility to give these lectures at Minicorsi in
Padova, June 2003.

7.1.1. Variational principle

We consider a complex Hilbert space H (look [27], [8], [20] for details). Let
A be a self-adjoint operator in H, with domain D(A). To the operator A
we associated its quadratic form A[u] = (Au,w). If the operator is lower
semi-bounded, i.e.,

Alu] > cl[ull*,u € D(A),
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the domain of the quadratic form, d[A], is the closure of D(A) with respect
to the norm |u|} = Afu] — (¢ — 1)||u||?, which is called A-norm. Obvious
changes apply to upper semi-bounded operators.

As it is explained, e.g., in [20], [8], the operator itself can be recon-
structed once the quadratic form, together with d[A], is given. In singular
situations it is usually convenient to define operators by means of their
quadratic forms: the description of the domain of a singular operator is of-
ten very implicit, while the domain of the quadratic form can be described
explicitly.

It is known from linear algebra that a Hermitian matrix has an orthog-
onal eigenvector basis. A nontrivial analogy of this fact for operators in a
Hilbert space is given by the Spectral Theorem.

Theorem 7.1. Let A be a self-adjoint operator. Then there exists an
operator-valued function Ey = Ei(A),t € (—oo,00) commuting with
A, such that Ef = E; = E?, ie. FE; are orthogonal projections;
EiEs = Enin(s ), B(—00) =0, E(c0) = I, s—lim; ;o B = Ey, (Au,u) =
75 td(Eyu, u),u € D(A) and if A is semi-bounded, Alu] = [*_td(Fyu,u),
u € d[A]. E; is called the spectral function of A.

The Spectral Theorem leads to the variational principle for the eigen-
value counting function. There are many different formulations of this prin-
ciple, the one most convenient for our purposes is called Glazman Lemma.

In order to count eigenvalues, we denote by N(\) = N_(\) = N_(\, A)
the total multiplicity of the spectrum of A in the interval (—oo, A), in other
words, N(\) = dim E\(A)H. Thus, N()A) equals the number of eigenvalues
below A, counting with multiplicities, provided the spectrum below A is
discrete, and infinity otherwise. For upper semi-bounded operators set
Ni(\ A) = N_(—X\, —A); this function counts eigenvalues above .

Lemma 7.1 (Glazman Lemma). Let A be a lower (upper) semi-
bounded self-adjoint operator and M C d[A] be a linear subset, dense in
A-metric. Then

Ni(\ A) = maxdim{£ € M, +(A[u] — M|ul|*) < 0,u € £\ {0}}. (7.1)

Ni(\, A) = mincodim {£ C d[A], £(A[u] — M|u||*) > 0,u € L}. (7.2)

Here codim L for a subspace L C d[A] denotes the minimal number of
orthogonality conditions which determine £ *. Minus and plus signs corre-
spond to upper resp. lower semi-bounded operators.

aTo save space we will omit u € £ in expressions like (7.1), (7.2) in the future.
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We explain the proof of (7.1), with 'minus’ sign; (7.2) is proved in a
similar way. Denote by K the subspace E)(A)H so N(A\) = dim K. Denote
by N()\) the quantity in (7.1). Assume that N(\) > N()). This means
that there exist some £, dim £ > dim K, for which the inequality in (7.1)
holds. Then there must exist an ug € £, which is orthogonal to I, and
therefore, E;ug = 0,t < 0. Thus

A[UO] = / td(Etuo,uo) = /td(EtUQ,UQ) 2 /\||UQ||2,
—o00 A

and this contradicts (7.1).

On the other hand, take some finite integer N < dim K and an N-
dimensional subspace Ky C K. On Ky \ {0}, we have A[u] < Al|u||. Using
compactness reasoning and density of M, we can approximate Ky by a
subspace Ly of the same dimension N so that the above inequality still
holds. This gives N, (\) > N, and therefore N(\) > N(\).O

An important consequence of Glazman Lemma, which we will use
systematically, is that the counting function depends on the quadratic
form in a monotone way. Let, for example, two operators A; and Ao
correspond to quadratic forms Aj[u], A2[u], so that d[4;] C d[A2] and
Aqfu] > Asfu],u € d[A1]. Then in (7.1), the set of subspaces over which we
maximize, is larger for Az than for Ay, and therefore, N(A, As) > N (X, A;)
for any A.

7.1.2. Compact operators

For a compact operator K, Glazman Lemma can be used with both signs,
and one can take the whole Hilbert space H as M. It is also useful to
consider compact operators which are not necessarily self-adjoint. Singular
numbers (or s-numbers) of K are defined as square roots of eigenvalues of
the compact non-negative operator K*K. By n(t, K) we denote the dis-
tribution function of these s-numbers, n(t, K) = Ny (t*, K*K), t > 0, i..,
the quantity of s-numbers above t. For t > 0, set ny (¢, K) = Ni(+t, K),
the number of eigenvalues of proper sign, with absolute value larger than ¢.
If a self-adjoint operator A has discrete spectrum (and is invertible), then
eigenvalues of A are inverse quantities to eigenvalues of the compact opera-
tor A~1. Thus the study of eigenvalues of elliptic differential operators can
be reduced to the study of eigenvalues of their resolvents, which turns out
to be much more convenient. In particular, if the operator A is positive,
then N(\, A) = Ny (A7, A71). For a non-semi-bounded A, if we denote by
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NE) (X, A), X > 0, the number of eigenvalues of A between 0 and +\, one
has NE) (A A) = np (A1, A7),

The spectral analysis of singular operators is based on perturbation
ideas. First one obtains the required formulas for a certain regular case,
and then studies what happens under a singular perturbation. The two
crucial inequalities here are the one by Herman Weyl,

n(ty + te, K1 + Ka) < n(t1, K1) + n(te, K3)
having the form
ng (t1 + to, K1 + Ko) < ny(t, K1) + ny(te, Ka) (7.3)
for self-adjoint compact operators K7, Ko, and the one by Ky Fan,
n(tite, K1 K2) < n(ty, K1) + n(te, Ka),t1,t2 > 0.

Complete proofs and generalizations can be found in [11], [25]; here we just
explain how (7.3) follows from Glazman Lemma. According to (7.2), we
can find subspaces L1, Lo such that

codim Lj =n; = NJr(tj,Kj); (Kju,u) < tj||u||2,u S Lj.

If we set £L = L1 N Lo, codim £ < codim £y + codim Lo = ni + no, then
on £ we have (K1 + Ko)u,u) < (t; + t2)||ul|>. Again, applying (7.2), we

obtain N4 (t1 + ta, K1 + K2) < codim £ < nq +ng. O

7.1.3. Asymptotic perturbation lemma

Generally, one should expect that if one perturbs an operator with a weaker
one, the main properties must not change. The lemma we give here (estab-
lished first in [5]) assigns concrete meaning to this vague statement, as it
concerns asymptotics of the spectrum.

Lemma 7.2. Let K be a compact self-adjoint operator, and for some q > 0
and any € > 0, K may be represented a sum, K = K. + K., where

lim ng (¢, Ko)t? = cx(e), limsupna (¢, KL)t? <e.
t—+0 t—+40
Then there exist limits lime_g cx(e) = cx and limy—, 1o ns (¢, K)t? = c4.

Proof. Fix some § > 0. The Weyl inequality gives ny (¢, K) < ny(t(1 —
8), K¢) + ny(td, K.). Passing to limsup, we obtain

cf) = limfu]gmr(t, K)t? < cq(e)(1—06)T4 0 %.
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On the other hand, applying Weyl inequality to K. = K +(—K_), we obtain
ny(t, K) > ny(t(1 +9), K.) — n_(td, K.). Passing here to liminf, we get
for 05:) = liminf, o Ny (¢, K)t9:

cg__) > limy o ng (81 4 6), K. )t? — limsup,_,o n—(td, K.)t?
>cp(e)(1+6)"7 -6 .

Thus

cr(e)(146)"9 -6 < CS:) < cf) <ecp(e)(1=6)T+ 6 %. (7.4)

We set here § = £/(a+1) 50 that §~% — 0. Then (7.4) gives ci_) = cgr_) =
lim ¢4 (¢). O

The original Weyl result dealt with the case when K = Ky + K’, for
K the spectral asymptotics holds, and for K’ the eigenvalues decay faster,
Ni(t,K') = o(t™ 7). This fact will be also used here.

7.2. Lecture 2. Dirichlet Problem for the Weighted Lapla-
cian in Arbitrary Domains

7.2.1. The asymptotic formula

We present in this lecture the proof of the asymptotic formula for eigenval-
ues for the Dirichlet Laplacian in an arbitrary domain. As it often happens
in Mathematics, it turns out to be easier to prove a more general fact,
concerning the weighted Laplace operator.

Theorem 7.2. Let Q € R, d > 3, be an arbitrary open set and p(x) be
a real function in L%. Denote by —Ap the (minus) Laplace operator in §2
with Dirichlet boundary conditions. By NF) (X, —=Ap,p), A > 0, we denote
the number of eigenvalues of the spectral problem

—Apu(z) = pp(@)u() (7.5)
between 0 and £\. Then
Jim (NS0, =8 3 ) = s [ pala) (7.6)
Q

where p4 s the positive resp. negative part of p and the constant cq depends

only on the dimension, cq = (271')’dwd, and wq is the volume of the unit
ball in R?.
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Remark 7.1. Note here that the only condition for the asymptotic formu-
las to hold is finiteness of the integral in the asymptotic coefficient. In low
dimensions, d < 3, a similar result does not hold, and the proof of a weaker
fact requires somewhat different technics.

7.2.2. Variational statement of spectral problems

Before explaining the proof of the theorem, we have to assign an exact
meaning to the spectral problem (7.5) since in a domain with "bad’ bound-
ary the direct definition of the Dirichlet boundary conditions is impossible.
So, we start with a ’'nice’, bounded domain, and let the function p be
smooth and bounded. Then the operator —Ap is well defined, and the
domain of its quadratic form, coinciding with the domain of its square root
L = (—Ap)'/?, is the Sobolev space H3(£2). The spectral problem (7.5) by
setting Lu = v is transformed to

Syv = sv,v € La(Q),8, =L 'pL~ s =p~ L.

To the eigenvalue distribution of the operator S, in the Hilbert space
H = Ly(Q) with norm |[v]|7, = [|Lull7, = [, |Vul[*dz, we apply Glaz-
man Lemma, taking as M the subspace C§°(2), which is dense in H, thus
obtaining

n4(s,Sp) = maxdim{L C M, +(S,v,v) > s||v||*)}.
Returning here to w = L™ v, we come to
n+(s,S,) = maxdim{L C M, +(pu,u) > s||Lul|?)}. (7.7)
or, in codimension terms,
n4(s,S,) = mincodim {£ C H}(Q), +(pu,u) < s||Lul|?)}. (7.8)

Thus, we obtain that the distribution of inverse eigenvalues s; = )\j_l
of our problem is the same as distribution of eigenvalues of the operator T},
defined in the Hilbert space H{ () with norm [, |[Vu|?*dz by the quadratic
form (pu,u).

We extend this definition to arbitrary domains and arbitrary weight
functions. Consider the space HE (), the closure of C§°(Q) in the norm of
the Dirichlet integral,

Ju] = Jalu] = Ji qlu] = / |Vul*dz. (7.9)
Q
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By I,[u] we denote the quadratic form [, p(x)|u|*dz. Under the conditions
of our theorem, the form I, is bounded in Hj(€): the Holder inequality

gives I,[u] < ||p||L% ul|2, ¢ = d2—_d2, and the latter norm of u is estimated

by J[u] according to Sobolev inequality, ||u||2 < CJ[u]. Thus the form
I, defines a bounded self-adjoint operator T}, in Hg (), and we say that
eigenvalues of this operator are inverse values to eigenvalues of the problem
(7.5). For eigenvalues of T}, the variational formulas (7.7), (7.8) are valid.

More generally, if we have a linear space M and two quadratic forms
A, B, B >0 on M, we denote by ny(t,2A, B, M) the quantity

nt(t, A, B, M) = maxdim{L C M, £U[u] > tBlu]},t > 0, (7.10)

and, similarly, formulas with codimension.

In particular, for a nice domain, we can handle by means of (7.10) the
Neumann problem, for which the domain of the quadratic form is the space
HY(Q), where C>(€2) is dense. So one has to take A = I,,B = J M =
C>(Q) or M = HY(Q) in (7.10) to get the variational description of the
spectrum of the Neumann Laplacian with weight. Moreover, we can set
Dirichlet conditions only on a part I' of the boundary of {2 and Neumann
conditions on the rest of the boundary, by taking as M in (7.10) the space
Cs°(Q,T) consisting of functions which vanish near T.

The monotonicity of ny (¢,2, B, M), discussed in Sect. 1, holds also in
this general situation: the quantity ny (¢, %, B, M)(N_(t,2, B, M)) grows
when 2 grows (decreases), B decreases, or M extends. Also, if the space
M is the direct sum of, say, two subspaces, M = M7 & My, and the forms
2A, 9B are split into the sum of two forms, A = 2A; + Ao, B = By + By so
that the forms with subscript j vanish on the subspace Ms_j;, then the
decomposition formula for eigenvalues holds,

n (6,4, B, M) = ng (t, 21,81, My) + ni(t, A, By, My).

All this follows directly from (7.10).
One more property will be used to establish stability of asymptotics of
the spectrum under weak perturbations.

Proposition 7.1. Let B[u] = Bo[u] + B1[u] and the form By is weak with
respect to By in the following sense: for any € > 0 there exists a subspace
M. C M with finite codimension n(e) such that |B1[u]] < eBolu],u € M..
Then for any q,

lir% tinyg (t, A, B, M) = }in(l) ting (t,A, By, M),
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provided that the latter limit exists.

To establish the above relation it is sufficient to note that on the subspace
M, we have (1 — £)Bplu] < Blu] < (1 + €)Bo[u], therefore if we have
some subspace £; in M where A[u] < ¢B[u] then on the subspace £; N M.,
one has Afu] < (1 + ¢)tB[u], and the codimension of L£; differs from the
codimension of £; N M, by no more than n(e). This gives the estimate
from below,
limsup t9ny (¢, %, B, M) > (1 + &) limsup t9n (¢, A, Bo, M),
T—0 7—=0

and then we use arbitrariness of €. The inequalities from the other side
follows from the similar reasoning with dimensions. O

7.2.3. Proof of the asymptotic formula

Now we can prove our Theorem on asymptotics. The proof goes in four
steps, where more and more general situations are handled.

Step 1. The domain €2 is a cube, the weight function p is constant.
Formula (7.6) holds both for Dirichlet and Neumann boundary conditions.
This case was considered in many textbooks in PDE (see, e.g., [9], [20]). The
eigenvalue equation admits separation of variables, eigenvalues are found
explicitly and the asymptotic formula is obtained directly.

Step 2. The domain € can be cut into a finite set of (open) cubes Q;,
and p is constant, p = p; on each cube @;. Formula (7.6) again holds both
for Dirichlet and Neumann boundary conditions. This is explained in the
following way. The distribution of Neumann eigenvalues in €2 is described
by Ni(t,1I,,J,C®(Q)). Now extend here C*°(Q) to &(C*(Q;)) and re-
place the forms I,,, J by the sums of the forms I, q,, Jq, corresponding to
integration over );. According to monotonicity property, the number of
eigenvalues increases. The decomposition rule, after this, gives the inequal-
ity

nt (tv I;Dv J,C (ﬁ)) < Z nt (tv Iquj ) JQj , O™ (Q_J))

For each term in the latter sum the asymptotics is found in Step 1; adding
up the asymptotic coefficients, we obtain the required estimate from above
for the eigenvalue asymptotics for the Neumann problem. For Dirichlet
problem we establish the estimate from below, by similar reasoning. Re-
place in n (¢, I, J, C§°(2)) the space C§°(Q2) by a smaller space $C5°(Q;),
and split the forms I,,, J as above. Then, due to the monotonicity property,
and decomposition rule we obtain
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n+t (t7 Ip? J, Cgo (Q)) > Z ni(tv IP;Qj ) JQj ) C((JDO(QJ))
Again, for the terms on the right-hand side, the asymptotics is found in
Step 1. Adding the asymptotic coeflicients, we obtain the estimate from
above for the eigenvalue asymptotics for the Dirichlet problem, by the same
quantity.

Step 3. ) is arbitrary, the weight p has support in a smaller bounded
domain €2y, so that Qg and p satisfy conditions of Step 2. Here the asymp-
totic formula is established in the following way. Consider ; = Q \ Q.
We replace in ny(t, I, J, C5°(2)) the space C5°(2) by a smaller space
C§°(Q0) ® C5°(21), in other words, require that functions vanish not only
near the boundary of €2, but also at the boundary on €. Correspondingly
split the forms I, and J into the terms containing integration over €y and
Q1. Therefore, following monotonicity and decomposition rules, we get the
estimate from below,

nt(t, Ip, J,C5°(Q)) > na(t, Ip, J, C5° (o)) + nx(t, Ip, J, C5°(1)).

However the last term vanishes, since I, = 0 on 2, and for the first term
to the right the asymptotics is established on Step 2. To get an estimate
from above, replace C§°(£2) by a larger space C* () ® C*°(Qy, 98), i.e.,
admitting a discontinuity at the boundary of y. Again, we use monotonic-
ity and decomposition, and the term corresponding to 2; vanishes, while
the term corresponding to g is already taken care of on Step 2.

Step 4. The general case. For a fixed ¢ > 0 find a weight function
pe satisfying condition of Step 3, so that the function p. = p — p. has
small norm in Ly, ||pL|[z, < e. Correspondingly, the operator T}, splits into

2
the sum T}, = T},. + T),. For the operator T},  the asymptotic formula is
established on Step 3. As for the operator T}, there is an estimate for its
eigenvalues, we formulate now.

Theorem 7.3 (CLR-estimate.). Under the conditions of Theorem 7.2,
the estimate holds

d
nt(t,Tp) = nt(t, 1, J,C(Q)) < Ct% /pj[dz (7.11)
with constant C' depending only on the dimension d.

We will discuss this estimate and its generalizations in Lecture 4.
But now, the proof of the asymptotic formula for eigenvalues is con-
cluded by applying the asymptotic perturbation Lemma 7.2. In fact,
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we have for the operator T}, the asymptotic formula limn (T}, )t~ 2

d
= cq [(pe)1dz. Together with (7.11) for T} , Lemma 7.2 gives that

vl

Hmni(thp)t = HI%Cd /(pa):%:dw = Cd/pidx.
E—

7.3. Lecture 3. Second Order Elliptic Operators
With Singularities

The approach described in the previous lecture enables one to prove asymp-
totic formulas for a very general class of elliptic operators, with various
types of singularities. In this lecture we show how it works for second order
elliptic operators with non-smooth, unbounded coefficients.

7.3.1. Statement of the problem

Again we start with the classical setting, and then state the eigenvalue
problem in the quadratic form language.

So, let A be an operator in divergence form, A = —> 0;a;10; in a
domain Q C R?. The Hermitian coefficient matrix a(x) = (a;x(z)) € La,1oc
consists of measurable functions so that

> aj(2)6& > v[E]?,v > 0,6 e CL

Thus we admit unbounded coefficients, without any smoothness conditions.
We also introduce the weight function p(x). The spectral problem we are
going to consider is

Au(z) = Ap(z)u(x) (7.12)

with Dirichlet, and for certain nice domains, Neumann boundary condi-
tions. Of course, in such general conditions, it is impossible to describe
explicitly the domain of operator A, so we pass to the quadratic forms
formulation, using our reasoning in Lecture 2 as a pattern.

Define the quadratic form Ja[u] = [(aVu,Vu)dz on functions u €
C§°(£2), and denote by Hg(a) the closure of C§°(€) in this metric. In the
space Hj(a) C Hj(Q) consider the operator Ty, generated in Hj(a) by
the quadratic form I,[u] = [, plu[*dz. The eigenvalues of this operator
are, in the 'regular’ case (everything is smooth), the inverse quantities to
eigenvalues of (7.12). In the 'non-regular’ case we define eigenvalues of
(7.12) as the inverse to eigenvalues of T, ,. According to the Glazman
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lemma, for their distribution function ny (¢, Ta ) = ni(t, Iy, Ja, Hi (a)) the
variational formula holds,

ng(t, Tap) = maxdim{L C Hy(a), +I,[u] > tJa[u]}. (7.13)

For domains with nice boundaries we can also consider the Neumann bound-
ary conditions. The corresponding eigenvalue counting function is defined
in the same way. Indeed, one just has to replace the space C{°(£2) by
C>(Q) as in Lecture 2. Now we formulate the spectral asymptotics result.

Theorem 7.4. Let a € Lg10c(Q),p € La(2),d > 2. Then for the eigen-
values of the problem (7.12) the asymptotic formula holds

t—o0

lim (ng (¢, Ta7p)t%) = cd/ pi(:v)% det a(m)fédx. (7.14)
Q

We remark that the conditions of the theorem imply, via Holder inequal-
ity, that the coefficient in (7.14) is finite. Compared with results for the
weighted Laplacian, the former conditions are, in fact, more restrictive than
this finiteness. To be more precise, the coefficient in (7.14) may be finite,
due to cancellation of singularities in p and in det a but the theorem cannot
take into account this cancellation. Up to now, this cancellation property
is not yet completely studied. We will also need the same asymptotic result
for the Neumann problem in a cube.

We are going to prove our theorem along the lines of the proof of The-
orem 7.2. Analyzing this proof, we can see that already on Step 1 we
encounter an obstacle, since for variable coefficients one cannot separate
variables and find eigenvalues in a cube explicitly. Skipping this for a mo-
ment, we see that Steps 2 and 3 go through without any changes, as well
as Step 4, as soon as we obtain a variable coefficients version of the CLR
estimate. We will see in a moment, that this estimate is needed in Step 1
as well.

So we turn our attention to Step 1: the asymptotic formula (7.14) holds,
for Dirichlet and Neumann cases, for {2 being a cube @ and p being a con-
stant. To establish this, we consider the case of a smooth, non-degenerate
operator first.

Proposition 7.2. The asymptotic formula (7.14) holds for Q = Q,p =
const ,a € C*.

This result is a classical one, see, e.g., [1].
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7.3.2. Step 1, perturbation

We pass now to the non-regular case. Let a(z) be a matrix satisfying the
conditions of theorem, and for fixed ¢ > 0 a.(z) > Ny be a smooth non-
degenerate matrix such that ||a — a.||r, < e. It is easy to show that such
approximation exists. Denote by A, A, self-adjoint operators in Ly(Q) de-
fined by the quadratic forms Jy, Ja . To compare the spectral asymptotics
of these operators, having in mind applying our asymptotic perturbation
lemma (Lemma 7.2), we consider inverse (compact, as it turns out) op-
erators, and study the difference R = A~! — A-!. Here one has to be
rather cautious in writing the expression for this difference. In particular,
one cannot apply directly the formula well known from the linear algebra,
A= — B! = A71(B— A)B~! due to the fact that the operators A, B = A,
have different domains. One comes to an absolutely paradoxical result if
one tries to apply the latter ’identity’ to A, B being operators corresponding
to different sets of boundary conditions for one and the same differential
operatorb.

So we apply a different approach, proposed initially by M. Birman in [4].
We consider Dirichlet problem at the moment.

Proposition 7.3 (Resolvent identity).
AT AT =LK, L = (ajk — ac i) 0k AZ G Ky = 9,471 (7.15)
jik

To prove the formula, we take arbitrary functions u, v € Lo and consider
the sesquilinear form of the operator R. :, (R-u,v) = (u, A=) — (A7 u, v).
Set f = A7 u,g = A-1v, f,g = 0 on Q. Then we have (R.u,v) = (Af,g)—
(f, Acg). Integration by parts gives

(Rew,v) =) /((%f)(ajk — 4y )Ogde =Y (95, (ajk — ajr.c)0hg)-
ik g ik

Setting again f = A7 u,g = AZ'g, we come to (Reu,v) = Y (Kju, Lj}v)
= > (L}, Kju,v), and this proves our proposition.

Now we formulate two more types of CLR-estimate - we prove them in
Lecture 4.

Proposition 7.4. For operators K; and Ly; the following estimates hold
n(t, K;) <Ot~ (7.16)

btry to find correct formula here.
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lim sup n(t, L )t? < C/ lajk — aji.c|%dz. (7.17)
t—0

The constants in (7.16), (7.17) depend only on the dimension d and the
ellipticity constant vy.

Note that in (7.17) the estimate holds only in the limit; (7.16) is uniform
in t.

Now we apply the Ky Fan inequality to the product of operators L% K,
n(tita, L;kaj) < n(t1, Ljx) +n(te, K;) and set, for given ¢, t; = Eﬁt%,tg =
e~2it2. Passing then to ¢ — 0 and using (7.16), (7.17), we come to
1imsupt%n(t,L;‘kKj) < Cet.

There are only a finite, no more than d?, terms in the representation
(7.15) of the difference A=*— A=, therefore Weyl’s inequality for s-numbers
gives us

1imsupt%ni(t,A*1 —A7YH) < cel/2

As a result, we can see that we are in conditions of the Asymptotic
Perturbation Lemma from Lecture 1. Applying this Lemma, we arrive
at the asymptotic formula (7.14), with constant p, for eigenvalues of the
Dirichlet problem in the cube.

The proof of asymptotics for the Neumann problem is somewhat more
involved. Shortly, the reasoning goes as follows. Consider a smaller con-
centric cube Q., with dilation coefficient 1 —e. If 1 = p. + pL, with p.
having support in Q. and p. in S. = @ \ Q., a CLR-estimate gives that
by replacing 1 by p. one changes the asymptotical coefficient just slightly,
controlled by e. Next, consider the operator S : H'(a) — H{(a), mul-
tiplication by a compactly supported smooth function having value 1 on
Q.. One can show that this operator maps any subspace in H'(a) where
the inequality I,_[u] > tJa[u] holds to a subspace in H{(a) where a similar
inequality holds, I,_[Su] > ¢((1 — &) Ja[Su] — C:||ul|?) thus returning to the
Dirichlet problem. The last term does not influence the leading term of
asymptotics, as it follows from Lemma 7.3 below and Proposition 7.1, and
can be omitted. Finally, one can again, by the price of slightly changing
the asymptotics, return the previously omitted term with p. and arrive at
Dirichlet problem, for which asymptotics is just established. The details
can be found in [6].
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7.3.3. Conclusion of the proof

Following the lines of the reasoning in Lecture 2, we perform Steps 2 and 3
— the manipulations are made only with domains and the weight function
p, and they do not change when passing to variable coefficients.

To finish the proof, we have to make Step 4, passing from the operator
with a piecewise constant weight p. to a general one. To accomplish it, we
need one more CLR-type estimate.

Proposition 7.5. Under conditions of Theorem 7.4, the estimate holds

da

d
n+(t, Tap) < Cllp£llf 172, (7.18)

[~

with a constant depending only on the dimension d and the ellipticity con-
stant vg .

Provided this estimate is established, the proof is concluded exactly as it
was done in Lecture 2, by approximating p by a piecewise constant function
and applying the perturbation lemma.

Comparing the proofs of Theorems 7.2 and 7.4, we can see two principal
ingredients one needs: the first one, the asymptotics of the problem in a
regular case, and the second one, estimates of eigenvalues in the general
case, involving integral characteristics of coefficients in the problem. Even
in more general situations, the same two ingredients are decisive. For regu-
lar cases, asymptotic formulas were mostly obtained quite long ago. In the
next lecture we are going to discuss the CLR-type estimates.

7.4. Lecture 4. CLR-type estimates

It was, probably, in [20], that the name ‘CLR-estimate’ has appeared.
The notation is deciphered as Cwikel-Lieb-Rozenblum after the names
of the persons who gave three first, independent, proofs of the estimate
(see [10], [17], [21]). The need for this kind of eigenvalue estimates was felt
quite long ago, and it was explicitly formulated by B. Simon in 1973, as a
conjecture, without knowledge that it had been already proved in [21]. In
the narrow sense, the CLR estimate is the estimate (7.11), however both
in [10], [17], [21] as well as in the later publications [16], [15], [24], more gen-
eral situations are covered, the scope of generalization depending in each
case on the method of the proof, since the existing proofs use quite different
machinery. Generally, CLR-type estimates are estimates of the spectrum
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of differential eigenvalue problems, having correct order and expressed in
the terms of integral norms of coefficients.

Among existing proofs, each can handle (7.11), (7.16) and (7.18). How-
ever (7.17) can be proved (at the present state of knowledge) only by the
method of the original paper [21]. Most publications on this matter are
rather obscure and/or are only in Russian (see [21], [6], [7]). Probably, the
most accessible source where this method is presented is [18], however the
forms containing first derivatives only, like our J,, are considered there.
The estimate (7.17) requires forms of the second order. Therefore to give
this reference is not sufficient, and we have to describe more details here.

We start by explaining some results from geometry and function theory
on which the proof is based.

7.4.1. Covering lemma

We are going to consider coverings of domains (mostly, cubes) by closed
cubes or bricks A, parallelepipeds in R¢ with ratio of longest and shortest
edges not larger than 2. Corresponding open sets A do not necessarily
form a covering, but the part which is not covered has measure zero and
therefore is not essential. We say that the covering = of a domain U has
multiplicity not greater than s¢ if each point of U is interior to no more
that »¢ bricks in Z. Covering with multiplicity 1 is called partition.

Proposition 7.6 (Covering lemma). Let J be a measure, absolutely
continuous with respect to Lebesque measure on the cube Q C R? . Then,
for any n > 1, there exists a covering = of Q by no more than n bricks
A C Q with multiplicity not greater than 2%, and for any A € =

T(A) <n™PT(Q), » =201 (7.19)

Remark 7.2. This is a simple version of the covering lemma in [21]. A more
complicated lemma is needed in the proof of estimates of non-uniformly
elliptic equations, see [18].

Proof. There are several ways of establishing this lemma. It may be
derived from the general covering principle by M. de Guzman [12], or from
a covering theorem due to Besicovitch [2]. We give a somewhat simplified
original proof from [21](see also [18]). Set J(Q) = p. We call the set
G C Q “poor” if J(G) < prkn~! and “rich” if J(G) > pkn~? (in the case
of equality, G is both rich and poor). Our aim is to cover ¢ by not more
than n poor bricks.
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Let A be some rich cube with edge [. Then at least one of the following
possibilities takes place:

i) A can be covered by not more than 2¢ poor bricks A; C A;

i1) A can be cut into m; poor cubes and mg rich cubes, where m; < 2¢,
ma > 2;

i41) there exists a rich cube A" C A such that the set S = A\A' is also
rich but can be covered by not more than d poor bricks.

To justify this assertion, we cut A into 2¢ equal cubes with edge 1/2.
If they are all poor, we have case 7; if at least two of them are rich, we
have the case #i. Hence, suppose that only one of small cubes, namely Ay,
is rich and all the others are poor. If the set S; = A\A; is rich, we have
the case iii. Otherwise, introduce the family of cubes A, with edge tl/2,
which are cut out of the same corner of A, as Ay; S; = A\A;. For any
0 <t <1, as one can easily see, S; can be covered by d bricks, lying in S;.
When t decreases from 1 to 0, the function J(A;) decreases continuously to
0 and the function J(S;) grows continuously®. Set t; = sup{t¢, A; is poor},
to = inf{¢,S; is poor }. If t1 > to, then A4, S;, are both poor, and we
have the case ¢, since all bricks covering S, are also poor. If t; < ¢y then
Ay, and Sy, are both rich and we have the case iis.

The construction of the covering in question goes inductively. The con-
tinuation procedure consists in the following. Suppose that we already have
a partition of @ into cubes (both rich and poor) and rich sets of the form
S, as in 4ii. We apply the previously described construction to those rich
cubes for which the cases ii or iii take place, getting a new partition.

We start with the trivial covering of @ by itself. We assume n > »p,
otherwise the trivial covering of @ is the one we need. We apply the con-
tinuation procedure successively. At each step, the number of rich sets of
the partition increases, however it cannot exceed » !
after several steps, in our partition there will be only poor cubes (n; in
number), ny rich cubes satisfying ¢, and ng rich sets S, as in 4ii.

We have n; < (2¢ — 1)ny, since in our procedure, poor cubes are pro-
duced only in the case ii, and one new rich cube produces no more than
24 — 2 poor ones. So, the inequality ny < 3~ 'n implies n; < (24 —2)s"In.
Finally, we cover all remaining rich cubes and sets Sy by poor bricks, as in

n. This means that

cases i and i, which produces no more than 2¢(ny + n3) < 2%~ !n poor
bricks; there are no more than 2915~ 1n = n bricks altogether, giving us
the desired covering. Our bricks start overlapping only on the final stage

€It is in this place only that absolute continuity of the measure is needed. This condition
can be relaxed, see [6].
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(we dealt only with partitions before), so the multiplicity of the covering is
not greater than s. O

7.4.2. Functional inequalities

Another ingredient in the proof of CLR estimates is functional inequalities
in Sobolev space on cubes and bricks. The sense of these inequalities is
that on a subspace of a certain finite codimension in the Sobolev space, the
standard Sobolev norm is equivalent to its leading term, containing only
highest order derivatives. Such inequalities were obtained by S. Sobolev on
early stages of development of the theory of spaces; we however can give a
simple proof based on the variational principle described in Lecture 1.

We denote by ||[V'u||X the leading term in the norm in the Sobolev
space,

1
19"l = 3 [ IDude,
la|=t/ A
where sum spreads over multi-indices « of height [. The usual Sobolev
norm is given by

lullZnay = IV allA + [ullZ,a) = Jilu] + I[u]. (7.20)

Lemma 7.3. For any T > 0 and brick A there exists a subspace L C H'(A)
and a constant c(d,l) such that codim £L < N = N(d,l,7) and

TIu) < ¢(d, 1) (meas A)f%Jl []. (7.21)

We will use (7.21) both for a fixed 7 = 1, where the constant and
codimension of the space depend only on d, [, and for arbitrary 7 where we
do not control codimension.

Proof. First let A be the unit cube. Consider the operator T' (a compact
one, due to the Friedrichs-Sobolev embedding theorem) generated in the
Sobolev space H'(A) by the form I[u]. For any ¢ the number n (¢, T') is finite.
Take t = % Due to the variational principle (7.2), there exist a subspace £
of a finite codimension N = N(d,,7) such that I[u] < 5= (Jj[u] 4+ I[u]),u €

L, The latter inequality implies
TIu] < Jjful,u € L, (7.22)

i.e. (7.21) for the unit cube. Next, perform a linear transformation of the
unit cube to a brick Ap, with largest edge having unit length. Each term
in .J; will multiply by a factor, lying in a fixed interval, [1,22~9]; the form
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I gets a factor lying in the interval [1,27%). Therefore, for the transformed
subspace L, the inequality (7.21) holds, with some other constant ¢, lying
in a fixed interval, not depending on the brick. Finally, perform the dila-
tion, with some coefficient «x of the Ay to some other brick A;. Due to the
homogeneity properties of I,J;, these forms get coefficients, respectively,
k=%, k2~ which are of the order, respectively meas Afl, meas Al%lfl. Set-
ting this in (7.22), we get (7.21). O

Lemma 7.4. Let A be a brick, 0 <2(l—71)<d,p€ Ly, ¢= ﬁ and (3
be some multi-index of length r. Then there exists a subspace L C H'(A)
of codimension less than N(d,l,r) and constant c(d,l,r) such that

I lu] = / p(@)|DPudz < o(d, 1, 7)||pll,lu), u € L. (7.23)
A

Proof. First, let Ay be a brick with a unit longest edge. We apply the
Holder inequality to I, g, I, g[u] < ||p||4||DPul|%, - Then from the Sobolev
q—2

embedding theorem it follows that I, s[u] < C||p||4||ul|3; - Now, if u belongs
to the subspace £, the H' norm can be replaced by its leading term, J;,
with a controlled worsening of the constant. This establishes (7.23) for Ay.
In order to pass to an arbitrary brick, we make a dilation and note that
both parts in (7.23) have the same homogeneity orderd. O

We use one more inequality of this sort when proving Proposition 7.4.

Lemma 7.5. Let A be a second order self-adjoint elliptic differential op-
erator with smooth coefficients in a brick A, with Dirichlet or Neumann
boundary conditions. Then there exists a subspace L4 in the domain of A,
having a finite codimension , such that

| Aul]* 2 v52Cl|Vaull3, u € La,
with constant C' depending only on the dimension.
Proof. For a smooth elliptic operator, the coercive inequality holds,

|| Aul|?> > Cvy?||V?ul|3 — C'||u||3,u € D(A). We apply Lemma 7.3 to
find a subspace £ where the second term can be omitted. O

41t is this statement that fails in low dimensions, d < 2(I —r) and this prevents one from
having good eigenvalue estimates in such dimensions.
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7.4.3. Proof of CLR-type estimates

We have two kinds of estimates. Some of them hold for ¢ small enough
only, others are uniform in ¢. The first kind of estimates is proved by the
following reasoning.

Let @ C R? be a cube. We study the quantity n(t, I, 5, Ji, Hi(Q)),
0< |8l =r <l 2(I —r) < d. Consider the functions of sets Ji(G) =
Jopi(x)ide, q¢ = ﬁ (separately for plus and minus). We apply to
J+ our covering lemma, getting, for given n a covering = with controlled
multiplicity, by no more than n bricks, so that J4(A) < Cn~17.(Q) for
any brick A. According to Lemma 7.3, for each brick A there exists a
subspace Lo C H'(A) where the inequality

Lpalu] <On™0 Jo(Q)T Jialul (7.24)

holds, the codimension of LA bounded from above by some constant x;.
Consider the subspace £, in H'(Q) consisting of functions for which re-
striction to any brick A in the covering belongs to L£L(A). Since each
L(A) is defined by no more than k; orthogonality conditions, the sub-
space L, is defined by no more than nk; orthogonality conditions, so
it has codimension no larger than nkx;. Summing the inequalities of the
form (7.24) over all bricks and taking into account the bound for multiplic-
ity, we get I, golu] < Cn=a" (fpi(a:)qd:c)q ' Ji,¢lu]. Now, for a given
t < JL(Q)1 ", wetake n € [ng, 2n¢],ny = 7974 (Q). Then the construction
above performed for this n produces a subspace £ in H'(Q) of codimension
not greater that Cn < Ct~97J4(Q) on which I,, golu] < CtJ;glu], and
this, according to the variational principle, proves the CLR estimate

et L H'Q)) < €1 [ e, (7.25)
Q

for t < J+(Q)7 .

All estimates we used in Lectures 2,3 follow from (7.25). We start with
Theorem 7.3.

Suppose first that € is bounded. Then n_ increases if we replace (2
by a cube Q O €, with the weight p extended by zero. For t < J(Q)4
B = 0,1 =1, (7.25) coincides with (7.11). In order to take care of large
t, just note that from the Holder and Sobolev inequalities it follows that
L. [u] < C,T(@Q) " Jilu),u € HHQ), thus for t > C,T(Q)4  we have
na(t, I, , Ji, H(Q)) = 0. Thus, by certain increasing the constant, we
justify (7.11) for all t.
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As for an unbounded domain, note first that the monotonicity prop-
erty allows one to consider only the case = R?. We use the variational
principle in the form (7.1). Suppose that for some fixed ¢, on some finite-
dimensional subspace £ C C§°(R?), the inequality in (7.1) holds. Then
supports of all functions in £ are contained in some cube @, therefore,
the above uniform estimate for this cube can be applied, which gives the
required bound.

The estimate (7.18) follows from (7.25) due to monotonicity and the
inequality Ja[u] > voJi[u].

Next, we pass to (7.16). We represent K; = ((?jA’%)A*%. The operator
(?jA’% is bounded due to the inequality ||0;u||? < v ' Ja[u], and therefore
n(t, K;) < n(tuy, A=2) = n(t>2, A1), For the latter quantity we have
the variational description as n(t2v2, 11, Ja), Ho(a), and due to ellipticity
condition Ja[u] > voJi[u]. Now monotonicity and the estimate (7.11) give
(7.16)

Next the quadratic form of the operator L}, Ljx, in (7.15) can be written
as ||bOx AZ u||?, with b = aji—ajk,. Setting here u = A.v, one can describe
the distribution function of s-numbers of Lj, as n(t, Ijp2 g, || A=v||*, H3(Q))
where [y is the multi-index having 1 on the place k& and zeros on other
places. According to Lemma 7.5, on some subspace Lo C HZ(Q) with
finite codimension, the norm ||A.v||? can be replaced by C||V?v|[>. Now,
on this subspace we apply (7.25) with r = 1,1 = 2,8 = 8; and b = p?. This
gives the required estimate (7.17).

7.5. Lecture 5. Magnetic Schrédinger Operators and Semi-
Group Domination

7.5.1. Schrédinger operator and eigenvalue estimates

One of the most important applications of the CLR-estimate was the bound
for eigenvalues of the Schrodinger operator in R% d>3. Let V € L1 1oc
be a real function satisfying condition V; € L 4. We consider the quadratic
form Hlu] = Hy[u] = [ |Vu|?dz — [V|u|*dz = J[u] — Iy[u]. This form,
as it follows from Holder and Sobolev inequalities, is lower semi-bounded
and defines the operator H = Hy in Lo(R%), the Schrédinger operator
corresponding to the differential expression Hu = —Au — Vu. We are
interested in the number of negative eigenvalues of H. According to the
variational principle, N_(0, H) = max{dim £ C C§°,J[u] — Iy [u] < 0}.
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Moving Iy [u] to the left-hand side in the latter inequality, we get
N(0,H) = max{dim £ C C§°, J[u] < Iv[u]} =ni(1, Iy, J,C5°). (7.26)

Thus, the number of negative eigenvalues of the Schrodinger operator equals
the number of eigenvalues in (0,1) of the weighted Laplacian . Applying
here the CLR-estimate (7.11), we get

N(0, Hy) < C/V+(x)%dm, (7.27)

which is called the CLR-estimate in the literature. The easy transformation
which led us to (7.26) is the most simple case of Birman-Schwinger principle
[3], the powerful tool in the spectral analysis of Schrodinger-like operators.
Replacing in (7.26) V by sV, s — o0, i.e., introducing the coupling constant,
we get the equality N (0, Hgy) = ny(—1,slyv,J,C5°) = ny (s, Iy, J, C°),
and Theorem 7.2 gives us the large coupling constant asymptotics of
N(Oa HsV)a

d
2 ]

N(0, Hyy) = cqs® /V+ dz + o(s?). (7.28)

7.5.2. Semi-groups, Positivity

Another object related to the Schrodinger operator is the heat semi-group.

If Z is a non-negative self-adjoint operator in the Hilbert space H then
U(t) = exp(—Zt),t > 0 is called the semi-group generated by Z. The semi-
group property is the identity U (t1 +t2) = U(t1)U (t2), t1,t2 > 0. Moreover,
the semi-group is contracting, ||U(t)|| < 1 and strongly continuous, U(t) f —
U(to)f as t — 0. The semi-group U(¢) solves the operator differential
equation £U(t) + ZU(t) = 0,U(0) = I. If the operator Z has discrete
spectrum consisting of eigenvalues \; with eigenvectors ¢;, then U(t) has
eigenvalues exp(—tA;), with the same eigenvectors.

Semigroups are closely related to the resolvent of operators by the fol-
lowing identities,

exp(—tZ) (7.29)

=s—lim((I + %Z)*l)", A+2)t = /OOO exp(—tZ) exp(—tA)dt.

Semigroups generated by second order elliptic operators with real coeffi-
cients have one additional property. The space Lo(£2) has, in addition to
the abstract Hilbert space structure, one more structure, the one of the
space of functions, where the notion of positivity is present. So we call an
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operator K positivity preserving if it maps any (almost everywhere, a.e.)
non-negative function into an a.e. non-negative function. If the operator
is an integral one, this property is equivalent to the integral kernel being
positive almost everywhere. It follows from (7.29) that for any operator
Z > 0, the positivity preserving properties of the resolvent (Z + \)~! for
all A > 0 and of the semi-group exp(—tZ),t > 0 are equivalent.

Proposition 7.7. If Z is an elliptic self-adjoint second order operator
with real coefficients, with Dirichlet conditions, then the semi-group U(t) =
exp(—tZ) is positive.

Proof. The proof follows easily from the minimum principle for parabolic
equations. In fact, if fo(x) > 0 then f(.,t) = U(t)fo is the solution of
the parabolic equation d,f + Zf = 0, f(.,0) = fo, and, according to the
maximum principle, for any given 7', the smallest value of f in the cylinder
) x [0,T] is attained on the boundary of  or for t = 0, and in both cases
this is non-negative. 0

We are interested in the special case Zu = —hA(hu) where A is the
Laplacian in R? and h is a real function.

Let us show the relation of this operator to the eigenvalue problem
for the weighted Laplacian, discussed in Lecture 2. Recall (7.7),(7.8)
where the weighted Laplacian eigenvalues were related to the eigenvalues
of the operator S, = L~'pL~! where L = (—A)%. For a positive, in-
¢ p, we represent S, as the product M*M where M = p%L_l.
Nonzero eigenvalues of the operator M*M coincide with eigenvalues of
K, = MM* = p%(—A)_lp%. Therefore the eigenvalues of the original
eigenvalue problem, which are inverses of the eigenvalues of K, coincide
with eigenvalues of the operator Z, = K ! = h(—A)h, with h = p~=.

This relation enables one to derive estimates for the trace of the semi-
group U,(t) = exp(—Z,t) from the CLR-estimate. Denote by p; the eigen-
values of Z, and by N(\, Z,) their distribution function. Integration by
parts gives

vertible

oo

Tr Uy(t) =Y e = /e’”dN(/\,Zp) = t/ e AN(N, Z,)dA.
0
0

¢We will consider only such p here. In [22] it is explained how to treat the general case.
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Setting here the estimate from (7.11), we get
Tr Uy(t) < Ct/e*%%dx/p%dm =Ct*? /p%dx. (7.30)
0

With a certain worsening of the constant, one can invert the reasoning
and derive (7.11) from (7.30). In fact, for given ), set t = ! in (7.30),
where p, is the largest eigenvalue of Z below A, n = N(A, Z,). Replace the
terms in the sum Y e~ with j < n by smaller quantities e~ » = e~!
and delete the remaining terms — thus decreasing the sum. This gives
e IN(\ Z,) < O\ fp%d:v, i.e. the CLR-estimate (7.11). This relation
was used in [16] to prove (7.11), and was extended to more general operators
generating positivity preserving semigroups in [15].

7.5.3. Semi-group Domination and Eigenvalue Estimates

We are going to use this relation in order to prove the CLR-estimate for the
magnetic Schrodinger operator. This estimate was first established by E.
Lieb in [17] by means of rather complicated and fairly specific machinery
involving path integration. We present here a general, at the same time
rather elementary, approach to obtaining eigenvalue estimates, where the
magnetic Schrodinger operator, serves just as a particular case.

Having two operators K, L in L2(Q), Q being a space with measure,
such that K is positivity preserving, we say that L is dominated by K if

ILfl(x) < K[f|(z), f € L2(€?) (7.31)

almost everywhere. If K, L are integral operators this is equivalent to
the kernel domination |L(z,y)| < K(z,y) for almost all (z,y) € 2 x Q.
Some properties of K are inherited by L, such as boundedness, compact-
ness, Hilbert-Schmidt property, some others are not, in particular, from
domination it does not follow that all eigenvalues of L are smaller than cor-

responding eigenvalues of K (just consider the matrix example L = <(1) (1)>,

11
). However if operators in question are semigroups K = exp (—tZ),L =

K = <1 1> where K has eigenvalues /2,0 and L has eigenvalues 1,1

exp (—tY'), then sufficiently regular eigenvalue estimates for Z imply sim-
ilar eigenvalue estimates for Y. We present here a result from [22], where
one can find it in a considerably more general setting.
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Proposition 7.8 (Domination). Let Z,Y be self-adjoint positive opera-
tors in La(Q), the semi-group U(t) = exp(—tZ) is positivity preserving and
dominates the semi-group W (t) = exp(—tY'). Suppose also that for some
q > 0, the eigenvalue estimate N(\, Z) < KM% holds for all X > 0. Then
the eigenvalues of the operator 'Y satisfy N(A,Y) < C(q)KA? for all A\ > 0
with constant C(q) depending only on q.

Proof. As it is shown in (7.30), the eigenvalue estimate for Z implies
Tr U(2t) < CKt™%,t € (0,00). One can also write this as ||U(t)||%g =
Ste2i(4) < CKt~9, where ||.||gs is the Hilbert-Schmidt norm of the
operator (see, e.g., [11]). Now recall that the square of the Hilbert-Schmidt
norm of the operator equals the integral of the square of the absolute value
of its kernel. Thus, due to domination, W(t) is also a Hilbert-Schmidt
operator, moreover ||W (t)||%¢ < ||U(t)||3 ¢ which gives Tr W (t) < CKt4.
Using the reasoning as in the end of the previous subsection, we obtain the
required estimate for eigenvalues of Y. O

7.5.4. Magnetic Schrodinger Operator

The Schrodinger operator describing the motion of an electron in the mag-
netic field is defined in the following way. Let a be a real vector-function in
R? with d components. Formally, the operator corresponds to the differen-
tial expression —Ayu = —(V +ia)? = — > (8; + ia;)?. The vector field a
is called the magnetic potential and the matrix b, b, = 0;ar — Oka; is the
magnetic field itself. The definition of H, as a self-adjoint operator in the
Hilbert space requires certain conditions imposed on a. If a € Lgjoc(R%),
one can consider the quadratic form —Aafu] = Y ||0ju + ia;jul|* first on
Cs°(R%), an then on H,, the closure of C§° in the norm —Aj,[u]. This form
defines the operator —A,. The following fact, fundamental for physics, is
called the diamagnetic inequality.

Proposition 7.9 (Diamagnetic Inequality). If a € Lgjoc then the
semi-group exp (tA) dominates the semi-group exp(tAa), t >0

There are several ways to establish the diamagnetic inequality. The proof
we give here (first proposed in [26]) is not the simplest one but, probably,
the most enlightening. It is based on an important abstract result from
Operator Theory [14].

Theorem 7.5 (Trotter-Kato-Masuda formula). Let A; > 0,5 =
1,..., k be self-adjoint operators so that the sum A = A1+ ...+ Ay, is defined
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in the sense of quadratic forms. Then

t t t
exp(—tA) =s— lim (exp(—ﬁAl) exp(—ﬁAg).... exp(—ﬁAk))”

n—oo

Now we are able to prove Proposition 7.9. For j fixed, define ¢;(z) =
V@1, g, a) = [37 aj(@1, .., & oy wa)dE. Then

e~ i g6 = §; = 0, + ia;. (7.32)

Thus the operator —A, can be represented as a sum (in the sense of
quadratic forms) of operators —BJZ. We apply Theorem 7.5 to express the
semi-group generated by —A,.

n

¢ — lim <ei¢1U1(3)ei<%¢2>U2(3)...Ud(3)ewd) . (1.33)

n— o0 n n n
where Uj(t) = e'% . Now note that each Uj(t) is an integral operator with
positive kernel, and the expression in (7.33) is a composition of several
(rather many) such operators and multiplications by functions having ab-
solute value 1. If we replace these exponents by their absolute value, in
other words delete them, the value of the integral can only increase, and
this gives |e!®a(x,y)| < e'®(x,y) as we need.
The same reasoning gives us a somewhat more general result.

Corollary 7.1. Let h > 0 be a function in Lo 10c(R?). Consider operators
Zn = —hAh, Yy, = —hAuh (defined by means of quadratic forms). Then
the semi-group exp(—Zyp,) dominates exp —Yj,.

In fact, we can apply Theorem 7.5 to operators hd;h and hé?h, for which
relation similar to (7.32) also holds.

7.5.5. The Spectrum of the Magnetic Schrodinger Operator

Now we can derive results on eigenvalue estimates and asymptotics for the
magnetic Schrodinger operator.

Theorem 7.6 (CLR estimate). For a € Ly o and Vi € Lg,

N, ~Ap — V) < Cd/vf dz (7.34)

with constant Cy depending only on the dimension.
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Proof. First, note that it is sufficient to consider the case of non-
negative V', since, due to the monotonicity in the variational principle,
N(0,—Aa — V) < N(0,—Aa — V). Next consider a function V > V,
Ve L, (V)™ € Lootoe, ff/% < 2fV%. Then, again due to monotonic-
ity, N(0,—Aaq — V) < N(0,—As — V). Set h(z) = V(z)~2. Then, in
notations of Corollary 7.1, the semi-group exp(—Zj) dominates the semi-
group exp(—Y},). For Zj, according to (7.11), we have the CLR-estimate
N(X\ Zy) < C(d)A% [Vide <2C(d)A? [ V2 dz. Now we can apply Propo-
sition 7.8 which gives us the same estimate, just with a worse constant, for
eigenvalues of Yj,. In particular, it holds for A = 1, N(1,V}) < C [ Veda.
At last we pass from eigenvalue estimates for Y}, to estimates for —A, — V|
by means of Birman-Schwinger principle. 0

Note here that, generally, one can’t say directly that N(0,—A, — V) <
CN(0,—A — V). It is the eigenvalue estimate for —A — sV for all s that
gives us the estimate for the magnetic Schrédinger operator.

Having the magnetic version of the CLR-estimate, we can now establish
the asymptotic formula for eigenvalues.

Theorem 7.7. Let a € Lgjoc(R?),d > 3, p € Lg(Rd). Then for the
eigenvalues of the problem

—Axu = Ap(x)u (7.35)
in R? the asymptotic formula
Jim N, —Aa p)AE = ¢ / pe(z)fda,
where cq is the constant in (5). Thus, for the weighted magnetic Laplacian
the spectral asymptotics does not depend on the magnetic field in Lq oc.

Note that, due to the Birman-Schwinger principle, the last result gives
the strong coupling asymptotics for the negative spectrum of the magnetic
Schrodinger operator Ha sy = —Aa — sV, see (7.28),

4 d
/V_,_2 dx + o(s?).

Proof. We follow the pattern of the proof of Theorem 7.2. The spectrum
of (7.35) is described by the distribution function n (¢, I,, —Aa, C§°(R?)),
where —A,[u] is the quadratic form of the magnetic Laplacian, which, via

MW

N(0,Ha sv) = cas

integration by parts, equals

—Aa[u]:(—Aau,u):/(|vu|2+2<5(a(aw))+|a|2|u|2)d:c. (7.36)
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Since we have the CLR estimate for the magnetic Laplacian, we can perform
Steps 2,3,4 in the proof of the Theorem 7.2, as soon as we have made
Step 1, i.e., established the asymptotic formulas for Dirichlet and Neumann
problems in a cube Q with a constant (unit) weight p. To do this, it is
sufficient to show that the second and third terms in the quadratic form
Ja, see (7.36), in the cube are weak with respect to the first, leading term,
in the sense of Proposition 7.1. The second term is reduced to the third
one, since

|/ 23(u(aVu))dz| Sa/ |Vu|2dz+5_l/ |la|?|u|?dz.
Q Q Q

As for the third term, we have |a|> € L%(Q), and from the CLR estimate
in the cube follows, in particular, that n4 (e, Ija2, Ji, HY(Q)) is finite for
any € > 0, in other words, due to the variational principle, there exists a
subspace L. € H'(Q) where Ija2[u] < eJi[u]. Now it remains to apply
Proposition 7.1. O

Notes on the Literature

There is a huge literature on estimates and asymptotics of the spectrum
of elliptic operators. Probably, the most complete presentation of results
obtained before 1989 and respective methods, with exhaustive bibliography,
can be found in [23]. The variational approach to the study of eigenvalues is
the only one which can handle very singular problems. It, however, cannot
give precise remainder estimates in asymptotic formulas or next terms in
asymptotics. The advanced technic for this kind of problems is presented
in [13].

The results of Lecture 2 are obtained in [5] (for bounded domains) and
in [21] for the general case. The results in Lecture 3 admit very far gen-
eralizations, see [6]. One can consider elliptic systems of any order, with
possible degeneration of ellipticity, and any self-adjoint differential operator
of a lower order standing in the place of the weight function. In certain
cases it is even possible to take into account cancellation of singularities in
asymptotic formulas.

The proof of CLR type estimates in Lecture 4 follows [21] and is an
extended version of the presentation in [18].

The semigroup domination approach to the study of the magnetic
Schrédinger operator presented in Lecture 5 originates from [18] and was
extended to an abstract situation in [22]. The condition of the magnetic
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potential belonging to L 1o¢ is not very restrictive but still it excludes some
important examples, in particular, the Aharonov-Bohm magnetic field. Re-
cently the CLR estimate and eigenvalue asymptotics for this case was found
in [19].

A comprehensive exposition of the discrete spectrum analysis of the

Schrédinger operator is given in [20]. One is directed to [11] and [25] for the
theory of compact operators, with a lot of useful inequalities for eigenvalues
and singular numbers, of which the Weyl and Fan inequalities are just the
first examples.

References

S. Agmon On kernels, eigenvalues and eigenfunctions of operators related to
elliptic problems Comm. Pure Appl. Math., 18(4) (1965 ), 627-663

A. Besikovitch A general form of the covering principle Proc. Cambr. Phil.
Soc., 41 (1945) 103-110

M. Birman On the spectrum of singular boundary value problems Am. Math.
Soc. Transl.,,IT. Ser., 53 (1966), 23-60

M. Birman, Scattering problems for differential operators with constant co-
efficients Func. Anal. and Appl., 3(3) (1969), 1-16

M. Birman, M. Solomyak On the leading term of the spectral asymptotics for
non-smooth elliptic problems. Func. Anal. and Appl., 4 (1971), 265-275

M. Birman, M. Solomyak Spectral asymptotics of non-smooth elliptic opera-
tors Trans. Moscow Math. Soc. 27 (1975), 1-52; 28 (1975), 1-32

M.Birman, M. Solomyak, Quantitative analysis in Sobolev imbeding theorems
and applications to spectral theory AMS Transl. Vol 114, AMS, (1980)

M. Birman, M. Solomyak Spectral Theory of Self-Adjoint operators in Hilbert
Space, Kluver, 1987

R. Courant, D. Hilbert Methods of Mathematical Physics Interscience, 1953
M. Cwikel Weak type estimates for singular values and the number of bound
states of Schrodinger operator Ann. Math., 206 (1977), 93-100

I. Gohberg, M. Krein Introduction to the Theory of Linear Nonselfadjoint
Operators AMS Transl. Math. Monogr. 18, AMS, 1969

M. de Guzmén Differentiation of Integrals in R™. Lecture Notes in Math.,
Vol. 481. Springer, 1975.

V. Ivrii Microlocal Analysis and Precise Spectral Asymptotics Springer, 1998
T. Kato, K. Masuda Trotter’s product formula for nonlinear semigroups
generated by the subdifferentials of conver functionals. J. Math. Soc. Japan
30 (1978), 169-178.

D. Levin, M.Solomyak, The Rozenblum-Lieb-Cwikel inequality for Markov
generators J. d’Analyse Math. 71 (1997) 173-193

P.Li, S.T. Yau On the Schridinger operator and eigenvalue problem Comm.
Math. Phys, 88 (1983), 309-318



G. Rozenblum

E. Lieb, Bounds for eigenvalues of Laplace and Schrédinger operators Bull.
AMS, 82(5) (1976), 751-753

M. Melgaard, G. Rozenblum Spectral estimates for magnetic operators
Math. Scand., 79 (1996), 237-254

M. Melgaard, E. Ouhabaz, G. Rozenblum Negative discrete spectrum of per-
turbed multivortexr Aharonov-Bohm Hamiltonians Ann. Henri Poincaré, 5
(2004), 979-1012.

M. Reed, B. Simon Methods of Modern Mathematical Physics Volll, 1972;
vol 4, 1979, Academic Press

G. Rozenblum The distribution of discrete spectrum of singular differential
operators Sov. Math. Dokl., 13 (1972), 245-249; Soviet Mathematics, Izv.
VUZ 20(1) (1976), 63-71

G. Rozenblum Domination of semigroups and estimates for eigenvalues. St.
Petersburg Math. J. 12 (2001), no. 5, 831-845

G. Rozenblum, M. Shubin, M. Solomyak Spectral Theory for Differential
Operators. Partial Differential Equations, 7. Encyclopedia of Mathematical
Sciences, 64, Springer, 1994

G. Rozenblum, M. Solomyak The Cwikel-Lieb-Rozenblum estimate for gen-
erators of positive semigroups and semigroups dominated by positive semi-
groups St. Petersburg Math. J. 9 (1998), no. 6, 1195-1211

B. Simon Trace Ideals and its Applications, Cambridge Univ., 1979

B. Simon Maximal and minimal Schrédinger forms, J. Oper. Theory, 1
(1979), 37-47

J. Weidmann Linear operators in Hilbert spaces Graduate Texts in Mathe-
matics, 68. Springer-Verlag, New York-Berlin, 1980.

H. Weyl Das asymptotische Verteilungsgesetz der Eigenverte linearer par-
tieller Differentialgleichungen Math. Ann. 71 (1912) 441-479



Chapter 8

A glimpse of the theory of nonlinear semigroups

Edoardo Vesentini

Dipartimento di Matematica
Politecnico di Torino
Corso Duca degli Abruzzi 2/
10129 Torino, Italy

Contents
8.1 Introduction to the spectral theory for nonlinear operators . . . . . . .. 258
8.2  Accretive operators in Banach spaces . . . . . . ... ... ... L. 268
8.3 Monotone operators . . . . ... ... Lo 271
8.4 Nonlinear semigroups . . . . . . . . . . . ..o 275
References . . . . . . . L 277

Before acquiring the status of an autonomous geometrical chapter of
mathematics, the theory of one-parameter linear semigroups found some of
its most relevant motivations® in problems related to linear differential and
integral operators.

Deep questions in a variety of fields of pure and applied research are
at the ouset of a theory of non-linear semigroups that should eventually
become an autonomous and self-contained mathematical theory. However,
this goal seems now to be still far away, at least in its most general context®.

The main purpose of these notes (which are a concise résumé of a few
lectures delivered in the University of Padua in the Spring of 2002) is to
sketch, following essentially the current literature, an approach to one-
parameter semigroups of non-linear operators along the same lines followed
in the linear case.

aAs exposed, for example, in [6], [8], [5].
bWith the relevant exception of non-linear semigroups in real Hilbert spaces, [1]. See
also [2].
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8.1. Introduction to the spectral theory for
nonlinear operators

Let £ and F be two complex Banach spaces with norms || ||¢ and || ||z, and
let K be a subset of £.
The set Lip(K, F) of all maps f : K — F such that

o (1) S0l
puts) = s { =T

is a complex vector space: the space of all lipschitz maps K — F; pr is a

seminorm on Lip(K, F).
Chosen any xg € K, the map

:x,yeK,x;ﬁy}<oo

Lip(K,F) 3 f = [ f(zo)ll7 + pL(f)

is a norm on Lip(K, F) with respect to which Lip(XK, F) is a Banach space.
Any f € Lip(K, F) is uniformly continuous on K.
If Ae L£(E,F) (the Banach space of all bounded linear maps &€ — F),
then A € Lip(K, F) and

Ax
pr(A) = sup { [Azllz . 5\{0}} = [|A]l.
[E41P
If&=2F, | e, || ||z and Lip(K,F) will be replaced by || || and by

Lip(K).
If f € Lip(K) and g € Lip(f(K)), then go f € Lip(K) and

pr(go f) <pr(f)pr(g).

Let {f,} be a sequence of maps K — & all of whose elements are
contained in Lip(K).

Lemma 8.1. If
f(‘r) = lim fU(‘T)

V—00

exists for all v € K, and if there is a constant M > 0 such that
pL(fV) <M
for all v, then f € Lip(K) and pr(f) < M.

Proof. Let xz # yin K, and, for any € > 0, let v be such that

1£@) - £@)] <5, 17@) - LW < 5
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Then,

1)~ f @l _ (@) = @) = () = L)
o=yl = lo =yl

1) = £l _ .y,

lo =yl | .

+

Proposition 8.1. If pr.(f) =k < 1, then:
1) I — f is injective, and

1
pr{l= 1)< 1= po(f)’

2) if B(xo,r) C K, then
(I = [)(B(zo,7)) D B(xo = f(2o),r(1 = k));

3)if K=&, I— f is bijective.

Proof. 1) For 1,29 € K,

21 = za|| < [(21 = f(21)) = (w2 = fl2))]| + [ (22) = f(22)]
< @y = f(21)) = (w2 = f@2)l| + K21 — 22,

i.e.

1
T (@ = f@1)) = (w2 = f(22))l

1 — 22 <

2) Choose any y € B(z, — f(x,),7(1 — k)), and let g : B(x,,7) — & be
defined by

g(z) = f(z) +y.

Then, g € Lip(B(x,,7)) and pr(g) = k.
Since moreover

lg(z) = zoll < [If (@) = f@o)ll + ly — 20 + f(zo)ll
<kr+(Q-kyr=r

then

9(B(zo,7)) C B(xo,T).

3) Since K =&, 1) and 2) yield 3). O
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In the following 2¢ and 2% will stand for the sets of all subsets of the
complex Banach spaces £ and F.
Any subset I' of £ x F defines two subsets

D(I') € € : {x € £: 3y € F such that (z,y) € T'},

R(I) c F:{y e F: 3z € £ such that (z,y) € '},
and a set-valued map
[: D) — 27\{0}

defined on 2 € D(I) by

z—T(x)={yeF:(x,y) €T}

Vice versa, given a subset E of £ and a set-valued map
At B —27\{0},

the graph of A, i.e. the subset of £ x F defined by

Ga:{(z,y): 2z e Eyec A},
is such that

A=

In the following, we will be dealing with the case & = F.
Let T(&) be the set of all set-valued maps

EDE —25\{0}.

For any A € Y (&), the resolvent set r(A) of A is, by definition, the set
of all ¢ € C such that:

¢I — A has a dense image in £. That is to say, for any y € £ and any € > 0
there are x € D(A) and z € A(x) such that

1(Cx—2) —yl <&
(I — A is injective;
(¢I — A)~" € Lip(M¢), (8.2)
where

M = U{CT — A(z) : z € D(A)}.
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The set o(A) := C\r(A) is called the spectrum of A.

If A is a linear operator £ — &, 0(A) is the spectrum of A as defined
in [10] (see also [9]).

Let ¢ € r(A). In view of (8.2), there exists M > 0 such that

(¢ = A) 7 (y) = (KT = A) " (w2)|| < Mllyr — el Vy1,2 € M.
Letting
xj = (¢I = A)" (y;) € D(A),
there exist z; € A(x;) for which
y; = Cxj — 2.

For every y € & there are sequences {z,} and {z,}, with =, € D(A)
and z, € A(x,), such that

lim (Cx, —2,) =y. (8.3)

V— 00

Since
|2y —2ull < M|[(Cxw — 20) — (Czp — 20|l

{z,} is a Cauchy sequence. By (8.3), also {z,} is a Cauchy sequence.
If
r= lim z,, z= lim z,,

V—00 V—00

then

y=_(x — 2.

If the graph G¢j—4 of (I — A is closed, then (z,z) € G¢r—a, that is,
x € D(A) and z € A(z).
Since, if G4 is closed, G¢r— 4 is closed, that proves

Lemma 8.2. If A is closed (i.e., G4 is closed), then r(A) consists of all
¢ € C for which: M¢ =&, (I — A is injective, and

(¢TI — A)~! € Lip(&).
The following lemma is a further consequence of the above arguments.

Lemma 8.3. If M = & for some € r(A), then (I — A is surjective.
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Theorem 8.1. For any A € T(E),
r(A) c r(A),

or equivalently,

a(A) C a(A).
Proof. 1Inview of Lemma 8.3, to show that, if ¢ € 7(A), (I—A is bijective,
we need only prove that (I — A is injective.
Let x1, 79 € D(A) and let 21 € A(x1), 22 € A(w2) be such that

C,Tl —Z1 = CLL'Q — Z9. (84)
Since
Gepoa = Ger-a,
there exist sequences {z}}, {5} in D(A) and sequences {z}}, {z5} with

2y € A(xY), 24 € A(z), converging respectively to 1, 2 and z1, 2a.
The inequality

[t — @3]l < MI|(¢zy = 27) — (Coz — 25) (8.5)

and (8.4) imply that 1 = z2 and 21 = 2.

Thus, for any ¢ € r(A), ¢(I — A is bijective.

We show now that the map (¢I — A)~*! is lipschitz.

For any choice of 21,22 € D(A) and 21 € A(21), 22 € A(x2), let {a¥},
{25} in D(A) and {z¥}, {25} with 2} € A(a}), z§ € A(z4), be sequences
converging respectively to 21, 22 and z1, z2. The equation (8.5), implies
that

[y — @l < MI|(Cxr — 21) = (C2 — 22)]|,
proving thereby that
(CI —A)~!' € Lip(&).
Summing up, ¢ € r(A). O

Let ¢ € r(A). For every y € £ there exist a unique z € D(A) and a
unique z € A(z) such that (z — z = y, and the map y ~ x is lipschitz.
Hence, if € D(A) for every y in the range of (I — A, then ¢ € r(A).

This latter hypothesis is satisfied if the following condition holds:

i) for every x € D(A) and for every sequence {x,} in D(A) converging to =
and such that for every v there is y, € A(x,) for which {y,} converges to
somey € &, then x € D(A) and A(x) > y.
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If A is a linear operator, this hypothesis is equivalent to requiring that
A is closable, i.e. such that, for every sequence {x,} in D(A) converging to
0 and for which {A(z,)} converges to y € £, then y = 0.

Extending this definition to the non-linear case, any operator A € Y(£)
satisfying condition i) will be called closable, and the following theorem
holds, which extends a well known fact in the linear case®

Theorem 8.2. If A € Y(&) is closable, then o(A) = o(A).

For any (, € r(A) let

B 1

Cpe((Gl — A7)

and let A((,, $o) be the open disc in C with center {y and radius sg. The fol-

lowing proposition implies that r(A) is open, or, equivalently, the spectrum
of A is closed.

So

Proposition 8.2. For any (y € r(A),
A(Gor 50) C 1(A),
and for any ¢ € A(Co, 50),
I =A) =Gl =A) o (I+(C— )¢l A7)
for any ¢ € A(Co, So)-

1

Proof. Being

€= Colpr (Gl = A)7H) <1, (8.6)
by Proposition 8.1
(I+ (= ¢)GI=D)7) " € Lip(e).
Letting
F=(GI =) o (I+(¢ = )Gl =A)™") " e Lip(€),
we have to show that F' = ((I — A)~!; that is to say, for all x € &, the
equation

Cu—x € Alu) (8.7)

€See, e.g., [9], Theorem 1.9.8., pp. 55-56. The hypothesis whereby A € T (&) is closable
was omitted in [9]. Hence, Theorem 1.18.3 of [9], must be replaced by Theorems 8.1 and
8.2.
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has the unique solution u = A(x).
To establish uniqueness, assume that (u—x € A(u), and let v = (u — 2.
Because v € A(u), then

(COI - Z)_l(COU - U) =4u,
i.e.,
(Gl = A) 7z + (G — Qu) = u.
Thus wu is fixed by the map C : £ — £ defined by

y = Cy) = (Gl = A7z + (G = ).
Since, by (8.6), p(C) < 1,
po(C") < (pr(C))" <1

for n = 1,2,.... The classical Banach fixed point theorem for strict con-
tractions of a complete metric space implies that u is the unique fixed point
of C (see, e.g., [4]).

To show that u = F(z), let

1

2= I+ (0= )Gl =A™ (),
so that
(Gl = A)7H(2) = F(a),
then
CF(x) =2 =((CT = D)7 (z) = (T +(C = GGl = A)7H) (2)
= Go(CoI = A)7H(2) € A((G —A)7'(2)) = A(F ().
Thus, u = F(z) solves the equation (8.7). O
Theorem 8.3. For any x € & the function
r(4) 3 ¢ (¢ - A)H(z)
is locally lipschitz.
Proof. For (,(, € 7(A), ¢ # Co,

(¢ = A)Hz) = (Gl = A)H(z) = (¢ = A) N (2)~
—(CI = A) 7 o+ (¢ = )G — A)7H(2)).
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Hence

1(¢T = A) (@) = (¢l = A) (@) < [¢ = Colpr((CT = A)~HI(CT = A)7.
On the other hand,

pr((CI = A7) = {” I¢T = A) ™ (@) = (T = A~ (W)l -

M
x,yes,xaéy}—sup{” G -

XL+ (¢ = Co) (G — AN Ha) —
(CI —A) T+ (=) GI =A™ ) W) -
x,y €&, x#y}
< (Gl = A) MipL(I + (¢ = ) (Gl —A) 1)~
- I =D~
T 11— Col pLlCol —A) L)’

because of Proposition 8.1, of the fact that ((,/ — A)~! is injective and
because

€= ColpL (Gl = A)7Y) <1
Hence,
(¢ = A) ") = (Gl = A) M) <
C= GG =Dy g,
1= ¢ = Colpr(Cl —A)7L) (€ el
That proves the theorem. O

Let f: & — & and g : £ — & be such that r(f) Nr(g) # 0, and let

cer(f)nr(g).
Forallz € €

(I =g)(x) = (I = f)=) + (f = 9)(2).
Hence, if x = (¢I — f)7(y),
(CI=g)((CI =" w) =y +(F == N W),

=N =l-g) + =g o(f=go(CI=H" (88
For ¢ € r(A) and = € &, let
H(C x) = (¢TI = A)~ ().
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As is well known, if A is a closable linear operator, the function ( —
H(({,x) is holomorphic on r(A). Here is an extension of this fact to the
non-linear case.

Proposition 8.3. If H is Fréchet differentiable at x € € for all x € £ and
all ¢ € r(A), H(e,x) is holomorphic in r(A). Furthermore,

d
EH(C.2) = ~d,H(C,2)(T(C.2))

for any x € € and any ¢ € r(A).
Proof. For z,y € &, with y # 0, and ¢ € r(A), let

h(y) == H((,x +y) — H((,x) — d H((,z)(y).
Then
i PRI _

v=0 [yl
If k € C is such that ¢ + x € 7(A), then, by (8.8),

H((+r,2) = ((C+R)T = A) " (2)
= (=AM z+ (- C—rm)(C+rI—A) ()
= —=A) e - R)((C+rRI—A) ()
= H((,z — kH(( + K, )),

and therefore

H(+k,2)— H(C, x)
= H(C,IE— KH(C"‘Kvx)) _H(Cvx)
= _KdIH(Cvx)(H(C + K, ‘T)) + h(_ﬁH(C + Ii,l‘)).

Since H (e, x) is locally lipshitz, the conclusion follows. O

Theorem 8.4. Let K be a non-empty, closed and connected subset of C.
Let A€ Y(E), let (, € K and let ¢ : K — Ry be
continuous and such that:

1 = 22fl < S(OIC(21 — 22) = (21 — 22| (8.9)
for all x1, x5 € D(A), all 21 € A(x1), 22 € A(x2) and all ¢ € K, and that

(CI - A)(DA) = &. (8.10)
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Then:
K C r(A); (8.11)
pr((CI = A7) <6(¢) V(EK, (8.12)
and
(CI —A)(D(A) =& V(EK. (8.13)

Proof. We begin by showing that, for all y € &£, there exists a unique

x € D(A) solving the equation
Cor —y € A(x). (8.14)

By (8.9), there exist sequences {x,}, with x, € D(A), and {z,}, with
2z, € A(z,), such that, letting

CoTu = 2v = Yo,
then
Jim =
It follows from (8.9) that

2y = zull < ¢(Co)llyw — wull

for all indices v and pu.
Since £ is complete, {z,} converges to some x € D(A). Hence, {z,}
converges to some z € A(x) for which

Cox — 2 =y.

Thus, (8.14) holds.
Let ' € D(A) and 2’ € A(x') be such that

(ot — 2 =y.
Since
[z — 2’| < @) [|(Co — 2) — (Coz” — )|
=y -yl =0,

then © = 2/, i.e., the solution of the equation (8.14) is unique.
Since, furthermore,

pL(CoI - Z)il) < (b(Co) (8'15)
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then

Ger(A)NK.

The intersection K, = K Nr(A) is non-empty and open in K.
To establish (8.11), we prove now that K, is also closed.
Let ¢ € K,, and let {¢,}, with ¢, € K,, be a sequence converging to (.

By Proposition 8.2 and by (8.9),
1
Alé,—— |NKCK,.
Cra)

If € > 0 is such that ¢(¢,) < 1, then
A, ) NEK C K,

and therefore ( € K,. Since K, is open in K, closed and non-empty, and

since K is connected, then K = K, C r(4).
Thus

pr((CI—A)™) <o) V¢EK.

We complete the proof of the theorem showing that (8.13) holds. Indeed,
if A\ is a continuous linear form on & such that

(Cz—y,\) =0 Ve DA, Vye A),

then A = 0 because ¢ € r(4). O
Note Many of the results established in this section can be found in [4].

8.2. Accretive operators in Banach spaces

A linear operator X : D(X) C £ — £ is called accretive when
|(sI + X)z|| > s||z]| Vo € D(X), Vs eR}.

This definition has been extended to the non-linear case in the following
way. A map A € T(&) is said to be accretive if

1 — 22| < [[z1 — 22 + s(y1 — y2) |l

for all 21,20 € D(A),y1 € A(x1),y2 € A(z2),s € RY.

This section is devoted to sketching some elementary aspects of this
extension. Many deeper results can be found, e.g., in [4] and [3].

Clearly, if A is accretive, A is accretive, and ol + A is injective for all
aeRY.
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Lemma 8.4. If A is accretive and if

r(A) NRE #£0, (8.16)

then
R* C r(4) (8.17)

and
pL(CI—Z)S% V¢ ERY. (8.18)

Proof. 1If ( e R*,

ey — o] < %Hawl C2a)— (- )l

for all 1,22 € D(A),y1 € A(z1),y2 € A(xz2).
Because of (8.16),

(Gl = A)(D(A)) =&

for some (p € R* . By Theorem 8.4, (8.18) holds, and [¢, +00) C —r(A) for
all ¢ > 0. O

If A is accretive and (8.17) holds, A is called m-accretive.
If

(I+A)D(A)) =€, (8.19)

I+ A is closed (and therefore A is closed) because otherwise I + A could
not be injective. Thus, —1 € r(A) and therefore A is m-accretive.

At this point, one easily concludes that an accretive operator A is m-
accretive if, and only if, (8.19) holds. This fact can be improved showing

(exercise) that, if A is accretive and there is some o > 0 for which
(I+aA)(D(A)) =€,

then A is m-accretive.

Ordering the operators by inclusion of their graphs, an accretive opera-
tor is said to be a maximal accretive operator if every accretive operator C
such that G4 C G¢ coincides with A. By the Zorn lemma, every accretive
operator is contained in a maximal accretive operator.

Theorem 8.5. If A is m-accretive, A is mazximal accretive.
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Proof. Let C be accretive and such that G4 C Geo. If 9 € D(C) and
yo € C(xg), then xo + yo € (I + C)(z0). As a consequence of (8.19), there
is some x; € D(A) for which

To+ Yo € r1 + A(Il) Cx + O(:El) (820)

Since C is accretive, and therefore I + C' is injective, then g = x1, so that,
by (8.20),

xo + Yo € o —+ O({E()),
i.e., yo € C(zo). Thus, A =C. O

Corollary 8.1. If A is m-accretive, A is closed.

Theorem 8.6. Let A € Y(E). If there exists (, < 0 such that (—c0,(,) C
r(A) and
1

pL((¢I—A)™h < i

v C € (—OO, Co)u
then A is m-accretive.

Proof. Let: ( < (,, 21,22 € D(A), 21 € A(x1), 22 € A(x2), y1 = (x1—21,
Y2 = Cl“2 — 22.
Then,

(I = A)(z1) 3 Cr1 — 21 = w1,

(CI — A)(w2) > Cxo — 22 = Yo,
and therefore
z1 = (I —A) ), z2=(CT—A) ().

Hence,

_ 1
w1 — 2]l < pL((CT = A) )y —ell < el — el

= iHC(ajl —x2) — (21 — 22)|,

—C
that is,
—Cllz1r — 22| < |[{(z1 — 22) — (21 — 22) ||

for all ¢ < (.
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Letting {, — ( = 7, then 7 > 0 and the latter inequality yields
(T = Co)ller — @2l < [[(Co — T)(21 — 32) — (21 — 22)
= || = 7(@1 — x2) — (21 — 22) + Co(@1 — 22)||
< ir(@r = 2) + 21 — 22| — Gollwr — 22,
whence
Tl — @2l < [I7(x1 — 22) + 21 — 22|

for all T > 0.
That shows that A is accretive. Since r(A) NR* # (), A is m-accretiviel

Examples show, [6], that being maximal accretive does not imply being
m-accretive. However this implication does hold in the case of Hilbert
spaces.

8.3. Monotone operators

Let H be a real Hilbert space with inner product ( | ). Accretive operators
on H are also called monotone operators.

Let A € T(H).

Theorem 8.7. The operator A is monotone if, and only if,

(r—¢&ly—n) >0 (8.21)
for all v, £ € D(A) and all y € A(x),n € A(E).

Proof. First of all, for any s € R,
lz =€+ sy —mI* = llz = &1* + s*ly — nlI* + 2s(z — €|y —n).
As a consequence of (8.21),
lo =&+ s(y —n)lI* > [l= — €]
for all z,£ € D(A), all y € A(z),n € A(§) and all s > 0. That shows that,
if (8.21) holds, A is accretive.
Viceversa, if A is accretive,
lz = €l < llz = €17 + sy — nll* + 2s(z — €ly —n),
that is
slly = nll* +2(z —&ly —n) >0

for all s > 0. That yields (8.21) for all z,& € D(A), all y € A(x),n € A(E)
and all s > 0. O
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As in the case of accretive operators, a monotone operator A on H is
said to be mazimal monotone if GG 4 is maximal in the set of the graphs of
all monotone operators on H, ordered by inclusion. By the Zorn lemma,
every monotone operator is contained in a maximal monotone operator.

An immediate consequence of Theorem 8.7 is the following characteri-
zation of maximal monotone operators.

Theorem 8.8. The operator A is a maximal monotone operator if, and
only if, A is monotone and the fact that (8.21) holds for all z,y € H and
all §,m € Ga implies that © € D(A) and y € A(x).

Theorem 8.9. The operator A is mazimal monotone if, and only if, it is
m-accretive.

Proof. The “if” part is Theorem 8.5. For a proof of the “only if” part,
see, e.g., [9], pp.249-252 and p.257. O

Here are some examples of monotone operators.

Lemma 8.5. Let K C H and let f : K — H be a contraction. Then,
A =1-— f is monotone.

Proof. Ifzi,z0 € K,y; =z, — f(z;),(j =1,2),

(1 — 22ly1 — y2) = (21 — 22|21 — 22 — (f(21) — f(22)))
= ||y — 22||” = (21 — 22| f(21) — f(22))

> o1 — @2l = [lar — 2| [Jz1 — 22]| = 0.

O

Let A € T(H) and, for x € D(A), let convex(A(z)) be the convex hull
of A(x).

Lemma 8.6. If A is monotone, x — conv(A(z)) is monotone.

Proof. Let x1,220 € D(A), 7 = 1,2, n > 1, yj1,...,Yjn € Azj),
ti,...,tp € Ry, with ¢ +---+1¢, =1.
Then

n n
(T2 — o1 Z ta(Y2,0 — Y1,0)) = Z ta(T1 — 2lY2,0 — Y1,0) > 0.
a=1

a=1

O

As a consequence, if A is maximal monotone, A(x) = convex(A(x)) is
closed and convex in H for all x € D(A).
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Let M be a connected, C*° Riemannian manifold of dimension V. Let
Q7 be the vector space of all real, exterior g-forms of class

C*® on M, and Q24 C Q7 be the subspace consisting of all compactly
supported elements of Q9.

The Riemannian metric defines the Hodge isomorphism

Q1 5N

If dw is the volume element of the Riemannian metric, for ¢,v € Q9,
and for any x € M, let (¢, %), be the real scalar defined by

(@A x)e = (6, 9), dw(z);

the map ¢, — (¢,7), € R is a positive-definite bilinear form which is a
continuous function of x € M for every choice of ¢ and . Both (¢,7),
and

(which is a norm in the space of anti-symmetric g-vectors in RN) do not
depend on the local representations of ¢ and v in any coordinate neigh-
bourhood of z.

Setting, for ¢, € QI

(6l) = /M<¢,w>dw and (6] = (6167,

we define a positive-definite inner product and a norm on QZ, which thus

cr

acquires the structure of a real pre-Hilbert space. Let L? be its completion.
If d : Q4 — QF! is the exterior differential operator, the operator
§: 07 — Qi1 defined by

§=(-1)%todox
is the formal adjoint of d, in the sense that
(dglx) = (#10x)

for all ¢ € Q4, x € QI
The Laplace-Beltrami operator

A=dé+6d: QL — Ql
is linear, symmetric and positive on the domain 4:

(Adl) = (doldyp) + (00]6¢) = (6|AY),
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(A¢lg) = [|dg||* + [|6¢]|* > 0

for all ¢,y € Q4.
For p > 2, the p-Laplacian, or p-Laplace-Beltrami operator,

A, Q7 QI
is defined on any ¢ € QZ by
Ap(6) = 5 (1dolP2ds) +d (|50lP25) .
For ¢,v € Q,
(Ap(@)l) = (IdoP2ddldy) + (1661P26/6v)

= [ llaoaolav) + 1502 60/50)] d

and, in particular,

(Bp(D10) = 1dlI” + 5611,

where

loll= ([ 1eras).

These identities, yield now

Theorem 8.10. Ifp > 2, A, with domain D (A,) = Q4, is monotone.
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Proof. If ¢1,¢p2 € QY

(Ap(d1) — Ap(¢2)|d1 — d2) =
dgull” + [1061(1” + [|dz||” + (|02 —
(|dgr|[P~2dgy|des) — (1061 [P~26¢1|0¢2) —
(|dg2|P~2dga|dd1) — (|0¢2|P~*5¢2|0¢1)
= |ldp[|” + 1061 (” + llda|” + [|0¢2[” —

[ [donl= + ldoap=?) tdldo)+
(16011772 + [662[P~2) (5¢116¢h2)] dw
> [ laor + doap - 5 (donp=2 + laoal ) x
(Ides|* + |dg2?) + 01" + [6¢2]” —
5 (6611772 + 15021772) x (15612 + [521?) | dev

1
- 5/ [|[dor [P + |dalP — |d1 [P~ |da|* — |dep2|P~2|dep1 [P+
M

06117 + [6¢2|P — 1661 P72 [6¢pa|* — |52 [P2]0¢1|?] dw.
Since, for p > 2,a > 0,0 > 0,

a? + b — a? 7?0 — a®b’ % = (aP7% = P 7?) (a® — b?) > 0,

then

(Ap(¢1) - Ap(¢2)|¢l - ¢2) 2 0. 0
Lemma 8.7. If A is mazimal monotone, D(A) is conver.
Proof. See, e.g., [9], Theorem 3.8.7, pp. 259-260. |

8.4. Nonlinear semigroups

Let A € T(H) be a maximal monotone operator. For z € D(A), let IL4(, be
the orthogonal projector of H onto the closed affine subspace of H spanned
by conv(A(x)) = A(z), and let A°(x) = 1 4,)(0).

The central role of the single valued operator A° : D(A) — H is clarified
by the following theorem.
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Theorem 8.11. If A is mazimal monotone, and if (z,y) € D(A) x H is
such that

(A°(§) —yl¢ —x) = 0 V¢ € D(A),

then

(n—ylg —2) =20 (§n) € Ga,
i.e., © € D(A) and y € A(z).

As a consequence, A° determines A in the sense that, if A; and A, are
maximal monotone, if D(A;) = D(A2) and if A;° = A5°, then A; = As.

The operator A° establishes a link between maximal monotone opera-
tors and continuous semigroups, which can be viewed as a non-linear ex-
tension of the Lumer-Phillips theory in the linear case.

Let A € T(H) be a maximal monotone operator.

Theorem 8.12. For every x, € D(A) there exists a unique function x :
[0,4+00) — H which satisfies the following conditions:

x(t) € D(A) for all t € (0,400);

x 1is lipschitz on (0,+00) (that is to say

dx oo
E €L ((0, +OO),H)

in the sense of distributions) and

‘dz

dt
—dz ¢ A(x(t) a.e. on (0,+00)).

< A% (@o)ll 5
L>((0,40),H)

The map ¢ — z(t) is a contraction D(A) — D(A) that can be extended,
in a unique way, to a contraction 7'(t) : K — K of

K =D(A). (8.22)

The map R > ¢ +— T'(t) is a semigroup of contractions of K which is
continuous, i.e.,

lti%l IT({t)(x) —z|=0VzeK,
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and such that

IT(#) (1) = T () ()] < llw1 — 2]l

for all 71,70 € K and all t € RY..

Furthermore

ltifg %(x —T(t)(x)) = A°(z) YV« € D(A). (8.23)

Viceversa, the following theorem holds.

Theorem 8.13. Let K be a closed, convexr subset of H and let R} >t —
T(t) be a continuous semigroups of contractions of K. There exists a unique
mazimal monotone operator A such that K = D(A) and (8.23) holds.

Proofs of these facts are given in [1].
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9.1. Introduction

From the general point of view, integral geometry can be understood as a
branch of analysis dealing with reconstruction of functions or distributions
from their integrals over families of submanifolds. The celebrated article
[R] of J. Radon on reconstruction of functions in R® by their integrals
over 2-planes, published in 1917, may be considered as a starting point for
developing integral geometry.

More precisely, the general problem can be described as follows. Given
a Riemannian manifold M and a family of submanifolds M, C M, one
defines the Radon transform as

RF(M.) = /M fdpia,

where d,,,, is an appropriate measures on M, and f is an integrable function.
Thus, we deal with integral operators of specific form.

The following questions are important:
e What is the kernel of the transform R (when is it injective)?
e What is the image of R?
e What is the inverse operator (inversion formula) to R on its image, in the
case of injectivity?

In these notes we will mainly deal with the problem of injectivity for
Radon transforms arising in certain analytic problems.

Let us consider, for example, the classical Radon transform. In this case
M =R" and the family {M,} is the family of all hyperplanes in R™.

Parametrize the hyperplanes by the unit normal vector and the distance
to the origin: &, 4 = {z € R" : (w,z) = d}, where d € R and w € S" 1, the
unit sphere in R”.

Then the Radon transform R can be regarded as a function on S"~1 xR
defined by:

Rf(6d) = Rfw.d) = |  J@am@) (9.1)
where dm,,_; is the (n — 1)-dimensional volume.

One of the main properties of the transform is that it commutes with
transforms from the group M (n) of all rigid motions (isometries) of R™ : If
T € M(n), then R(fo7)(§) = Rf(7), where ¢ is any hyperplane in R™ and
f belongs to the domain of R. This invariance implies that the transform
R is closely related to the Laplace operator A = 6‘9—:? 4+ 4 % which is
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the only (up to a constant factor) second order M (n)-invariant differential
operator.

In this course, we will consider several important problems arising in
analysis and PDE which lead to such Radon transforms, i.e., to transforms
invariant under groups of isometries and where this invariance delivers fasci-
nating interaction between integral geometry and spectral analysis of differ-
ential operators naturally related to the transforms. The Radon transforms
over planes and spheres are important examples of such kind of transforms.

9.2. Radon Transform over Hyperplanes

This section contains more information about the classical Radon transform
defined in Section 9.1.

The regular functional classes on which the Radon transform (9.1) is
well-defined are: C.(R™), the space of all continuous compactly supported
functions, the Schwartz class S(R™) of rapidly decreasing functions, and
certain spaces of functions with sufficient rate of decay at oco.

It is convenient to introduce the Radon projection on the direction w €
Snl.

(P*f)(d) = Rf(w,d), deR.

In polar coordinates r = rw, € R®, w € S, r € RT, the Radon
projection is related to the Fourier transform

(Fuf)(N) = / eI f(2) i

in the following nice way:

Projection Slice Theorem.

(Fuof)(rw) = (F1PYf)(r), weS™ ' reR.

Proof.

(Fuf)(rw) = / e~ 1) f (1)

n

N /]Rl e (/(w)_s f(x)dmn—l(:v)> ds (9.2)

= (F1P?)(r). 0
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Corollary. Let f € C.(R™) and P¥f = 0 for infinitely many directions
we S L Then f =0.

Proof. The Projection Slice Theorem implies (F,, f)(rw) = 0 for an infi-
nite set of vectors w € S"~1 and for arbitrary r > 0. The set {w} has a limit
point and therefore the real-analysis function F), f vanishes everywhere in
R™. Then f = 0.

Thus, any compactly supported continuous function is uniquely defined
by its Radon projection on an infinite set of directions. O

The hyperplane Radon transform of f can be regarded as a function
(&) defined on a set P" of all hyperplanes in R"™, equipped with the natural
topology, by

o€ = [ J@hima@), geP.
13
The dual transform ¢ is defined by:
o) — d 7
#(a) L&¢@>ma

where p is the (unique) normalized measure on the set of all hyperplanes
& € P™ through the point z, i.e., x € £, that is invariant with respect to
rotations around x. The measure p can be taken as the normalized area
measure dA(w) on the sphere S"~! where w is the unit normal vector to
E={yeR": (w,y)} = (w,z), so that

6@) = [ ol (w.)d
Inversion Formula: Let f € S(R™) Then
fla) = const AT Rf(x), (9.3)

For n = 3, this formula was first written by J. Radon [R]. It says that
f(x) can be computed by averaging the Radon tranform Rf around the
point z and applying the iterated Laplacian to the result.

The inversion formula (9.3) needs clarification for the case of even di-
mensions n. The fractional power of A is understood in a consistent way by
means of functional calculus, based on the Fourier transform, as the Riesz
potential

@) = [ O

Jo—yPT
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We refer the reader to the rigorous detailed proof of the inversion for-
mula (9.3) to the books of Helgason [He] and Natterer [Na], restricting
ourselves here to comments on the idea of the proof for odd n.

When (n —1)/2 is an integer, the formula (9.3) is obtained as follows.
First, since the transform R commutes with rotations, the averaging Rf of
R f coincides with the Radon transform R applied to the result of averaging
of f around z. In other words, it is enough to prove (9.3) for f invariant
with respect to rotations around x. Then consequently applying the Laplace
operator A to Rf using the Euler-Darboux equation for spherical means
(see the next section) and integrating by parts finally reduces the left hand
side in (9.3) to f(x) times a constant.

Remarks.

1. The inversion formula (9.3) is local for n odd and is nonlocal for n
even. This means that in odd dimensions one needs to know integrals
of f over the hyperplanes near the points z, to reconstruct f(z). On
the other hand, for n even, one needs to know the integrals over all
hyperplanes.

In fact, this distinguishing feature of the character of the inversion
formula in even- and odd-dimensional spaces is related to the known
Huygen’s principle for the wave propagation.

2. The formula (9.3) gives a decomposition of the function f into the plane
waves ¢, (r) = p(w, (w, z))-functions constant on parallel hyperplanes
with the same normal vector w. Later on, we will consider such kinds of
decompositions related to spherical waves, that is, functions constant
on concentric spheres.

9.3. Spherical Radon Transform

The spherical Radon transform is defined by
Min) = Mf@) = [ A,

where S(z,7) = {y € R : |y — x| = r} and dA is the area measure on the
sphere S(z, ).
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The transform M is M (n)-invariant and can be written in the group-
theoretical form:

Miwr) = [ o+ kg,

O(n)

where O(n) is the orthogonal group, dk is the Haar measure on O(n) and
y € R™ is any vector |y| = r.

The spherical transform commutes with the Laplace operator, i.e.,
AM"™ = M"A, which can be readily checked.

Moreover, for C'*°-functions with sufficient rate of decay at oo, say for
functions in S(R™), the transform can be decomposed into series of iterated
Laplacians:

Mf(:l?,’l”): 7112 Z

7\ 2k 1 &
2 4 0(5) T CES R

(Pizzeti formula).
Formally, the decomposition can be obtained as follows. Write M" f as
the convolution

MTfZXT*f,

where . is the delta distribution on the sphere S(r) = S(0,r). Applying
the Fourier transform yields
M f=3%-f.
The Fourier transform y, is the Bessel function:
2—n

(0 = Tz (N (M) =",

and the Pizzeti formula now can be obtained by decomposition of the Bessel

function in the power series and taking the inverse Fourier transform.
The following identity is called the Darboux-Euler equation. Let
F(z,r) = M" f(z), f is twice differentiable. Then

F n-10
or? r Or
The left hand side is just the radial part A, of the Laplacian A, so the
equation says A, F = A, F.
We now give the proof. Introduce the function F(z,y) = MY f(z).
Then

AyFe) = [ Ayfle+ k) = /O Al Rl = At P (o)

) F(z,r) = Ay F(x,r). (9.4)
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and the equation (9.4) follows, since Ay F(x,y) = A, F(x,r) because F is
radial in the y-variable.

Moreover, the Aisgersson theorem says that any solution F(z,r) of the
Darboux-Euler equation is the spherical transform F(xz,7) = M f(z,r) of
the initial data f(z) = F(«,0).

9.4. Pompeiu Transform and Pompeiu Problem

Both the plane Radon transform and the spherical transform integrate over
families of congruent sets (hyperplanes, spheres), that is, the motion group
M (n) acts on families of manifolds of integration.

The Pompeiu transform deals with integration over a family of congru-
ent compacts. Let M be a Riemannian manifold with the isometry group
Iso(M). With any compact K C M of positive measure, one associates the
transform

(Pxf)(r) = /(K) flx)dz, 7€ Iso(M),

defined on f € L _(M).
The transform

Pg : L, (M) — C(Iso(M))

is called the Pompeiu transform (associated with the compact K).

The spherical transform M" can be regarded as the Pompeiu transform
Ps(ry associated with the sphere S(r) = {z € R : [z| = r}.

The main problem regarding the Pompeiu transform is its injectivity.

In 1929, the Romanian mathematician, D. Pompeiu, published the ar-
ticle [Po] which contains the proof of injectivity of the transform Py in R™
for arbitrary compact K C R", mes K > 0. However, the result in such
generality appeared to be false. Namely, Chakalov [Ch] poined out that
the transform Pk, where K is a ball K = B(a,r) or a sphere K = S(a,r),
fails to be injective. Indeed, take

flz) = ™o,
Then

Emwﬂﬂ=/) é“%mz/ i) gy
7(B(a,r)) B(ra,r)

= ¢ihTa) / ei(’\’y)dy =eiNTa) g, (|)\|7°)|7°)\|an
B(a,r)

n—_=
2
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for any rigid motion 7 € M(n). Therefore, if A is chosen so that |Alr is a
zero for the Bessel function Janz, then Pp(, ) f =0 while f # 0.

The following question is known as the Pompeiu problem and still re-
mains open (we formulate the problem for R™) :

Pompeiu Problem. If balls are the only compact domains in R™ with
connected boundary, such that the corresponding Pompeiu transforms fail
to be injective?

The answer is unknown even for n = 2. Observe that a generic M (n)-
invariant family of compacts in R™ has dim M (n) = @ parameters,
while the family of balls of a fixed radii is n-parametric. Thus, the ques-
tion is whether the lack of the number of parameters is the only reason of
noninjectivity of the transform?

Our immediate aim is to link the Pompeiu problem with the so-called
Schiffer problem on solvability of an over-determined boundary value prob-
lem for the Laplace operator. To this end, we need tools of spectral analysis

and synthesis.

9.5. Spectral Synthesis of Invariant Spaces

We will use the standard notations: £(R™) — the space of all C°°-functions
in R™ with the topology of uniform convergence on compact sets, &'(R™) —

the dual space consisting of distributions with compact support.
Let T € £(R™). Then the Fourier transform of G is defined by

T(\) = (T, e ")) X e R™

According to the Paley-Wiener theorem [Ru], the image £ (R™) of the space
E'(R™) under Fourier transform coincides with the Paley- Wiener space
PW (R™) of all functions f(x) in R™ possessing extension to C” = R™ +4iR"
as entire functions f(z1,...,2,) satisfying the growth estimates

1£llk.a = sup.cen (21, 2n)] | (14 [2])"Fem A=l < oo,

ke {0}UN, A>0.

The topology in the space PW(R™) is defined by the seminorms ||f||x 4
and the Fourier transform is an isomorphism of the spaces.

We will denote PW (C™) the space of entire extensions of functions in
PW(R™) onto C".
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Definition. The subspace Y C E'(R™) is called translation-invariant if
f €Y, aeR", imply that the translation f,(x) = f(x—a) is also in' Y. We
callY M (n)-invariant if for any f € Y and for any rigid motion 7 € M (n),
the function f.(xz) = f(rx) belongs to Y.

Closed translation-invariant spaces Y C £'(R™) are characterized by invari-
ance under convolutions: if f € Y and g € £&'(R™) then f * g € Y. In other
words, those subspaces Y are ideals with respect to convolution.

Let Y be a closed translation-invariant subspace in £'(R™). Since the
Fourier transform maps convolutions to products, the Fourier image Y is
a closed ideal in & (R") = PW(R") with respect to multiplication, i.e.,
fey, ge&(R") implies fge Y.

If the subspace Y C &'(R™) is M (n)-invariant, then the Fourier image
Y c &(R") is a rotation-invariant ideal, which means that f € Y, k € O(n)
imply fok e W.

The celebrated theorem of L. Schwartz (fundamental theorem of mean-

periodic functions) gives necessary and sufficient conditions for an ideal in
PW(C) to be dense in PW(C) :

Theorem. [Sch] Let W C PW(C) be an ideal (with respect to pointwise
mutiplication), whose functions have no common zero in C. Then W is
dense in PW(C).

This theorem can be translated for the space & (R) = PW(R) =
PW((C)‘Rn as follows: a closed ideal W C PW (R) coincides with the whole
space PW(R) if and only if extensions of functions in W onto C have no
common Zzero.

It should be mentioned that the statement is not true for the space
PW(R™), n > 1. This is related to the absence of isolated zeros for entire
functions in C™ when n > 1.

However, the spectral synthesis is possible for rotation-invariant ideals,
due to the fact that the orbit space R"/O(n) is one-dimensional. Here is
the precise statement:

Theorem 9.1. [BST] Let W C PW(R"™) be a rotation-invariant closed
idea. If extensions of functions in W as entire functions in C™ have no
common zero in C™ then W = PW (R™).

Proof. (Sketch) The proof is based on reducing to the Schwartz theo-
rem by means of radialization of functions in W. Namely, introduce the
radialization operator that maps any function in W to the function
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o= [ e

Clearly f# is radial, i.e., f# depends only on |z|. If f(2), z € C", is the
entire extension of f onto C" then the entire extension of f# is given by

F#(z) = /O =

where the action z — kz of the group O(n) in C" is defined naturally:
k(x + iy) = kx + iky, z,y € R™.

The radialization operator maps the space PW(C") into itself. Func-
tions in the image, [PW (C")]#, of this operator can be identified, in a
natural way, with functions of one complex variable. Moreover, it appears
that they form an ideal in the space of even functions in the one-dimensional
Paley-Wiener space. The main part of the proof is to check that functions
in the ideal have no common zero. It is done by means of Banach alge-
bras. Then the Schwartz theorem yields that the closure of the above ideal
contains the function 1 and therefore 1 € W. This finishes the proof. [

Since M (n)-invariant subspaces in £&'(R™) and rotation-invariant ideals
in PW(R™) are isomorphic via the Fourier transform, we have

Corollary. Let Y C £'(R™) be a closed M (n)-invariant subspace, Fourier
transforms whose functions have no common zero in C™. Then'Y = &' (R™).

9.6. The Schiffer Conjecture

9.6.1. Characterization of Pompeiu compacts by zero sets of
Fourier transforms of their characteristic functions

We call a compact K C R™ Pompeiu compact (domain) if the Pompeiu
transform Py, defined in Section 9.4, is injective.

Any rigid motion 7 € M (n) is the composition of translation and ro-
tation, hence a compact K being Pompeiu compact is equivalent to the
equation

Xo(k) * f =0, forall o€ O(n), (9.6)
f € LL _(R™), has the only trivial solution f = 0.

loc
Define Yk as the translation-invariant closed space in £'(R™), spanned

by the functions x,(x), o € O(n).
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The Hahn-Banach theorem and (9.6) yield:

Proposition 9.2. K C R" is a Pompeiu compact if and only if Y =
E'(R™).

Proposition 9.3. K C R" is a Pompeiu compact if and only if the Fourier
transforms X;F() =Xk o0, 0 € O(n), have no common zero in C".

The functions Yx o ¢ have a common zero zp € C means that xx
vanishes identically on the orbit O(n) o zg = {029 : 0 € O(n)} of the point
zo under the group O(n).

When o runs the group O(n), the point oz9 = oxg + ioyp runs all
z = x + iy € C" such that |z| = |zol, |y| = |yo| and (x,y) = (z0,yo). The
latter conditions can be written in complex form as

24422 =a+if, where a=|zo|?— |yol?

and 8 = 2(zo,yo), with the additional restriction |z| = |zo].

Thus, the orbit O(n) - zg is the intersection of the quadric Q : 27 +- - +
22 = o +if3 with the cylinder | Re z| = |xo|. This intersection is a 2n — 3-
dimensional real submanifold of the complex hypersurface ¢ in C™ and the
uniqueness theorem implies that the vanishing of the entire function xx on
the orbit O(n)- z¢ is equivalent to the vanishing of xx on the whole quadric
Q.

In view of Proposition 9.3, we have, by denoting a4+ i3 = A2 :

Theorem 9.4. [BST] The compact K C R™ fails to be Pompeiu if and
only if the Fourier transform Xk of its characteristic function vanishes on
a quadric Qy = {2 € C" : 23 + - + 22 = \?} for some A\ € C\ {0} (Xk
cannot vanish at A = 0 because X (0) = [, dr = mes K > 0).

9.6.2. Overdetermined Dirichlet-Neumann boundary value
problem

Let K C R™ be a non-Pompeiu compact of positive measure. Then, as we
already know, the Fourier transform X, vanishes on a quadric 27+ - -+22 =
A2, X € C\ {0}. It is equivalent for the entire function xx in C" to be
divisible by the polynomial 22 + - -+ + 22 — A2 :

Xx =z 4+ 22 = X,

where v is also an entire function in C".
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Moreover, v € PW(C™) and therefore v is the Fourier transform, v = 4
of a compactly supported function u. Applying the Fourier transform yields:
(A+X)u=yxg in R™ (9.7)

The estimate

Xk (@)

) = AP T 22 = AP
shows, due to the known relation between the rate of decay of a function
and the smoothness of its Fourier transform, that « = v (the inverse Fourier
transform) belongs to C*(R").

Outside of the compact K, the function u solves the equation (A +
A?)u(x) =0, z € R"\ K, and therefore u is real analytic in the complement
of K. Since u has compact support, we conclude that u vanishes on the
unbounded component of R™ \ K.

Conversely, if (9.7) is solvable, then applying the inverse Fourier trans-
form leads to the conclusion that Y x vanishes on the quadric 22 +. .. 22 = \?
and therefore K fails to be Pompeiu compact.

From now on, we will deal with bounded domains 2 C R™ with con-
nected boundary. According to (9.7), the domain Q is not Pompeiu if and
only if there exists u € C*(Q) and A € C\ {0} such that (A + A\?)u =1 in
Q and u(z) = 0, Vu(x) = 0 for z € 9Q (because u possesses a C'-extension
in R™ vanishing on R™ \ Q).

Replacing u by —A?u+ 1 reduces the equation to (A+A?)u =0, u(z) =
1, vu(z) =0 for z € 99, and we arrive at

W@NS| z € R,

Theorem 9.5. [BST] Let Q be a bounded domain in C™ with connected
boundary. Then Q fails to be a Pompeiu domain if and only if the overde-
termined Dirichlet-Neumann boundary value problem
A+X)u=0 in Q (9.8)
ulgq =1
Vtt|pg =0

has a solution u € CY(Q) for some A € C\ {0}.

Remark. The condition of vanishing the gradient Vu on 092 can be re-
placed by the Neumann boundary condition % = 0, where v is the unit
normal vector to 0f). Also, since the Laplace operator with the Neumann

boundary condition is self-adjoint, the eigenvalue \? is real positive
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Now the Pompeiu problem can be reformulated in terms of solvability
of the boundary value problem (9.8). This reformulation is known as the
Schiffer’s problem:

Schiffer’s Conjecture. Euclidean balls are the only bounded domain with
connected Lipschitz boundary for which the problem (9.8) has a solution.

Remark. If Q = B(0, R) is a ball in R™ (centered at 0), then the solution
to (9.8) exists. It is radial and is expressed via Bessel functions:
2-n

2 .

u(zx) = const J"2_2 Az])(Az|)

The constant is chosen to satisfy the condition u(R) = 1, and the spectrum
{A} is countable and is defined by the conditin JT"()\R) = 0. This follows
from the known identity %Jm ()™ = Jppprt— MFD,

Let us formulate here briefly some known results on Schiffer’s Con-
jecture, For further information we refer the reader to the survey of L.
Zaleman [Za2], where the state of the art until 1991 is presented. The
articles [Zal] and [Za3] give a lovely introduction to the subject.
Regularity of the boundary. A result of Williams [Wi] states that if
the problem (9.8) is solvable and 92 is Lipschitz then 99 is real-analytic.
This means that domains with non real-analytic boundary of the Lipschitz
class, for instance polygons, possess the Pompeiu property, i.e., provide
injectivity of the Pompeiu transform. Therefore one can assume the real-
analytic boundary 0f) in the Schiffer Conjecture.

Infinite set of eigenvalues. C. Berenstein [Be] proved that if (9.8) is
solvable for infinitely many eigenvalues A, then € is a ball.

Domains far from balls. Results of Brown and Kahane [BK] state that
if  is a convex domain whose length is twice its width (cigar-like domain),
then Q is a Pompeiu domain, i.e., (9.8) is unsolvable.

Schiffer Conjecture for partial classes of domains.

Garofalo and Segala [GS] proved the Schiffer Conjecture for domains in
the plane whose boundaries are images of the unit circle under a trigono-
metric polynomia. Ebenfelt [E] proved the Schiffer Conjecture for so-called
quadrature domains — images of the unit disk under rational conformal
mappings.



294 M. Agranovsky

9.7. Characterization of Euclidean Balls by Multiplicity of
Dirichlet-Neumann Eigenvalues

Let us write again the over-determined Dirichlet-Neumann problem that
we deal with:

(A+X)u=0 in Q (DN)

u’asz =c

ou B
’ %‘asz -
where ¢ is a constant and 2 is a bounded domain with connected real-
analytic boundary.

In a parallel way, we consider the Dirichlet problem:

(A+X =0 in Q (D)

u|8§2 =0.

By m(\) we denote the multiplicity A as a Dirichlet eigenvalue, i.e.,
m(A) is the dimension of the solution space to (D).
Note that if Q is a ball, Q@ = B(0, R), and ) is an eigenvalue for the prob-

lem (DN) then separation of variables in spherical coordinates implies that
Jn—2 (Alz]) —n
u(x) = const f‘T, and the relation 4 (Janz (t)tQT) = Jn (t)t="/2,
x 2

and the condition on normal derivative % = 0 yields that A must
be chosen so that Jz (AR) = 0.
Again, it follows by separation of variables in the problem (D) that the

solution space for the problem (D) is spanned by n linearly indpendent

|aB(0,R)

solutions
xiJ%(/\|x|)(|:v|)_"/2, i=1,...,n.

Thus, if  is a ball, then the D-multiplicity m(A) of any D-eigenvalue
A is precisely n.

We want to prove that the opposite is also true. Namely, the following
holds:

Theorem 9.6. Let 2 be a bounded domain in R™ with real-analytic bound-
ary, homeomorphic to the Fuclidean ball. If there exists a DN-eigenvalue
A # 0 such that its D-multiplicity m(X\) satisfies m(\) < n, then D is a ball
(and, in fact, m(A) =n).

Proof. We break the proof into 2 main steps.
Vector fields annihilating solutions.
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Let u # 0 be the (unique) solution for the problem (DN) with the given
eigenvalue \. Since A\ # 0 then u # const. Now we can generate solutions
to (D) in the following way. Let us consider the vector fields

Xi:i_ 1=1,...,n, and Dijzxi%—xjaixi,lgigjgn
which form a basis in the Lie algebra G of the motion group M(n) of R™.
Here X; are infinitesimal translations and D;; are infinitesimal rotations.

Since transformations from the motion group M (n) commute with the
Laplace operator A, the infinitesimal generators X; and D;; commute with
A as well. Therefore X;u and D;;u are eigenfunctions corresponding to the
eigenvalue X. The boundary conditions for u in (DN) imply Vu‘ oo = 0 and
therefore X;u and D;;u vanish on 9.

Thus, X;u and D;;ju solve the problem (D) in the domain Q. Now ob-
serve that the functions Xju,..., X,u are linearly independent. Indeed,
ar Xqiu+ -+ a, Xnu = 0 for some «; € R would mean that w is constant
on any line orthogonal to the hyperplane cvyx; + - - - + axy,, = 0 which in
turn, along with u’asz = ¢ would imply u(x) = ¢ for all z € Q, which is not
the case.

Therefore, since any n + 1 solutions to (D) are linearly dependent we
obtain that each solution D;;u is a linear combination of Xy u, ..., Xyu :

n

k
Djju = E cinku.
k=1

n
Denote T;; = Dy — > cijk so that Tjju = 0.
k=1

Group symmetriesiof the level surfaces of the solution.
Let us consider the subspace 91 C G defined as

N={Te€G:Tu=0}.

The subspace 91 is a Lie subalgebra in G because T, S € 91 imply that the
commutator [T, 5] € N ([T, Slu=TSu— STu=0).

Denote by N the closed connected Lie subgroup N C M (n) with the
Lie algebra M, i.e., N = exp and let us prove that N is compact. To
this end, pick a point z¢ € Q such that u(xg) # ¢, where ¢ is the boundary
value of u and consider the orbit

N,, ={g9x:9g€ N}
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of the point zy. By construction, u|NI = const. Since u(zg) # ¢ = u‘BQ,
the orbit Ny, is disjoint from the bouondry 0f. Since N, is a connected
manifold, it is entirely contained in w and hence is bounded.

Additionally, N, = N/N N Oy, (n), where Oy, (n) C M(n) is the sta-
tionary subgroup at xo, is topologically closed and hence N, is compact.
It follows that the group N is compact as N N O,,(n) is compact and the
coset space N, is compact as well.

Any compact Lie subgroup N C M(n) is contained in a maximal com-
pact subgroup K of M (n) that is known to be conjugated to O(n) :

K =gO(n)g~! for some g€ M(n)

The corresponding inclusion for Lie algebras holds: 91 C & & O(n),
O(n) is the Lie algebra of O(n). Then dim 91t < dim K = dim O(n). On the
other hand, the vector fields T;; which were constructed earlier belong to
M and are linearly independent. Indeed, if 3" «;;7T;; = 0 then

k
YDy =Y | D auely | Xp=0

and «;; = 0 because the vector fields D;;, X; are linearly independent( they
constitute a basis in G.)

The number of the vector fields T;; equals the number of the operators
D;;, i.e., the dimension of the Lie algebra O(n). Thus, dim9 > dim O(n)
and finally dim9t = dim O(n) = dim K. But then 91 = & because N is a
subspace of the finite dimensional space K.

Coincidence of the Lie algebras implies local homomorphy of the cor-
responding Lie groups N C K = exp K, and the subgroup N is the factor
group N = K/H over a discrete, and therefore finite, normal subgroup
HCK.

Then any two orbits N, and K, € {2, have a common open subset
{kxz : k € U}, where HNU = {e}, e is the unit element, and since the orbits
are connected real-analytic submanifolds,then they coincide everywhere,
N, = K,.

Observe that the orbit K, = {gkg=(x) : k € O(n)} is the Euclidean
space centered at ¢g(0) and passing through x. The function wu is constant
on orbits of the group NV and therefore the level sets of u are spheres K,
z € Q. Then the boundary 02 must be one of the orbits since otherwise
= const would imply u = const near 02 and hence v = const on €2

“aa
due to real-analyticity of u.
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Thus, 0N is a sphere and, corresondingly, €2 is a Euclidean ball. O

9.8. Pompeiu-Schiffer Problem for Domains Close to Balls

Now we will use the result of the previous section to study stability in the
Pompeiu-Schiffer problem.

We will show that if a sequence of non-Pompeiu domains with bounded
DN-eigenvalues shrink to a ball, then all these domains, except a finite
number of them, are balls.

By convergence of a sequence of domains, we understand the following;:

Let €, be a sequence of compact domains in R™, each of which is C?-
diffeomorphic to the unit ball B C R", id stands for the identical mapping.

We say that Q, CZ?-converge to B if the C?-diffeomorphisms F, : B —
€2, can be chosen so that F,, — id in C?(B).

Theorem 9.7. [AS] Let 2, be a sequence of compact domains in R™,
C?-diffeomorphic to the unit ball B C R™. Suppose that each €, is a
non-Pompeiu domain, i.e., the problem (DN) is solvable, and assume that
sup [\, | < oo, where A, are the DN-eigenvalues. Then then there exists ng
such that all Q,, with n > ng are Fuclidean balls.

We describe the main steps of the proof; for a detailed proof we refer
the reader to [AS].

Proof. (Sketch)

Step 1. If the conclusion of the theorem is not true, then there exists
a subsequence §},, of domains different from the balls. By replacing the
sequence (), by subsequence €2, , one can assume that no domain €, is a
ball.

There exists a converging subsequence A, of eigenvalues, \,, — Ao,
and, after one more renumerating, it can be assumed that A, — Ag.

The boundary value problem (DN) in each domain 2, can be written
in the weak form

/ (upn, — cn)Avdz = —/\i/ wdzx, (9.9)
Qp Qp
for arbitrary v € L*(R™)NC?(R™). Here u,, is the solution to (A+A2 )u,, =0
. . . o A
in €2, with the boundary conditions u"}aﬂn = Cpy B }OQn
vector to 0€2,,.

Normalize u,, by the condition [, |u,|*dz = 0 and extend u, to R" by
un(x) =0, z € R"\ Q. Using compactness of the unit sphere in L?(R") with

=0, vis normal
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respect to the weak topology, one can select a weak-converging subsequence
Up,, A ug, k — oo.

Again, we can assume that u, — ug, n — 00, by replacing the sequence
Q,, by its subsequence. It can be easily seen from the identity (9.9) that
the sequence ¢,, is bounded (if ¢,,, — oo then dividing both sides by ¢, and
taking into account boundedness of A, and ||u,||r2 and letting & — oo we
would get [, Awvdz =0 which is not the case).

Thus there exists a convergent subsequence c¢,, — cg. One more renu-
meration leads us to the following situation:

w
Up — Ug, Ap — Ao, Cp — Co.

Step 2. The L?-function ug is a weak solution to

/ (ug — co)Avdx = —)\3/ upvde, v € L*(R™) N C*(R™). (9.10)
B Qp
in the unit ball. The regularity theorem for elliptic equations implies that
ug is a smooth solution. Moreover, it follows that ug is radial and therefore
coincides with a Bessel function. In particular, ug is in C'(B) and (9.10)
implies uo‘aB = ¢, %’83 =0.
To conclude that ug is a DN-eigenfunction, it remains to check that
ug # 0, or equivalently , ¢g # 0. This is done by energy estimates [AS].
Step 3. The final argument rests on Theorem 9.6 and the theory of
perturbations of operators (see [Kal). First of all, the diffeomorphism F, :
B — ) enables us to transfer the Laplace operator on €2,, to the differential
operator Ay defined on a function in the unit ball B by

Agv = A(vo F7H).
Then Ay has the form

;=1

and Fy, — id in C?(B) implies that the matrix Afj (x) converges to the unit
matrix as k — 00, i.e., Ag converge to A.

It was shown in Step 2 that Ay is a DN-eigenvalue for the unit ball
and therefore the Dirichlet multiplicity m(\g) = n. According to the per-
turbation theory, small perturbations do not increase the multiplicity and
hence the eigenvalues A\; of the perturbed operators Ay, close to Ag, have
D-multiplicities m(Ag) < n. Theorem 9.6 says that then €y, is a ball. This
contradicts the assumption that no €2 is a ball. 0
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For the case n=2, a different proof of stability of discs in the Pompeiu
problem was given in [Ag]. There the proof uses conformal mappings and
family of domains in the question are images under conformal perturbations
of the identical map of the unit disc.

Theorem 8.1 implies that any small C?-deformation of the unit ball
by non-Pompeiu domains with bounded DN-eigenvalues reduces to trivial,
affine deformation of the unit ball by balls. In other words, balls constitute
a homotopy class in the space of all non-Pompeiu domains equipped with
a proper topology.

To confirm the Schiffer Conjecture, it would suffice to prove that any
non-Pompeiu domain can be deformed into a within the space of non-
Pompeiu domains. Consider the case n = 2. Let 2 be a simply-connected
bounded doman in C, with real-analytic boundary. A natural deformation
Q into the unit disk can be constructed as follows. Assume that 0 € 2 and
let

w:A—Q

be a Riemannian mapping of the unit disk A C C onto 2 with w(0) = 0.
For any 0 <t < 1 define

we(z) = %w(tz)

and let € = wi(A). Then wi(z) = 1z +teaz + ..., where w(z) = Y ¢, 2"
=1

and we see that w; — id as t — 0. Therefore, €; tend to the unitndisk A,
ast — 0.

In view of Theorem 8.1, the positive answer to the following conjecture
would lead to solving the entire problem:

Conjecture. If Q is a non-Pompeiu domain then for any 0 < t < 1 the
domain Q4 is also a non-Pompeiu domain.

It is natural to call the domains €2, hyperbolically homothetic to €.
Therefore the above conjecture is that if the over-determined boundary
value problem (DN) in Section 9.7 is solvable for Q then it is solvable
for any hyperbolically homothetic domain €2;. Note that this statement is
consistent with the Schiffer-Pompeiu conjecture that (DN) is solvable only
for disks, because domains hyperbolically homothetic to disks are disks.
T.Kobayashi [Ko| obtained a stability result similar to Theorem 8.1 by
studying perturbations of zero sets of the Fourier transform of the char-
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acteristic functions of the domains €2,,. The relation of such sets to the
Pompeiu property is given in Theorem 6.3.

9.9. Spherical Transform Revisited

9.9.1. Ingectivity of pairs of Pompeiu spherical transforms
(two-radii theorems)

Recall that the spherical transform is defined by

M) =) = [ fwaaw),

where dA(y) is the normalized surface area on the sphere S(z,7) = {y €
R™: |y — x| = r}.

Clearly, the spherical transform can be regarded as the Pompeiu trans-
form Pg with K = S(0,r), defined in Section 9.6.

As we saw in Section 9.6, the transforms Pg (g, and Ppg ;) (over spheres
or balls) fail to be injective. To get injectivity, one considers the pair of the
Pompeiu transforms over spheres:

PTl,Tzf(x) = (Mf({E,Tl), Mf(x,rg))
that defines the operator
PTI;TQ : Llloc(Rn) - C(RnuRQ)

The following result, due to L. Zalcman, gives all values r1, 7o providing
injectivity of the transform P, ,, :

Theorem. [Za2] The tranfsform Py, ., (r1,72 > 0) is injective so long as
:—; ;—;, where z; are zeros of the Bessel function JnT72.

The proof is inferred from the fundamental thereom of Schwartz (Sec-
tion 9.4). The condition P, ,,f = 0 can be rewritten as the pair of the
convolution equations

f*xop, = fxop, =0,

where o, is the surface measure on the sphere S(0,r). Now, the condition
for the radii can be translated as the absence of common zeros for the
functions

2—n

Gri(A) = Jnpa([Alra) ([(Alrs) =, i = 1,7
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which, in turn, implies by the Schwartz theorem that the ideal in &'(R™)
spanned by the distributions o,, and o, is dense in &'(R™). This implies
f = 0. Conversely, if I+ = 2 with J._» (22) = Jn2 (z0) = 0, then the
function f(z) = ¢!M®) )| = ZL = 2 is in the kernel of the transform
Pryra.

C. Berenstein and R. Gay [BY] proved local variant of two-radii theorem
where one integrates over pairs of spheres contained in a given ball. Series
of refined versions of two-radii theorems were obtained by V.Volchkov, see

his book [Vo] and the references there.

9.9.2. Injectivity problem for the spherical Radon projection

We will call the function M f(x,-) the spherical Radon projection of a func-
tional at the point z € R™.

Let X be a class of functions in R™ (e.g., X = C(R"), C.(R™), LP(R™),
S(R™)).

Definition. A set T' C R"™ is said to be a set of injectivity (on X) if
Mf(x,-) =0, for all x € T, implies f =0, for any f € X.

In other words, a set I' is a set of injectivity if vanishing of all spherical
means woth centers on I' implies that the function is identicaly zero.

A trivial example of an injectivity set for C'(R™) is the whole space R™.
The inversion formula for the spherical Radon projection in this case is also
trivial: f(x) = }1_)1% M f(z,r). A simple example of a set of non-injectivity
(in any reasonable class of functions) is a hyperplane I' C R™. Indeed, for
any function f that is odd with respect to reflections around I' we have
Mf(x,r)=0ifz €T.

The general problem we are going to discuss is:

Problem. Given a class of functions X, characterize the injectivity sets of
the spherical Radon projection.

Let us emphasize the difference between the injectivity problems for the
Pompeiu spherical transform and for the spherical Radon projection. In
the first case, the centers of the spheres of integration are arbitrary and the
set of radii is under question, while in the second case, conversely, radii are
arbitrary and the set of the centers is to be described.

Let us show that this problem is reduced to the injectivity problem for
the plane Radon projection (see Section 9.1) restricted to a certain quadric.
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Let I' ¢ R™. Associate with the set I' the cone Cp C R**+1 .
Cr ={-2zt,t):z €T, t e R}.
Define the paraboloid II ¢ R*t! :
O:a, =22+ 422,

Proposition 9.8. The set I' C R™ 14s an injectivity set for the spherical
Radon projection on C(R™) if and only if the cone Cr is a cone of injectivity
for the plane Radon transform P¥ on C(I), that is if f is a continuous
function on the paraboloid 11 and P* f(d) = Rf(w,d) = 0, for all directions
w € Cr, and for all distances d € R then f = 0. Here f is understood as a
distribution supported by the paraboloid 11 and the Radon transform Rf is
understood in the distributional sense.

Proof. The cone Cr being a cone of injectivity for P“ on the class C(II)
means that if f € C(IT) and P¥f =0, w € Cr, then f = 0.

Consider a hyperplane (w,z) = d in R"*! with w,, 1 # 0. The intersec-
tion of this hyperplane with the paraboloid II is given by

n - 1 w; 2 1 n
Z <xz * 2 wn+1) Wn+1 4 ;

and therefore the orthogonal projection

m: Il — R", (X1, ooy Ty Tpg1) = (1,0, T

maps the cross-section II N {(w, z) = d} onto the sphere S(a,r) C R™ with
a=—5= (w1 W)andr:—d — L5 “’12
2Wn 41 LA A W41 4 =1 u.) +1

Denote t = wy 11, then the vector w is represented as

w=(w1,...,Wn,wnt1) = (—2ta,t)

and w € Cr whenever a € T'. Therefore, the family of spheres S(a,r), a € T,
r > 0 is just the projection under 7 of the family of parallel cross-sections
of the paraboloid II by the hyperplanes (w,z) = d, d € R. Then we have
the equivalence: M f(a,) = 0 for all @ € T' (f € C(R™)) if and only if
P¥(fom) =0 for all w € Cr and the proposition follows. O

Remark. Proposition 9.8 can be understood in analytic terms, in the spirit
of the Projection Slice Theorem.
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Indeed, assume that f decays at oo, for instance, f € C.(R™). The
condition M f(x,r) =0 for z € B C R™ and r > 0 is equivalent to

/ e_it‘””_y‘2f(y)dy =0, forall z€l' and teR,

which is equivalent to

/ e—i(—2t(w7y)+\y\2)f(y)dy —0.
The latter can be written as
U(=2tx,t) =0 for (z,t) el xR,

where
U Ang) = f et A Annly 19 £ () dy.

The function U is the Fourier transform of the distribution f o7 with the
support on the paraboloid P.

Thus we see that vanishing of spherical means M f(z,-) =0, z €T on
T is equivalent to vanishing of the Fourier transform on the generated cone
Cr, U|CF = 0. In turn, by the Projection Slice Theorem vanishing of the
Fourier transform is equivalent to vanishing of integrals over all hyperplanes
with the normal vectors from Cr: P“(fon) =0, w € Cr.

9.10. Injectivity of the Spherical Radon Projection on
Compactly Supported Functions

9.10.1. The case n = 2

The following theorem gives a complete characterization of the injectivity
set for the spherical Radon projection on the space C.(R?) of compactly
supported functions in the plane.

Theorem 9.9. [AQ1] A set T' C R? is a set of injectivity on C.(R?) if
and only if T is contained in no set of the form XUV, where V is finite and
Y is a bunch of lines through one point with equal angles between adjacent
lines (Coxeter system of lines).

For the detailed proof, we refer the reader to the article [AQ1], while the
idea of the proof will be given later, when we discuss the case of arbitrary
dimension. Let us comment here only on the “if” part of Theorem 10.1.
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Any Coxeter system ¥ of lines fails to be a set of injectivity for the
following reason. The group W(X) generated by reflections around the
lines in X is finite, and any function that is odd with respect to these lines
belongs to the kernel of the spherical transform with centers on X. It is a
little bit more complicated to show that adding any finite set V' preserves
the kernel to be nontrivial.

Now, a Coxeter system X of lines in R? can be described in the complex
form by the equation Rec(z—a)¥ =0, z € C, where ¢, a € C, a is the vertex
(common point) of ¥ and arg ¢ defines rotation of the configuration of lines.
Any harmonic homogeneous polynomial i in R? can be written as h(z,y) =
Re c(z +iy)* and therefore Coxeter systems of lines are just translations of
zero sets of harmonic homogeneous polynomials. This rewording provides
a bridge to the expected result in higher dimensions.

9.10.2. The case n > 2

The problem of full characterization of an injectivity set on the space
C.(R™) with n > 2 is still open. On of the reasons is that not much is
known about zero sets of harmonic polynomias of n real variables, when
n > 2. For n = 2, the structure of these sets is well understood and this is
one of the ingredients of the proof of Theorem 9.9.

Here are some preliminary observations.

Proposition 9.10. Let I' C R" is not a set of injectivity on the space
C.(R™). Then there is a polynomial P in R™ with real coefficients, which
divides some nonzero harmonic polynomial (P is an harmonic divisor) and
an algebraic variety V-C R™ of dimension dimV < n — 1 such that

rcpPtoyuv.
Proof. Let f € C.(R™), f #0, such that
Mf(z,r) =0 for all(z,r) € v x R;.
Define polynomials Py :
Py() :/]R & —y1** f(y)dy.

Not all Py are zero since otherwise f = 0. It is easy to show that
f‘w_y‘:Tf(y)dy = 0, for all » > 0, is equivalent to Py(xr) = 0, for
k=0,1,..., and therefore

rc ()P o).
k=0
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Let P, be the natural extension of P, to C™.

The Hilbert Finiteness Theorem [vW] states that the intersection of the
complex algebraic varieties Pk_ ! (0) is defined by the finite subfamily of the
polynomials P,

M
P7H0)= () P (0).

DL

k

]
o
Eod
]
3

Here m is the minimal index k such that P, #£0.If P is the greatest common
- Mo
divisor (over C) of the polynomials Py, k = m,..., M, then () P, *(0) =
k=m

P~1(0)UW, where W is an algebraic variety in C"* with dime¢ W < n—1. The
decomposition follows from the fact that any two irreducible components
of two varieties Pk_l 1(0) and Pk; 1(0) either coincide or intersect by algebraic
variety of lower dimensions.

Now we have, after restriction to R™ :

ﬁ P71 0) =Pt 0)uV,
k=0

where P = P V =W NR"™. Observe that

Rn )

n

APy(z) = const/ |z — y[2*=) f(y)dy = const Pp_1 ().

Then AP,, = const P,,,_1 = 0. Therefore P divides harmonic polynomials
P,, # 0. It follows that P has real coefficients. Indeed, since P, has real
coefficients, we have Pm(E) = P,,. The polynomial P divides P,, and if
P*(z) = P(z) # P(2), then both P and P* are divisors of P,,. It follows
that P, = |P|?Q for some polynomial Q). This contradicts the theorem
of Brelot-Choquet [BC] which states that no polynomial in R™, preserving
the sign, can divide a nontrivial harmonic polynomial. Therefore P =P

which means that P has real coefficients. This completes the proof. O

Remark. The set P~1(0) is a (n — 1)-dimensional submanifold with singu-
larities at the points where the gradient VP vanishes. Indeed, R™\ P~1(0)
must be disconnected since otherwise P(z) > 0, z € R", or P(z) < 0,
x € R™ and in both cases we would get a contradiction with the above-
mentioned theorem of Brelot-Choquet.
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Conjecture. The polynomial P in Proposition 9.10 can be chosen ho-
mogeneous after suitable translation. In other words, the main, (n —1)-
dimensional component of any set of noninjectivity is contained in a cone
with respect to some point.

Theorem 9.9 confirms the conjecture for n = 2. Here is a partial de-
scription of injectivity sets in higher dimensions.

Theorem 9.11. [AQ2] Let T be a smooth hypersurface in R™ having the
property that there are two points a,b € T, a # b, such that the segment
[a,b] is orthogonal to both tangent planes To(I'), Ty(I'). Then T is a set of
injectivity for the spherical Radon projection on the space C.(R™).

The proofs of Theorem 9.9 and Theorem 9.11 have microlocal analysis,
i.e., analysis of analytic wave front sets, as a key ingredient. This strong
analytic tool is the basis for proving the support theorem (see Quinto [Q]).
The main point in [Q] is: if f has compact support and M f(x,-) = 0 when
x belongs to a real-analytic hypersurface S, then a sphere S(x,r) can touch
supp f only at points symmetric with respect to the tangent plane T,.(.5).

In turn, it is related to the fact that f is in a kernel of a real-analytic
elliptic Fourier integral operator (differential of the operator M) and, due
to the regularity theorem, analytic wave front sets must cancel at T,.(.5)-
symmetric points, assuming that one of them is a touching point of S(z, )
to supp f. This implies that the symmetric point must be also in supp f.
We are not going into more details of the proof, as it would require many
prerequisites, so we refer the reader to [AQ1], [AQ2], [AQ3].

For instance, the hyperboloid 2% +142 — 22 = 1 in R? is a set of injectivity
on C.(R3) while the cone 22 + y? — 222 = 0 is not, as follows from

Theorem 9.12. The zero set of any nonzero harmonic homogeneous poly-

nomial fails to be a set of injectivity for the spherical Radon projection on
C.(R™).

Proof. Let P # 0 be a homogeneous harmonic polynomial in R”, T =
P~1(0). Define the distribution 7' = P§(|z| — 1), 4 is the delta-function at
the origin, supported on the unit sphere. The distribution T acts on test
functions ¢ by

(T, p) = /I » P(z)p(x)dz.
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Let ¢ € C.(R™) be a radial function ¥ (z) = ¢(|z|), such that the
convolution f =T 1 # 0 (it is easy to show that such a function ¢ exists
since T' # 0).

The function f is continuous and has compact support since T and
do. Let us show that M f(z,r) =0, r > 0, when z € P~1(0). We have

Mz, r) = / F(y)dA(y)

lz—y|=r

- /| N (H_lwy—z)P(z)dA(z)) Ay (o)

—/|| < ‘ 11/)(y—|—x—z)P(z)dA(z)> dA(y).

Denote by O,(n) the group of orthogonal transformations k of R™ such
that k(z) = z. Since 1 is radial and therefore O(n)-invariant, we have
Yy +x—2) = Yky +x — kz), k € Oz(n). The measures dA(y) and
dA(z) are invariant under rotations and hence, after changing of variables
we arrive to

Mf(x,r) = / _ ( e Yy +x — z)P(klz)dA(z)> dA(y).

Integrating against the normalized Haar measure dk yields

Mf(z,r)

_ / ( by + 1z — 2) (/ P(klz)dk> dA(z)) dA(y).
wi=r \Jjzi=1 0.(n)

The inner integral against dk is proportional to the zonal spherical har-
monic Z,(z) [SW, Theorem 2.12]:

/ P(k™'2)dk = cP(2)Z,(2)
Oz (n)
and since P(z) = 0 the integral vanishes for all z. Thus M f(z,r) =0. O

Theorem 9.13. Any algebraic variety V. .C R™ of dimV < n — 1 fails to
be a set of injectivity for the spherical Radon projection on C.(R™).

Proof. We have to prove existence of a function f € C.(R™), f # 0, such
that M f(x,r) =0 for all z € V and r > 0.

As in Theorem 9.12 we first prove existence of a nontrivial compactly
supported distribution in the kernel of the transform M and then regularize
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the distribution by convolution with a smooth radial function of compact
support to obtain a continuous (even smooth) nonzero function in the ker-
nel.

To this end, we exploit the construction in Section 9.10. We have proven
(Theorem 9.9) that M f(z,r) =0 for (z,r) € I' x R4, I' C R™, if and only

if the nonlinear Fourier transform
U()\17 o )‘n+1) _ / e—i(>\1y1+"'+)\nyn+~~~)\n+1”y”2)f(y)dy (9'12)

vanishes on the cone
Cr CR"™™ Cp ={(-2xzt,t):x €T, t € R)}.

According to the Paley-Wiener theorem, the function f is of compact
support corresponding to the functions U, regarded as the Fourier trans-
form of a distribution on the paraboloid II : y# + -+ + y2 = y,.1, from
the Paley-Wiener class PW (R"+1). Extending the construction to distri-
butions enables us to include the case of polynomials U, which corresponds
to distributions f supported at 0.

Observe that the function U satisfies the Schrédinger heat equation

ou
8/\nJrl

= iAU (9.13)

n
where A = 88_:'2' Conversely, any function U € PW(R™") satsifying the
s OX;

equation (9?13) is the Fourier transform of a distribution with compact
support in the paraboloid II and therefore we conclude that I' C R™ is a
set of injectivity for the spherical Radon projection M f(z,-) if and only if
the equation (9.13) has the only trivial solution U € PW (R"*+1) satisfying
the condition

U 0. (9.14)

cr
Let us look for polynomial solutions to (9.13). All of them are of the
form

UM, A1) = €21 200( A, . A)

where Up(A1... ) = U(A1, ..., A\n,0) is the initial value. Therefore, the
dimension of polynomial solutions U of degU = m is dim P"*, where P"
is the space of all polynomials in R™ of degree m.

In our case I' = V' — an algebraic variety in R™ of dim V' < n — 1. Then
dim Cr < n. It is known in algebraic geometry that the dimension of the
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restriction P ; |W7 W is an algebraic variety, asymptotically, as m — oo,
depends only on the dim V' and does not depend on the variety itself. This
means that

dim (P,’;}H ]CF) =dim Pl o, as m— oo,
Since dim Ct < n, then for m large

dim(P) )erp) < dim P = dim{U : degU = m}.

n

Therefore the reistriction operator
U— U|CF € P"+1|cp

has a nontrivial kernel when m is large, because it maps the finite dimen-
sional space of solutions U, deg U = m, in the space of less dimension. Thus
there exists a polynoimial solution U # 0 to (9.13) satisfying the condition
(9-14), Ul =0. O

From the discussion above, the variety V is a set of noninjectivity for
the transform M f(z, -).

Remark 9.1. We have proven that for any algebraic variety V' C R7”,
dimV < n — 1, (say, an algebraic curve in R3), there exists a nonzero
function f € C*°(R™) with compact support that integrates to zero over
any sphere centered on V.

In spite of the fact that the statement sounds like an analytic fact, both
its proof and its nature are rather algebraic, because for non-algebraic sets
such a function does not exist.

Remark 9.2. The reduction to the Schrodinger heat equation (9.14) deliv-
ers also an alternative proof of theorem Theorem 9.12. Indeed, if P # 0 is a
homogeneous harmonic polynomial in R™, then P can be extended to R™*!
by P(z1...7p41) = P(x1...2,) and P(—2tz,t) = (—2t)4e P P(x) = 0 for
any z € P~(0), so P‘Cgl( = 0. The equation (9.13) is satisfied in the

0)
trivial way: 8)?7511 = 0 = iAP. Therefore, the Cauchy problem for (9.13)

with zero data on the cone P~1(0) has a nontrivial solution and hence
P~1(0) fails to abe a set of injectivity.
Theorem 9.14. [A] Any polynomial solution U to the equation

ou
8/\nJrl

=iAU, U, (9.15)

P*I(O):O7
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where P is a harmonic homogeneous polynomial, is of the form

]

) A8

UN, Apg1) = e? 0 80(X) =) iS%ASUO(A’),
s=0 ’

o3

m=degU, N = (A1,...,\n), where Uy is representable as

(3]
Uo(N) = ) NP hin—2i(N)
=0

o3

and hp,—o; are harmonic polynomials divisible by P.

Thus to understand the dimension of polynomial solutions to U to
v(9.14) one has to understand the dimension of harmonic polynomials di-
visibe by a given harmonic homogeneous polynomial (spherical harmonic)
P which is a very nontrivial problem.

In fact, Theorem 9.14, due to the proved relation between injectivity
of the spherical Radon projection and uniqueness for the Cauchy problem
(9.13),(9.14), characterizes the kernel of the transform M f(z,-) where = €
P~1(0) in the space of distributions supported at 0. It follows because
ker M and the space of solutions to (9.13),(9.14) are related via the Fourier
transform.

Moreover, when the set I is a cone, ker M has a similar characterization
in the much large space C(R"™) :

Theorem 9.15. [AVZ] Let T' C R™ be a cone with vertex 0 and f €
C(R™). Then Mf(x,r) = 0, x € T, r > 0, if and only if the Fourier
decomposition in polar coordinates

Fro) =" fu(r)Yi(0)
k=0

includes only spherical harmonics Yy, that vanish on T'U S™~ 1.

We saw that understanding of sets of injectivity is closely related to
characterization of harmonic divisors, that is polynomials that divide non-
trivial harmonic polynomials. Some conditions are known for a long time,
for instance the Brelot-Choquet theorem [BC] states that harmonic divisors
in R™ must change sign. Complete characterization of harmonic divisors
seems to be a very difficult problem. Nevertheless, for quadratic polyno-
mials the complete answer can be given in algebraic terms. For simplicity,
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we will formulate the result for the case of quadratic forms with simple
eigenvalues:

Theorem 9.16. [AK] Let Q be a real quadratic polynomial in R™,

Q(z) = (Az,x) + (b,x) + ¢

where A is a nondegenerate real n X n matriz and b,c are vectors in R™.
Let a; = 1/XM;;i = 1,--- ,n, where \; are the (simple) eigenvalues of the
matriz A. Then the polynomial Q is a harmonic divisor if and only if for
some natural N and numbers €;,1 = 1,--- ,n, each of them is 0 or 1, the
nonlinear algebraic system (Niven system of equations):

n N
2€]+1 Z 4.
=0, s=1,---,N
1

Zs — Zs — 2
T g=1,q%s q

Jj=

has a solution z; € R™ such that at least one z; is zero.

The proof is based on separation of variables for the Laplace operator in
ellipsoidal coordinates associated to the quadratic form . In these coordi-
nates, the quadric @ = 0 becomes a coordinate hyperplane and separation
of variables relates existence of a nonzero harmonic polynomial vanishing
on the quadric to the existence of a vanshing at the origin polynomial so-
lution to a Fuchsian ordinary differential equation. This ODE is the result
of the separation of variables in the Laplace equation. In turn, polynomail
solvability this ODE is equaivalent to solvabiulity of the Niven system.

This method works for quadratic polynomials only as it is known that
the separation of variables is possible only in second order coordinates. For
more detailed discussion of the problem of harmonic divisors we refer to
the articles [A], [AK].

Now we pass to the relation between the spherical Radon transform and
the wave and heat equations.

9.11. Stationary Sets for the Wave and Heat Equations
Let us consider the heat equation in R™ :

u = Au, u=u(zt), (z,t)€R" xRy (9.16)
with the initial data

u(z,0) = f(x) (9.17)
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and the wave equation
uy = Au, w=u(zt), (x,t)€R”" xRy (9.18)
with the initial data
w(z,0) =0, wux,0)=f(x) (9.19)
For each equation, we call a set S C R" stationary if
S=58(f)={zeR":u(z,t) =0, V&> 0},

where u # 0 is a solution to (9.16), (9.17) or (9.18), (9.19), respectively.

In other words, the stationary set for the wave equation is the set of
unmovable points, and that stationary set for the heat equation is the set
of zero temperature.

The description of stationary sets for the problems (9.16) and (9.18) and,
especially, for analogous problems in bounded domainsis of great interest.

If the solution w to (9.16) is time-harmonic, i.e., has the form u(x,t) =
sin Mt - ¢(z), then ¢ is an eigenfunction, Ap = —\2¢ and S = ¢~ 1(0). Zero
sets ¢ 1(0) of eigenfunctions of the Laplace operator are called nodal sets.
Extensive literature exists which is devoted to the study of nodal sets, a
field where many natural problems are still open.

The following proposition relates stationary sets for the problems (9.16),
(9.18) in the whole space R™ to injectivity sets for the spherical Radon
projection.

Proposition 9.17. Assume f € C.(R™). For both equations (9.16) and
(9.18)

S(f)y={zeR": Mf(xz,r) =0, Vr > 0}.

Proof.
1. The solution to (9.16), (9.17) is given by the convolution of the initial
data with the heat kernel

1 _le—yl?
u(z,t) = W/ et fly)dy.

The condition z € S, i.e., u(z,t) = 0 for all t > 0 can be rewritten, by
substitution A = %, as

/ e N f(y)dy = 0, YA > 0
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or

ok
> 5 [ - v =o,

n=0

This is equivalent to [5, [z — y|** f(y)dy = 0, k —0,1,..., and the Weier-
strass theorem about uniform approximation by polynomials yields

/ o(lz —yl) f(y)dy
RTL

for any radial function ¢ € C.(R™). In turn, this is equivalent to vanishing
integrals over spheres

M(,r) = / F(y)dA(),

S(z,y)

for all r > 0.
2. The solution to (9.18), (9.19) is given by Kirchhoff’s formula:

u(z,t) = const(d;)" 2 F(,t),

where
1
F(z,t) = / (t2 — r2) (=320 M (2, 1) dr.
0

Therefore, u(z,t) = 0, t > 0 (i.e.,, € S) is equivalent to F(z,t) being
polynomial in the ¢-variable of degree < n — 2.
The change of variables r = ts yields

1
F(x,t) =t"1 / (1 — s> =325 M f(2,ts)ds
0

and hence F(z,t) = O(t" 1), t — 0. As deg F < n — 2, this is possible only
if F(xz,t) =0 for all ¢ > 0. Thus, M f satisfies Abel equation

t
/ (t2 = r2) = 2p M f (2, r)dr = 0, t > 0,
0

that is known to have the unique solution M f(z,r) = 0, r > 0. The
proposition is proved. O

Remark. The Proposition is valid for larger classes of initial data f, e.g.,
for the function of the Schwartz class. One can also consider evolution
equations of the type (9.16) or (9.18), involving higher derivatives in ¢, but
we restrict ourselves by the equations having clear physical meaning.
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Now we can immediately translate results on injectivity of the transform
M on the language of stationary sets.

Theorem 9.18. For n = 2, the stationary sets for the problem (9.16),
(9.17) (the membrame equation), with compactly supported initial data, are
of the following types:

1) finite sets
2) union of finite sets and Cozeter configuration of lines.

This theorem is an immediate consequence of Theorem 9.9. It explains
vibration of an infinite membrame, which is flat at the initial moment and
when the initial velocity is different from zero only in a bounded region.
Two possibilities exist: either only a finite set of points remain unmovable,
or the membrame vibrates leaving stationary an equiangular configuration
of lines through one point. Moreover, the latter case occurs only if the initial
velocity f has odd symmetry with respect to a Coxeter configuration and
this odd symmetry preserves in time when the membrame oscillates.

Other results of Section 9.10 can be also translated for stationary sets.
For instance, Theorem 10.3 says that no hypersurface I' C R™ having two
opposite points a and b (as in Theorem 10.3) can be stationary set of a
nontrivial solution of the wave equation with compactly supported initial
data.

9.12. Closed Stationary Hypersurfaces

In the last section we discussed stationary sets corresponding to compactly
supported initial data f in (9.17) and (9.19).

Now we consider the case f € LP(R™). In this case one cannot expect
conical structure of the stationary sets as it takes place for the compactly
supported initial data f, f € C.(R™) and explicit description of the geom-
etry of stationary sets seems to be too difficult a problem.

Nevertheless, we are able to answer the following question: When can
stationary sets contain a closed hypersurface?

This question is of special interest and is one of the central problems in
the study of nodal sets. One of the reasons is that, for the wave equation,
the energy in a bounded region 2 C R"

E(t) = /Q(uf + |Vu|?)dz
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is constant, E(x) = const, if the boundary 0 is stationary. This can be
easily checked by showing F’(t) = 0 with help of the equation (9.16) and
Green’s formula.

Theorem 9.19. [ABK] The boundary of no bounded domain Q@ C R™ can
be stationary for the equations (9.16) or (9.18) with initial data f € LP(R™)
when p < 2" . Forp > the assertion fails.

nl’

Proof. (Sketch) We will give the idea of the proof. All details can be
found in [ABK].

Let © be a bounded domain in R™ and I' = 9f). Suppose that I' is a
stationary set for the problem (9.16), (9.17) with f € LP(R™ and u is the
solution such that u(z,t) =0 for x € I" at any time ¢ > 0.

The Laplace operator A with Dirichlet conditions on I' is a self-adjoint
operator in L?(Q) with discrete spectrum {—A2}2° . Let {1} }72, be the
corresponding orthonormal basis in L?(€2) of eigenfunctions of A. For any
fixed t decompose u(z,t) in to an L?-convergent series

o0

= Z ek ()b (2

k=0

The wave equation (9.18) implies ¢}/ (t) = —AZcx(t) and cx(t) = sin Axt.
Convolving u in the ¢-variable with an appropriate function x(t) leads
to the function

v(x,t) = sin At - i (z) #0

that still satisfies v(x,t) =0 for (z,t) € I' x Ry.

The next step is constructing an eigenfunction radial with respect to a
certain point zg €  and vanishing on I'. To this end, we choose a point
xo € Q such that ¢ (z9) # 0 and radialize v by

v (z,t) = / v(zg + o(x — x9),t)do,
O(n)

where do is the Haar measure on the orthogonal group O(n). Then v# is
still an eigenfunction of A but the Dirichlet condition for v# on I' may no
longer be fulfilled. Note that radialization preserves conditions of the type
“v belongs to LP.”

Assume, without loss of generality, that 2o = 0. The radialized function
1/)73& is a radial eigenfunction of the Laplace operator in a ball B(0,¢e) C
with no singularity at = 0, and hence it is a solution of the corresponding
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Bessel equation. Therefore
w,fﬁ(x) = const |x|1_%J%,1(/\k|x|)

in B(0,¢) and thus 1/1,75 extends to a global solution of the equation Aw,fé =0
in R™. Correspondingly, sin A\t - 1/1,75(:6) extends to a global solution to the
wave equation in R”.

The uniqueness theorem for the wave equation (Section 17, Ch.VI of
[CH]) implies that

v (z,t) = sin At - 2! E 97 (2)
for al (z,t) € R™ xR,. The known asymptotic for the kernel function yields

T n-—2 1-n
)|

#(x) ~ t _
Yy (x) ~ const cos (|a:| 5 5

and therefore
oF & Ly(R")
when p < %
It can be proved by estimates that all the transformations under f
which led us to 1/1,75 (Kirchhoff transform, convolving in the ¢-variable and
radialization) preserve membership in LP(R™). Therefore we conclude that

fE DR if p < G2

The second part of the Theorem follows from the fact that the function

u(z,t) =sint - |:c|1_%Jg—1(|£U|)

solves (9.16), (9.17) with f(z) = |z|'"2Jz_1(Jz(), and u(z,t) = 0 for all
t > 0 and all = on the sphere S(0, R) where R is any zero of the Bessel
function Jn _1(R) = 0. Thus, S(0, R) is a stationary set, corresponding to
the initial data f. It remains to observe that f € LP(R") for any p > -22]

Due to equivalence between stationary sets and noninjectivity sets for
the transform M, we have

Theorem 9.20. Let Q be a bounded domain R™ and I' = 0Q. Then I is a
set of injectivity for the spherical Radon projection M f(x,r) in any space

LP(R™) with p < 2. The assertion is not true for p > 2.

Remark. The result can be interpeted as follows: if the initial velocity
decays too fast at infinity, then the energy can be preserved in no bounded
region. The critical rate of decay is given by the asymptotic of the Bessel
function and is of const |:1:|’n771
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For further development see [AQ3], [AQ4]. In the first article station-
ary sets for the wave equation in the whole space R™ with the initial data
which are finitely supported distribution are fully described. The essential,
(n — 1)— dimensional, component of the stationary sets in this case is a
cone associated with a harmonic divisor, similarly to the two-dimensional
case desribed by Theorem 11.2. In the second article the case of the wave
equation in bounded domains is treated. Namely, stationary sets in crys-
tallographic domains are completely described, under assumption that the
initial data vanish near the boundary. It turned out that all (n — 1)—
dimensional stationary sets are formed by hyperplanes which are faces of
crystallic substructures.

In [NT], [AR] results of Section 12 about closed stationary hypersur-
faces are transfered to the Heisenberg group. Finally, we should mention
the recent work [FP] where, in particular, explicit inversion formulae are
obtained for the spherical Radon transform with centers on a sphere, and
also further generalizations and development of Theorem 12.1 are given.

9.13. Approximation by Spherical Waves

We saw that the problems on injectivity sets for the spherical Radon pro-
jection M and on stationary sets for the wave and heat equations are equiv-
alent.

Now we will translate those problems and corresponding results on the
language of approximation theory.

We will call spherical wave centered at the point a € R™ any function f
in R™ of the form f(z) = ¢(|z — al). Given a set S C R™ denote W(S) the
linear span of all spherical waves centered at points a € S.

Let X be one of the functional spaces: C(R"™) (equipped with the topol-
ogy of uniform convergence on compact sets), LP(R™), 1 < p < oo. The
dual spaces are correspondingly M (R™)-the space of Radon measures in
R™ with compact support, L4(R™), where 1—1) + % =1.

Theorem 9.21. Given a set S C R", the space W(S) N X is dense in X
if and only if S is a set of injectivity for the spherical Radon projection M
on the space X' N C(R™).

Proof. Let W1(S) C X be the annihilator of the space W(9), i.e.,
WL(S) = {pe X' : u(f) =0, f € W(S)}. The functions in W(S) are
translates f(x) = pq(x) = p(|x —al), a € S of radial functions . Then the
convolution f 1 with any radial function ¢ € C.(R™) is in the closure of
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W (S). This implies that W (S) is invariant with respect to convolutions of
its elements with continuous radial functions with compact support. These
convolutions of measures p € M(R™) or functions f € LI(R™) are continu-
ous functions, and on the other hand the convolutions are dense in W= (S)
because one can construct an approximative unit of radial functions from
C.(R™). Therefore, W=(S) N C(R") is dense in W=(S).

By the Hahn-Banach theorem W (S) N X is dense in X if and only if
W(S) = 0. Due to the denseness, W+ (S) = 0 is equivalent to W=(S) N
C(R"™) = 0. If f € W-(S) N C(R™), then

[ elle = af@yiz =0

for any ¢ € C.(R") radial and any a € S. Taking a sequence {¢;} that
tends to a d-function on a sphere S(a,r), we obtain

/ f(x)dA(z) =0, a€s,
S(a,r)

ie, Mf(a,r)=0forallae S, r>0.

Conversely, if f € C(R™), then M f(a,r) =0, (a,r) € S x Ry implies
f € W(S) n C(R™). Therefore, W(S) N X is dense in X if and only if
Mf’SX]R+ =0, f € C(R") N X’ implies f =0, i.e., S is a set of injectivit]

Due to proven duality, Theorem 9.9 now can be translated as follows:

Theorem 9.22. The system of spherical waves p(|Jz — al), a € S C R?,
¢ € C(R), is complete in C(R?), unless either S is finite or S =V U X,
where V' is a finite set and ¥ is a Coxeter system of lines in the plane.

It is easy to understand the reason why W (X) is not dense in C(R?).
Indeed, any function ¢(|x — al) is even with respect to reflexion around any
straight line through a. Therefore, all functions from W (X) are invariant
under reflections around straight lines constituting the Coxeter configura-
tion X, while not all functions in C'(R?) possess this property.

The corollary of Theorem 9.19 and Theorem 9.20 is

Theorem 9.23. Let Q2 be a bounded domain in R™, T' = 0Q. Then W (I')N
LY(R™) zg dense in LI(R™) so long as q > n2_]:1 The statement is not true
forq < 75.

Remark. Since f—fl < 2, the spherical waves in L?(R™), centered on the
boundary of any bounded domain, form a complete system in L?(R™). The
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statement fails for ' = S(0,R) = {x € R" : |z| = R} when ¢ < 2%

n+1?

as it follows from the argument with the Bessel function in the proof of
Theorem 9.19.
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10.1. Introduction

This paper is based on the lectures the author gave in Padova at the Mini-
corsi di Analisi Matematica in June, 2002. The author wishes to thank the
organizers, the participants, and the fellow lecturers for many interesting
and useful remarks. The author also wishes to thank Georgiy Arutyun-
yants, Leonardo Colzani, Julia Garibaldi, Derrick Hart, and Bill McClain
for many useful comments and suggestions about the content and style of
the paper.

The main theme of this paper is an old and beautiful subject of geomet-
ric combinatorics. We will not even attempt to cover anything resembling a
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significant slice of this broad and influential discipline. See, for example, [22]
for a thorough description of this subject. The purpose of this article is
to describe Szekely’s [28] beautiful and elementary proof of the Szemeredi-
Trotter incidence theorem ( [26]), a result that found a tremendous number
of applications in combinatorics, analysis, and analytic number theory. We
shall describe some of the consequences of this seminal result and its in-
teraction with problems and techniques of Fourier analysis and additive
number theory.

Definition 10.1. An incidence of a point and a line is a pair (p,!), where
p is a point, [ is a line, and p lies on .

Theorem 10.2 (Szemeredi-Trotter). Let I denote the number of inci-
dences of a set of n points and m lines (or m strictly convex closed curves).
Then

o

I<n+m+ (nm)3, (10.1)

where here and throughout the paper, A < B means that there exists a
positive constant C such that A < CB.

Quite often in applications, one uses the following ”weighted” version
the the Szemeredi-Trotter theorem due to L. Szekely ( [28]).

Theorem 10.2°. Given a set of n points and m simple (no self-intersec-
tions) curves in the plane, such that any two curves intersect in at most
a points and any two pointf belong to at most B curves, the number of
incidences is at most C(af)®(nm)3 +m + 56n.

The probabilistic proof of Theorem 10.2 (due to Szekely) given below,
can be modified (as it is done in [28], Theorem 8) to yield Theorem 10.2’.
We outline these modifications at the end of Section 10.2 below where we
also briefly describe some of the applications of weighted incidence theory
to the theory of diophantine equations.

Corollary 10.3. Let S be a subset of R? of cardinality n. Let A(S) =
{lz —y|: x,y € S}, where | - | denotes the Euclidean norm. Then

#A(S) 2 n

@i

5 (10.2)

This estimate is not sharp. It is conjectured to hold with the exponent
1 in place of % For the best known exponents to date (around .86), see [23]
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and [24]. However, Corollary 10.3 is still quite useful as we shall see in the
final section of this paper.

Corollary 10.4. Let A be a subset of R of cardinality n. Then either
A+ A={a+d :a,d € A} or A- A= {ad : a,a’ € A} has cardinality

This estimate has been recently improved in a number of ways by several
authors. See, for example, [3] and references contained therein.

10.2. Proof of Theorem 10.2, Corollary 10.3 and Corollary
10.4

We shall deduce Theorem 10.2 from the following graph theoretic result
due to Ajtai et al ( [1]), and, independently, to Leighton. Note that for the
purposes of this paper, a pair of vertices in a graph can be connected by at
most one edge.

Definition 10.5. The crossing number of a graph, ¢r(G), is the minimal
number of crossings over all the possible drawings of this graph in the plane.
A crossing is an intersection of two edges not at a vertex.

Definition 10.6. We say that a graph G is planar if there exists a drawing
of (G in the plane without any crossings.

Theorem 10.7. Let G be a graph with n vertices and e edges. Suppose
that e > 4n. Then

e3

G)> —. 10.3
(@) 2 5 (103)

Before proving Theorem 10.7, we show how it implies Theorem 10.2.
Take the points in the statement of the Theorem as vertices of a graph.
Connect two vertices with an edge if the two corresponding points are

consecutive on some line. It follows that
e=1—m. (10.4)

If e < 4n we get I < 4n +m, which is fine with us. If e > 4n, we invoke
Theorem 10.7 to see that

P _-—m)’ (10.5)

er(G) 2 -

3w| Q
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Combining (10.5) with the obvious estimate cr(G) < m?, we complete
the proof of Theorem 10.2. Observe that strictly speaking, we have only
proved Theorem 10.2 for lines and points. In order to extend the argument
to translates of the same strictly convex curve, one needs to replace (10.4)
with an (easy) estimate e 2 I.

We now turn our attention to the proof of Theorem 10.7. Let G be a
planar graph with n vertices, e edges, and f faces. Euler’s formula (proved
by induction) says that

n—e+ f=2. (10.6)
Combined with the observation that 3f < 2e, we see that in such a planar
graph
e < 3n—6. (10.7)
It follows that if G is any graph, then
cr(G) > e — 3n. (10.8)

We now convert this linear estimate into the estimate we want by ran-
domization. More precisely, let G be as in the statement of Theorem 10.7
and let H be a random subgraph of G formed by choosing each vertex with
probability p to be chosen later. Naturally, we keep an edge if and only
if both vertices survive the random selection. Let E() denote the usual
expected value. An easy computation yields

E(vertices) = np, (10.9)
E(edges) = ep?, (10.10)
E(crossing number of H) < per(G). (10.11)

Observe that the inequality in (10.11) is due to the fact that the number
of avoidable crossings in G may decrease once a smaller random subset is
extracted.

It follows by linearity of expectation that

e 3n
cr(G) > = — —.
p* P

Choosing p = 4?" we complete the proof of Theorem 10.7, and conse-
quently of Theorem 10.2. Theorem 10.2’ can be proved in a similar fash-
ion. First one shows that under the assumption that any two vertices are
connected by at most § edges, the conclusion of Theorem 10.7 becomes

er(G) Z 632. Then, in the application of this estimate to incidences, the
~ (Bn

(10.12)
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upper bound on cr(G) is no longer m?, but rather m?

a. Combining this
with the trivial estimates yields the conclusion of Theorem 10.2’.

Further developments in weighted incidence theory have recently led to
the following result proved in the case d = 2 by S. Konyagin ( [20]), and by

Tosevich, Rudnev and Ten ( [18]) for d > 2.

Theorem 10.8. Let {b; }jvzl denote a strictly convex sequence of real num-
bers (in the sense that vectors (j,b;) lie on a strictly convex curve). Then
the number of solutions of the equation

by, +---+ by, =bj, +---+b; (10.13)

18
< N2d-2427 (10.14)
Taking b; = j2, for example, shows that N2d=2+27¢ 4 (10.14) cannot be

replaced by anything smaller than N?¢=2. We conjecture that O(N23=2) is
the right estimate, up to logarithms, for any strictly convex sequence {b;}.

10.3. Proof of Corollary 10.3

Draw a circle of fixed radius around each point in S. By Theorem 10.2, the
number of incidences is < ns. This means that a single distance cannot
repeat more than =~ ns times. It follows that there must be at least ~ n3
distinct distances since the total number of distances is ~ n?. In other

words, we just proved that A(S) 2 n3 as promised.

10.3.1. Proof of Corollary 10.4

The choice of lines and points is less obvious here. Let P = (A+A) x (A-A).
Let L be the set of lines of the form {(ax,a’ + ) : a,a’ € A}. We have

#P =#(A+ A) x #(A- A), (10.15)
#L = n?, (10.16)
while the number of incidences is clearly n x n? = n3. It follows that
n3 < (#P)3ns, (10.17)
which means that
#P >ns. (10.18)

It follows that either #(A + A) or #(A - A) exceeds a constant multiple
of ni. This completes the proof of Corollary 10.4.
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10.4. Application to Fourier analysis

Definition 10.9. We say that a domain Q C R? is spectral if L?(2) has

an orthogonal basis of the form {e*™* ¢} _ .

The following result is due to Fuglede ( [8]). It was also proved in higher
dimensions by Iosevich, Katz and Pedersen ( [12]).

Theorem 10.10. A disc, D = {x € R? : |z| < r}, is not spectral.

Proof. [of Theorem 10.10] Let A denote a putative spectrum. We need
the following basic lemmas:

Lemma 10.11. A is separated in the sense that there exists ¢ > 0 such
that |a — d'| > ¢ for all a,a’ € A.

Lemma 10.12. There exists s > 0 such that any square of side-length s
contains at least one element of A.

For a sharper version of Lemma 10.12 see [16].
The proof of Lemma 10.11 is straightforward. Orthogonality implies
that

/ e2miz-(a—a’) g, _ 0, (10.19)
D

whenever a # o’ € A. Since [}, dz = 27r and the function [, €™ ¢dz is
continuous, the left hand side of (10.19) would have to be strictly positive
if |a — a’| were small enough. This implies that |a —a’| can never be smaller
than a positive constant depending on r.

The proof of Lemma 10.12 is a bit more interesting. By Bessel’s in-
equality we have

> Ik +a)* =D, (10.20)
A

for almost every ¢ € RY, since the left hand side is a sum of squares of
Fourier coefficients of the exponential with the frequency £ with respect to
the putative orthogonal basis {€*™**} _ .. We have

Sikp@lP= > + > =1+11 (10.21)
A5 AEﬂQS AgﬂQg

where A¢ = A—¢ and Qs is a square of side-length s centered at the origin.
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We invoke the following basic fact. See, for example, [25]. We have

~ _3
IXp (O < 1€ 2. (10.22)
It follows that
IS > ™ $s7h (10.23)
AeNQg

Choosing s big enough so that s—! << |D|?, we see that I # 0, and,
consequently, that A:NQs is not empty. This completes the proof of Lemma
10.12.

We are now ready to complete the proof of Theorem 10.10. Intersect A
with a large disc of radius R. By Lemma 10.11 and Lemma 10.12, this disc
contains ~ R? points of A. We need another basic fact about Xp (&), that
it is radial, and in fact equals, up to a constant, to |¢| " J (27]¢]), where
J1 is the Bessel function of order 1. We also need to know that zeros of
Bessel functions are separated in the sense of Lemma 10.11. This fact is
contained in any text on special functions. See also [29].

With this information in tow, recall that orthogonality implies that
|a — a’| is a zero of J;. Since the largest distance in the disc of radius R is
2R and zeros of J; are separated, we see that the total number of distinct
distances between the elements of A in the disc or radius R is at most =~ R.
This is a contradiction since Corollary 10.3 says that R? points determine
at least R distinct distances. This completes the proof of Theorem 10.10]

It turns out that not only does L?(D) not possess an orthogonal basis of
exponentials, the numbers of exponentials orthogonal with respect to D is
in fact finite. This is a theorem due to Fuglede ( [9]) which was extended to
all sufficiently smooth well-curved symmetric convex domains by losevich
and Rudnev ( [17]). The latter paper is based on the generalization of the
following beautiful geometric principle due to Erdos ( [5]).

Theorem 10.13 (Erdos integer distance principle). Let S be an in-
finite subset of R? such that the distance between any pair of points in S is
an integer. Then S is a subset of a line.

10.5. Applications to convex geometry

The following result is due to Andrews ( [2]).
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Theorelm 10.14. Let Q be a convex polygon with n integer vertices. Then
n 3@

10.5.1. Proof of Theorem 10.14

Let C denote a strictly convex curve running through the vertices of Q). Let
2 denote the convex domain bounded by C. Let L denote the set of strictly
convex curves obtained by translating C by every lattice point inside €.
Let P denote the set of lattice points contained in the union of all those
translates. By Theorem 10.2 the n4umber incidences between the elements
of P and elements of L is < |Q]*® since #L ~ #P =~ |Q]. Since each
translate of C contains exactly the same number of lattice points,
%
#CNZ2 < % = Q3. (10.24)
This completes the proof of Theorem 10.14. Observe that proof implies
the following (easier) estimate.

Lemma 10.15. Let T" be a closed strictly convex curve in the plane. Then
#{RT'N7Z2} < R3. (10.25)

What sort of an incidence theorem would be required to prove a more
general version of this result?

Definition 10.16. We say that A ¢ R? is well-distributed if the conclu-
sions of Lemma 10.11 and Lemma 10.12 hold for A.

Let A be a well-distributed set, and let Ag denote the intersection of A
and the ball of radius R centered at the origin. Observe that #Ap ~ RY.
Let U be a strictly convex hyper-surface contained in the unit ball. Suppose
we had a theorem which said that the number of incidences between Asgr
and a family of hyper-surfaces {RU +z} ., is < R, Repeating the
argument above, we would arrive at the conclusion that if P is a convex
polyhedron with N lattice vertices, then

|P| > NaT. (10.26)

However, a higher dimensional version of the aforementioned theorem
of Andrews says that

d+1

|P| > NT1. (10.27)
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This leads us to conjecture that the putative incidence theorem de-
scribed above should hold with o = 2 — ﬁ, which was recently proved
in [15] under additional smoothness assumptions. This result is sharp in
view of (10.21) and the following result due to Barany and Larman ( [4]).

Theorem 10.17. The number of vertices of Pr, the convex hull of the

lattice points contained in the ball of radius R >> 1 centered at the origin
d—1

is ~ RYTT

10.6. Higher dimensions

Theorem 10.18. If R > 0 is sufficiently large, then
#(A(AN[-R,R*) > R?4. (10.28)

This result was recently proved in a more general setting, using different
methods, by Solymosi and Vu ( [27]).

Corollary 10.19. The ball By = {z : |z| < 1} is not spectral in any
dimension greater than 1.

Corollary 10.19 follows from Theorem 10.18 in the same way as Theo-
rem 10.10 follows from Corollary 10.3. Lemma 10.11 and Lemma 10.12 go
through without change except that in R¢,

K8, (6)] S 1EI7°F, (10.29)

XB, (&) is a constant multiple of

€172 J4 (2n ), (10.30)

and the zeroes of J 4 are still separated.

See [25], [29] and/or any text on special functions for the details.

We are left to prove Theorem 10.18. Since A is well-distributed, there
is s > 0 such that every cube of side-length s contains at least one point of
A. Without loss of generality let s = 1. Since A is well-distributed, we can
find points Pi, Ps, ..., P4, such that |P; — P;| < 10 and such that for any
sequence Ri, Rs,...,Rq >> 1 with |R; — R;| < 10, the intersection of d
spheres centered at each P; or radius R; is transverse. Let O be the center
of mass of the polyhedron with vertices given by the points Pi,..., Py.
Construct a system of annuli centered at O of width 10, with the first
annulus of radius ~ R. Construct ~ R such annuli.
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It follows from the assumption that A is well distributed that each
constructed annulus A has ~ R%~! points of A. Let

UL {jz — P|:x € A} = {dy,...,dp}. (10.31)
Let
Al ={ze ANA:|z— P|=d;}. (10.32)
It is not hard to see that
Aé = Ui<j,. <k Ui::ll Aé My £l Aélm (1033)
Taking unions of both sides in j and counting, we see that
R < k4, (10.34)

This follows from the fact, which follows by a direct calculation, that
the intersection of d spheres in question consists of at most two points.
Taking d’th roots and using the fact that we have ~ R annuli with ~ R%!
point of A, we conclude that

H#A(AN[-R, R > R'T = R4, (10.35)

as desired.

Observe that while the intersection claim made above is not difficult
to verify for spheres, the situation becomes much more complicated for
boundaries of general convex bodies, even under smoothness and curvature
assumptions. This issue is partially addressed in [10].

Another point of view on distance set problems was recently pursued
by Iosevich and Laba ( [13]) and, independently, by Kolountzakis ( [21]).

Theorem 10.20. ( [15] for d = 2 and [21] for d > 2). Let A be a well-
distributed subset of R%, d > 2. Let K be a symmetric bounded convex
set. Then Ak (A) is separated only if K is a polyhedron with finitely many
vertices.

The more difficult question of which polyhedra can result in separated
distance sets is partially addressed in both aforementioned papers, but the
question is, in general, unresolved.

10.7. Some comments on finite fields

In this section we consider incidence theorems in the context of finite fields.
More precisely, let F, denote the finite field of ¢ elements. Let qu denote
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the d-dimensional vector space over F,. A line in F;l is a set of points
{e+tv:te F} wherex € F andv e Fi\ (0,...,0). A hyperplane in F{
is a set of points (x1, ..., xq) satisfying the equation A1z +- - -+ Agzqg = D,
where Ay,...,Aq, D € F;; and not all A;’s are 0.

It is clear that without further assumptions, the number of incidences
between n hyper-planes and n points is ~ n? and no better, since we can
take all n planes to be rotates of the same plane about a line where all the
points are located. We shall remove this ”difficulty” by operating under
the following non-degeneracy assumption.

Definition 10.21. We say that a family of hyperplanes in qu is non-
degenerate if the intersection of any d (or fewer) of the hyper-planes in
the family contains at most one point.

The main result of this section is the following:

Theorem 10.22. Suppose that a family F of n hyper-planes in qu s non-
degenerate. Let P denote a family of n points in qu. The the number of
incidences between the elements of F and P is S n2 . Moreover, this
estimate is sharp.

We prove sharpness first. Let F denote the set of all the hyper-planes
in F;l and P denote the set of all the points in Fj. It is clear that #F =~
P ~ ¢%. On the other hand, the number of incidences is simply the number
of hyper-planes times the number of points on each hyper-planes, which is
~ ¢?4~1. Since ¢%¢~! = (qd)27%, the sharpness of the Theorem 10.22 is
proved.

We now prove the positive result. Consider an n by n matrix whose
(4,4) entry if 1 if i’th point lies on j’s line, and 0 otherwise. The non-
degeneracy condition implies that this matrix does not contain a d by 2
sub-matrix consisting of 1’s. Using Holder’s inequality we see that the
number of incidences,

I = ZIZJ < Z ZI” X 7’Lal+‘¢1 (1036)
0,J

i J

=

= Z Z Iij1 '-'Iijd X n% S n X n% = 712_%, (1037)
d

i g1
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because when ji’s are distinct, I;;, ... I;;, can be non-zero for at most one
value of i due to the non-degeneracy assumption. If ji’s are not distinct,
we win for the same reason. This completes the proof of Theorem 10.22.

Why should the finite field case be different from the Euclidean case?
The proof of Szemeredi-Trotter theorem given above suggests that main
difference may be the notion of order. In the proof of Szemeredi-Trotter
we used the fact that points on a line may be ordered. However, no such
notion exists in a finite field. Nevertheless, Tom Wolff conjectured that if
q is a prime, then there exists ¢ > 0 such that the number of incidences
between n points and n lines in F, q2 should not exceed n3 ¢ for n ~ q. This
fact has recently been proved by Bourgain, Katz, and Tao ( [3]).

10.8. A Fourier approach

In this sections we briefly outline how some results in geometric combina-
torics can be obtained using Fourier analysis. For a more complete descrip-
tion, see, for example, [11], [14], and [15].

We could take a more direct approach, but we take advantage of this
opportunity to introduce the following beautiful problem in geometric mea-
sure theory.

Falconer Distance Conjecture. Let E C [0, 1]d, d > 2. Suppose that
the Hausdorff dimension of E is greater than . Then A(E) = {|z — y| :
x,y € E} has positive Lebesque measure.

We shall not discuss the history and other particulars of the Falconer
Distance Problem in this paper. See, for example, [30] and references con-
tained therein for a thorough description of the problem and related ma-
chinery. The main thrust of this section is to show that any non-trivial
theorem about the Falconer Distance Conjecture can be used to deduce
a corresponding "discrete” result about distance sets of well-distributed
subsets of R?.

Theorem 10.23. Let K be a bounded conver set in RY, d > 2, symmetric
with respect to the origin. Suppose that the Lebesgue measure of Ak (E)
is positive whenever the Hausdorff dimension of E C [0, l]d is greater than
sp, with 0 < sg < d. Let A be a well-distributed subset of R?. Then
#A(AN[-R,R]Y) Z R
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The following result is essentially proved in [7].

Theorem 10.24. Let E C [0, 1]d, d > 2, of Hausdorff dimension greater
than %. Suppose that K is a bounded convexr set, symmetric with re-
spect to the origin, with a smooth boundary and everywhere non-vanishing
Gaussian curvature. Then the Lebesgue measure of Ak (FE) is positive.

Theorem 10.23 and 10.24 combine to yield the following ”discrete” the-
orem.

Theorem 10.25. Let A be a well-distributed subset of R?, d > 2. Suppose
that K is a bounded convex set, symmetric with respect to the origin, with a
smooth boundary and everywhere non-vanishing Gaussian curvature. Then

#AK(AN[-R,R]%) 2 R~ i1,

Observe that while this result is not as strong as the one given by
Theorem 10.18, it is more flexible since it does not require K to be the
Euclidean ball.

Proof. [of Theorem 10.23] Let q; = 2 and choose integers ¢;1+1 > ¢!. Let

o e

Ei={ze[0,1]": vk — pr/ail < q; (10.38)
for some p = (p1,...,p4) € ANJO, qi]d}.

Let E = NE;. Tt follows from the proof of Theorem 8.15 in [6] that
the Hausdorff dimension of FE is s. Suppose that there exists an infinite
subsequence of ¢;s such that #Ag(A N [O,qi]d) < ql-ﬁ for some 5 > 0.

_d
Then we can cover Ak (FE;) by < qf intervals of length ~ ¢, =. If § < %,
Ak (E;)| — 0 as i — oo. It follows that Ax(FE) has Lebesgue measure

0. However, by assumption, Ak (F) is positive if s > sg. The conclusion
follows. 0

The proof of Theorem 10.23 suggests that one may be able to make
further progress on the Erdos Distance Conjecture for well-distributed sets
using Fourier methods by studying the Falconer Distance Conjecture for
special sets constructed in the previous paragraph.
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11.1. Introduction

In this paper we shall present material from lectures given by the author in
a workshop in Padova, Italy in June of 2003. The author is very grateful
for the hospitality shown to him, especially that of Massimo Lanza de
Cristoforis and Paolo Ciatti.

The main goal of the lectures was to see how “geometry”, especially
long term dynamics of geodesic flow influences the “size” of eigenfunctions
on compact Riemannian manifolds. This is also known as the “quantum
correspondence principle”. In addition, we went over problems in harmonic
analysis related to this, such as the restriction theorem for the Fourier
transform and estimates for Riesz means. We also presented recent work
on manifolds with boundary.

*The author was partially supported by the NSF
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11.2. Review: Restriction theorem and wave equation

Much of what we shall present is related to the Stein-Tomas [26] restriction
theorem for the Fourier transform. Recall that the Fourier transform of an
L'(R™) function is

for = [ e da

Since f is continuous if f € L*(R™) the restriction of f to S™~! makes
perfect sense in this case. This is not the case for L?(R™) functions. For in-
stance the inverse Fourier transform of f(£) = (1 —|¢[2*)~1/3 is in L2(R™),
but clearly f(£) does not restrict to $”~! as a function or even a distribu-
tion.

The Stein-Tomas theorem tells us that if 1 < p < 2 is close enough to
1 and if f € LP(R™) then one can define the restriction of f to S"~1 when
n>2:

Theorem 11.1 (Stein-Tomas [26]). Let n > 2 and suppose that

2(n+1)
n+3
Then there is a uniform constant C so that if f € S(R™) then

1<p< (1L.1)

A 1/2
([ f@ra©)  <clsllme (11.)

if do is the induced Lebesque measure on S"~1. Consequently, if p is as in
(11.1) then there is a bounded linear map R : LP(R™) — L*(S™~1) so that
Rf(&) = f(§)|sn— when f € S(R™).

It is conjectured that if 1 < p < anl

element of L4(S"~!) with ¢ = ("+1)p , with

then f restricts to S~ ! as an

R 4
p = ]ﬁ
This result is known to hold when n = 2 ( [30]). For n > 3 only partial
results are known. See, e.g. ( [5]).

One of our main goals will be to obtain discrete analogs of this result
when R" is replaced by a compact Riemannian manifold. To motivate what
happens in this case, let us first state a couple of results that are equivalent
to the Stein-Tomas restriction theorem.
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To do this, we first notice that (11.2) holds if and only if

limsup)\/ |f(§)|2 d§ < C”f”%?(]Rﬂ)v
A—too  J{geRn: |¢le1,14A-1]}
2(n+1)

1<p<
=P= n+3

(11.3)
If we let

mA(ﬁ) = Al/zX\g\eu,H,\fl],

then, by duality, we conclude that (11.2) and (11.3) are equivalent to the
statement that the multiplier operators

(2m)7 / e Emi (€)F(€) de

are uniformly bounded from L?(R") to L4(R"™) when ¢ > % Finally,
if we let

wf@=en [ i (114
[El€[XA+1]
then we conclude by scaling that the above inequalities are equivalent to
the one that says there is a uniform constant C' so that for A > 1
n _ _ 2(n+1

0oy < OX OO £ oy, g2 20D (45
By Plancherel’s theorem the x operators are uniformly bounded from
L?(R™) to L*(R™), and so if we apply the M. Riesz interpolation theorem,
we also get the bounds

n—1,1
(5—

2(n+1
IxxfllLa@ny < CA 2 AntD)

1
q)HfHLQ(R")a 2s9s ——

. (11.6)

for the remaining range of exponents in [2,00]. Using the fact that the
range of exponents in the Stein-Tomas L? restriction theorem is sharp, we
see that the favorable bounds in (11.5) cannot hold for a larger range of
exponents. Similarly, the counterexamples that verify this fact can be used
to show that the bounds in (11.6) for the complimentary range of exponents
cannot be improved (see e.g., [22]).

Let us give another equivalent formulation of (11.2) that shows how we
can use properties of the wave equation for small values of ¢ to prove (11.2).
To do this, we choose an even function p € S(R) satisfying

p(r) >1, |71 <1, and p(t)=0, |t| > 1.
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We then define a variation of the operators in (11.4) by setting

Wl (@) = (2m)" / e Ep(1€] — N F(€) de

Rn

+en [ el £ Nf©ds. L)

Then, by duality and Plancherel’s theorem, (11.5) and hence (11.2) hold if
and only if there is a constant C so that when A > 1
2(n+1)

I3 fllLaeny < CQA+ N 2VDZ2) £ 2y, g > p—

(11.8)

Let us rewrite the approximate spectral projection operators ) using
the wave equation. We notice that since p is even and vanishes for [¢| > 1

1
p(€] £ ) = (21) ) / U ) i

= (27)71 / p(t) cos(t(|€] £ N)) dt.

-1

Consequently,
(&1 = A) + p(I€] + A)

1
— (20t [ p(e)oos(e(€] — 1) + cos(e(l] + X)] de

=2(27)7! / p(t) cos(t|€]) cos(tN) dt.

Therefore,

i =20 [ (f () costhcoste] i) < fe)ds

-1

-1

=2(2r)" ! /1 p(t) costA (/ e € cost|¢] f(€) d§> dt

2 1

=— / p(t) costAu(t, ) dt,

T Jo

where u solves the Cauchy problem in R; x R™ with Cauchy data (f,0),
i.e.,

(11.9)

{Du(t, x) = (0%/0t? — A)u(t,x) =0
U(O, ) = f()v 815“(0’ ) =
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A is of course the Laplacian for R”™ with the flat metric:
A=Y "0%/03.
j=1

We point out that, in order to prove the Stein-Tomas L? restriction, we
only need to know the behavior of the the solution u to the wave equation
for small values of ¢ (|t| < 1 in the above formulation). Note further that
the kernel of y, is given by

2 1
Xa(z,y) = ;/ p(t) costAU (t; x,y) dt,
0

where

Ut;z,y) = (27r)_"/ @Y€ cost|¢| de, (11.10)

n

is the kernel for the solution of the Cauchy problem (11.9).

Let us make a few important observations about this kernel. First
Xa(x,y) = 0 if |x —y| > 1 by the finite propagation speed for O, i.e.,
U(t;z,y) = 0if |z — y| > t. Second, by applying the method of stationary
phase one can see that

A(n=1)/2 COS(Alijl) oA l<|z—yl<1
Ry~ Tt TSl (11.11)
A e —yl <AL

To handle the x, operators directly we need to appeal to a special case

of Stein’s oscillatory integral theorem [25]:

Theorem 11.2. Letn € C§°(R™) and suppose that ®(x,y) € C°(R"™ xR™)
is a real function satisfying

K il ) 1 €
ran =n-— x U
01,0y ) Y < supp m
and
Y, ={V.®(z,y): y € supp n}, x € supp P (11.12)
has everywhere nonvanishing principal curvatures. If we then set
Tf(a) = [ ¥,y £(5) dy, (11.13)
then
_n 2(n+1
I3 F oy < CA) fll oy, g > 2t D), (11.14)

n—1
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Note that the second hypothesis in the theorem makes sense. This is
because when the mixed Hessian of ® has rank n — 1 then the sets X,
defined in (11.12) are smooth (immersed) hypersurfaces in R™.

To be able to use the theorem in applications to eigenfunctions on Rie-
mannian manifolds, we have stated the oscillatory integral theorem for gen-
eral phase functions whose Hessians have rank n — 1 and satisfy the curva-
ture condition that the surfaces ¥, in (11.12) have nonvanishing principal
curvatures. To handle the Euclidean case and prove (11.8) we shall need
to apply the special case of the theorem where

O(z,y) = |z —yl.

In this case the hypotheses are fulfilled away from the diagonal {(z,y) :
x = y} since clearly the mixed Hessian has rank n — 1, while, for this
phase function for every z the sets Y, is a subset of the sphere of radius
one centered at the origin. Therefore, let us fix an amplitude 3 € C§°(R)
satisfying, say, 8(s) =0, s ¢ [1/4,2]. If we then set

Ty f(z) = / NG|z — y)) f(y) dy, (11.15)

then, by Theorem 11.2, the operators must satisfy (11.14).

We can use these bounds to prove (11.8). If we require additionally that
> . B(27s) =1, s > 0, then, by a scaling argument, the integral operator
with kernel S(A\277 |z — y|)Xr (2, y), j > 1, must have an L?(R™) — L4(R")
norm which is (\277)"(1/2=1/a)=" times that of the one with kernel

Ble —yDXa(272/X,27y/N).
By Stein’s theorem and (11.11) the latter integral operator sends L? to

L4 with norm O(A\"~1 2-3(n=1)/2 2_"j/q), assuming that ¢ > % By
putting these two steps together, we conclude that for such g,

I%allL2mre < C Z (A2—j)n(1/2—1/q)—n x (A1 9—i(n=1)/2 2—nj/q)
1<27 <A
— o)\~ Hn(1/2-1/q) Z 21/2 = o\n(1/2-1/9)=1/2
1<27<A

as claimed.

Thus, by using properties of the wave equation for small values of ¢,
stationary phase and Stein’s oscillatory integral theorem, we have argued
that we can obtain bounds that are equivalent to the sharp ones in

X fllzageny < CALA+ 2T fllz@ny, 2 << oo, (11.16)
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if
1/2 -1 —1/2 > 2 1 -1
() = {”(_1/ /) =1/2. qz2n+1)/(n—1), 1117
5(1/2-1/q), 2<q<2(n+1)/(n—-1),

and if, as before, x are the Euclidean spectral projection operators defined
in (11.4). Note that if x(7) = X[0,1(7) is the characteristic function of [0, 1],
then

A= xX(V=A-\). (11.18)

Later we shall show that we can generalize the bounds in (11.17) to the
setting of compact Riemannian manifolds without boundary (M, g) of di-
mension n > 2 by showing that we have the analog of (11.17) if y, is
the operator x(A — \/—A4,), with Ay being the Laplacian on (M,g). As
above, these bounds can be seen to be sharp, and this result is the natural
extension of the Stein-Tomas restriction theorem to compact Riemannian
manifolds without boundary. We shall also go over what happens if M
has a boundary. In this case, a counterexample of Grieser [11] shows that
less favorable bounds can hold. Recent results of Grieser [12] and the au-
thor [23] established the bounds when ¢ = oo, and recently Smith and
the author [18] established sharp results in the two-dimensional case for
Riemannian manifolds with boundary.

11.3. Eigenfunctions on compact Riemannian manifolds
without boundary

We shall now consider the setting of compact boundaryless Rieman-
nian manifolds M = M"™ of dimension n and Riemannian metrics g =
> gk (z)dzidz®. Recall that the associated Laplace-Beltrami operator is
given in local coordinates by the formula

Ay =lg(@)| 72> " 0kg™ ()0, gl = det g,

where (g7%) is the inverse matrix of (g;x). We shall be interested in proving
LP estimates for eigenfunctions of the Laplacian, i.e., solutions of

—Agd))\(x) = /\Qd))\(x)

Recall that the set of eigenvalues of —A is discrete here and tends to +oo.
Thus, we can order the eigenvalues with respect to multiplicity

0=XMN <A <A< (11.19)
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We have normalized things so that A; is the jth eigenvalue of the first order
operator /—A,. We are interested in sharp estimates for

_ o llsan

LP(\;, g) =
P29) =165 oo

(11.20)
as \; — oo. Here L?(M) denotes the L? norm with respect to the volume
element for g. We shall also want sharp bounds of the form

Ixafllpacary < CA+ XS £l L2,

if x are the spectral projection operators that are the natural analogs of
the ones defined in (11.4) for the Euclidean case:

of@) =3 &) (11.21)
A EAAH]
with e;(f) being the projection of f onto the jth eigenspace for —A,.
Thus, if {ej(z)} is an orthonormal basis with e; being an eigenfunction
with eigenvalue A;, then

(@ =esw) % ([ )

with dy denoting the volume element. Note also that, by the spectral
theorem, we have the analog of (11.18)

X =XV =4y = N),

if as before y is the characteristic function of [0, 1].
In this section we wish to present the following sharp theorem first
proved in [20]:

Theorem 11.3. Let (M, g) be an n-dimensional Riemannian compact ma-
nifold without boundary. Then there is a uniform constant C so that if
q > 2 and if o(p) is as in (11.17), then

I f I paary < CA+ XD Fll 2. (11.22)

Note that the bounds in (11.22) automatically imply that the ratio in
(11.20) is O((1 + A;)?®)). As we shall see, that if our Riemannian satisfies
certain geometric assumptions these bounds can be improved if ¢ is large
enough, and in particular if ¢ = oco.

On the other hand, if (M, g) is that standard sphere S™ with the round
metric the bounds

lorllzocary < CO(1+ A;)°® (11.23)

|, 12y
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cannot be improved for any ¢ > 2. Recall (see, e.g. [19]) that in this case
the distinct eigenvalues of —A, are k(k + n — 1), and they repeat with
multiplicity
(n+k) (n+k-—2) 1
di = - =k""(2+0(1/k -1t 11.24
o= - e (2+00/W)/(n -1, (1124

Furthermore, if ¢y is the zonal spherical harmonic of degree k, which cor-
responds to A\; = \/k(k +n — 1), then
”¢’€”Lq(5") ~ kn(1/2—1/q)—1/27 q> 2(n+1)
| Bxll £2(sm) = n-1
while if ¢y, is the highest weight spherical harmonic of degree k

)

H(kaLq(S") ~ kL;l(l/271/q)7 9 < q < 2(7’L+ 1)
|kl 2(sm) -7 n-1

)

which implies that (11.23) is sharp in for this particular Riemannian man-
ifold.

To prove Theorem 11.3 we shall use the template that was presented in
the last section. To do this, we choose an even function p € S(R) satisfying
pr)=1, |7l <1, and p(t) =0, [t| > o,
where now, instead of taking ro = 1 as we did for the Euclidean case, we

take
To = IHJ(M)/27

with Inj(M) being the injectivity radius of (M, g). We then define a varia-
tion of the operators in (11.22) by setting

o f@) =D pA=A)es(f) + D o+ Ay)e;(f). (11.25)
=0

j=0
Then, by duality and Plancherel’s theorem, (11.22) holds if and only if there
is a constant C so that when A > 1

X2 flla@ny < CA+ NP fll2@ny, g> 2. (11.26)
If we use the Fourier transform then, as before, we conclude that
2 [0
af(x) = —/ p(t) costAu(t, z) dt, (11.27)
T Jo

where u solves the Riemannian version of the Cauchy problem (11.9), i.e.,

{Dgu(t,:c) = (07012 — Ag)u(t,z) =0 o)
u(0,-) = f(-), 9wu(0,-) =0.
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Here the kernel of x, is given by

2 [To
xa(x,y) = -~ / p(t) costAU (t; x,y) dt,
0

where

Ultyz,y) = Zcost)\ ej(r)e;(y)

is the kernel for the solution of the Cauchy problem (11.28).

As in the Euclidean case, we can make a couple important observations
about this kernel. First, if dist(z, y) is the Riemannian distance between x
and gy, then x»(z,y) = 0 if dist(x,y) > ro by the finite propagation speed
for O,. Second, by applying the method of stationary phase one can see
that

dist(z,y) (=172

) An=D)/2 cosQdist@y) - A-1 < Qigg(z, y) < 1o
CR IR M . (11.29)
AL dist(z,y) < AL

This calculation follows from the arguments for the Euclidean case if one
uses the Hadamard parametrix for [J,, which says that, in local coordinates,
if dist(z,y) <t <ro,

U(t;x,y) = Ugrn (t; dist(x,y)) + Lower order terms,

where Ugn (t; |2 — y|) = Ugrn (¢; z,y) is the corresponding kernel for the wave
equation in Ry x R™ defined in (11.10).

Since the kernels of y satisfy (11.29) we can argue as before and see
that (11.26) must hold if we can verify that ®(x,y) = dist(z,y) satisfies
the conditions of Theorem 11.2. But this just follows from Gauss’ lemma.
Indeed, since @ is the Riemannian distance function we have that the mixed
Hessian must have rank n — 1, and if we work in local coordinates, the
hypersurfaces ¥, defined in (11.12) are just

Se={6eR™: Y gF ()8 =1},

which of course have positive principal curvatures due to the fact that
(¢7%(x)) is a positive definite matrix.

This completes the sketch of the proof of (11.26), and hence the bounds
(11.22) for the spectral projection operators x .
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11.4. Bochner-Riesz Means

In R™ the Bochner-Riesz means of index § are given by the formula

$9f(x) = (2n) " / eE(L — [¢2)° F(€) d.

l€l<1

Just by a dilation argument if S° : LP(R™) — LP(R™) then the operators

S = n) " [ e gAR ) de
€]<A
are uniformly bounded on LP(R™) and Sf — f in LP(R™) if f € LP(R™).
Recall also the Bochner-Riesz conjecture which says that if

5>5(p):max(n|%—l —%,o) (11.30)

then one should have S° : LP(R") — LP(R") if 6 > §(p). For this reason,
d(p) is called the critical index for Bochner-Riesz summation. It follows
from C. Fefferman’s [10] celebrated negative solution of the ball multiplier
and earlier work that § > §(p) is a necessary condition for S° : LP(R") —
LP(R™).

Many partial results are known. For instance it was shown by C. Fef-
ferman [9] that if one has the LP(R™) — L%(S™™!) restriction theorem
(11.2), then the Bochner-Riesz conjecture is valid for this value of p. Thus,
by the Stein-Tomas restriction theorem and duality, the conjecture holds
for p e [1,2(n+1)/(n+3)]U[2(n + 1)/(n — 1),00]. Also, Carleson and
Sj6lin [7] proved that the Bochner-Riesz conjecture is valid for all p when
the dimension n equal to 2. Much later Bourgain [5] made an important
breakthrough when he showed that for n > 3 the conjecture is valid for cer-
tain p < 2(n+1)/(n—1). Many authors have worked to improve Bourgain’s
results (see [28]), but the conjecture is still unresolved in the Euclidean case
when n > 3.

Let us now consider the corresponding problems on n-dimensional com-
pact Riemannian manifolds without boundary, (M,g). In this case, the
Bochner-Riesz means are given by the forumla

pell
S = [1-1F] | e, (11.31)

A <A

if, as before, e;(f) is the projection of f onto the j-th eigenspace with
eigenvalue —)\? for A4. Since eigenfunctions of the Laplacian are smooth
and since the spectrum is discrete, it is automatic that if one fixes A then
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S¢ ¢ LP(M) — LP(M) for every p regardless of the value of . Thus,
the analog of the Bochner-Riesz conjecture for the Riemannian case must
involve uniform bounds for the operators S§ as A — oo. Specifically, given
M, the conjecture for LP(M) would be that if § > §(p) then there must be
a uniform constant C' = C), s so that

1S3 £ Lecary < Cllflleany, A > 0. (11.32)

Just as in the euclidean case the condition that § > &(p) is necessary for
these bounds to hold. On the other hand, counterexamples of Bourgain [6]
and Minicozzi and the author [16] suggest that these bounds might not hold
for all values of p if the dimension n is larger than 2.

Let us see how this might be related to the bounds for eigenfunctions
presented in the preceding section. Recall that if y, are the spectral pro-
jection operators defined by (11.21) then we have the bounds

Ixafllezany < CQA+ )\)U(p)HfHLP(M)a

with

o(p) = {n(l/p—1/2)—1/27 1<p<2n+1)/(n+3)
n1l(1/p—1/2), 2(n+1)/(n+3)<p<2.

Thus, in the “good” range 1 < p < 2(n+1)/(n+ 3) we have that the sharp
exponent for LP bounds for eigenfunctions agrees exactly with the critical
index for Bochner-Riesz summation:

Ixafllzzany < CA+ NP flioar, 1<p< 2D, (11.33)

On the other hand, if 2(n +1)/(n + 3) < p < 2, we have that o(p) > §(p).
Thus, we might expect to be able to prove the sharp bounds for Bochner-
Riesz summation using the above estimates for y, only in the favorable
range of exponents.

It turns out that we can do this:

Theorem 11.4 ([21]). If 1 < p < 2(7?—:31) or if % < p < oo then
whenever 6 > §(p) (11.32) holds.

By duality, we only need to prove (11.32) when

2(n+1)
L<p< =75
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To prove these inequalities, as in the proof of (11.33), we shall need to use
the wave equation. We start with the exact formula

SoF =) (1= X/A)°¢;(f) (11.34)

A <A

T 00 —0—1/2 o
- W/ A (%) Ts12(At]) Y cost; e;(f) dt

Jj=0

— 00

s o0 —6—1/2
- w/ A (%) Jsi12(Alt]) (costr/=Ag f) () dt,

m —00

with J,, being the Bessel function of order x, and

u(t,z) = (costy/—Agf)(x)

being the solution of the Cauchy problem (11.28).
To use this formula, as in the preceding section, we choose an even
function p € S(R) satisfying

p(r) =1, |7l <1, and p(t) =0, |t > 1o,

where, as before, r¢ is half the injectivity radius. We then split

5 ) )\|t| —0—1/2
Sy f = Cg[ Ap(t) (7) Jsi172(Alt]) (costr/—Ag f)(z) dt

(11.35)
0o Al —5—1/2
w0 [Taa=pw) () sl eos VB )
= S3f + R3S,

with Cs = w. One thinks here of S’§ as the “main” term and Ri as
the remainder. We shall be able to compute the kernel of S’§ very precisely
and then estimate it by appealing to Stein’s oscillatory integral theorem.
On the other hand, the operators Ri are not “local” and so one cannot hope
to compute their kernels with the necessary degree of precision on general
compact Riemannian manifolds. On the other hand, fortunately, for the
above range of exponents, the bounds for R‘;\ are a direct consequence of
(11.33).

To verify the last assertion we use asymptotics for Bessel functions of a
fixed order to see that we can write

R f = /00(1 —p(1)) > Ay (At)eF N costy/=A, f dt,
o0 +
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where
A7 mEN)| < Cs A0 710, [t > ro/2.
Consequently, if we fix § and let 3\ be the inverse Fourier transform of
t — mE(At)(1 — p(t)) then we have
BA(T)] < CNAT° (L |7]) 7Y,

for every N, with constants independent of A. Since

Ryf = B(A = V=29 f + Ba(A + /=Ay)f,

we can use Holder’s inequality, (11.33) and orthogonality to get
IRSFI; < CIRSFIE = D 1B(A = A) + Ba(A + M) P lles (N3
J

<O L+ A=) A3
k

<C[S 1+ A - k) MA@ )2
k

< OABNZW)| £, < O f]12,

assuming in the second to last inequality that N > 1 + §(p), and using in
the last inequality our assumption that § > §(p).

To handle the “main term” we note that, since it only involves a su-
perposition of wave kernels for small values of ¢, we can compute its kernel
using the Hadamard parametrix and stationary phase. By doing so we
conclude that the kernel of 5'§ is of the form

n—1 )
~ —5—=—06 cos(Adist (z,y)) . 4
Si(z,y) = A2 (dist (z,y)) (" FD/2F5 dist (z,y) > A

An o dist (z,y) < AT

where, as before, dist (-, -) is the Riemannian distance function. Because
the kernel has this form, we can appeal to Stein’s oscillatory integral theo-
rem (Theorem 11.2) to see that

SS:LP — LP

uniformly in X if § > §(p) and p is as above, which completes the proof of
Theorem 11.4.

The argument that we have just given is modelled after the proof of the
sharp Weyl formula, which says that if N()) is the number of eigenvalues
A;j which are < A (counted with multiplicity), then

N(A\) = (2r)""Vol B, Vol M X" +O(\"™1), (11.36)
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where Vol B,, is the volume of the unit ball in R™, and Vol M is the volume
of M with respect to the metric g. By (11.24) the O(A"~!) bounds for the
error term in the Weyl formula cannot be improved for the sphere with the
standard metric.

Let us conclude this section by showing how the special case of (11.33)
can be used to establish this result. We first note that

= / Sx(x, x) dz,
M

where Sy (z,x) is the restriction to the diagonal of the kernel
Sa(w,y) = Y ej(@)e;(y) = Sz, y),
A <A

with S9 being the Bochner-Riesz mean of index 0. Thus, if Sy = 5’2 is
defined as above then we can use the Hadamard parametrix to see that

Sx(z,x) = c(@)A" + O\,
where c(x) integrates to the appropriate constant for (11.36). Consequently,
to finish, we just need to see that
Ry(z,x) = O(A" ). (11.37)

To see this, we can argue as above to get that

[Ba(@,@)] = |3 (Ba = A) + B+ A)les (@)

<ON D (1+ A=) "Ny (@)

J

<o+ -ADY [ S @R ]

J AE[G,g+1]
which means that we would have (11.37) if
xa(z,z) = Z lej(z)* < CA"L
Aj€AAF1]

But this follows from the dual version of the p = 1 special case of (11.33)
since

(Y Ju@P) =sw( [ X @)

TN €A X ENAF]
(11.38)

n—1
= Ixallezmpe <CX 2.
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11.5. Manifolds with boundary

Let M be an n-dimensional C'*° open manifold with compact closure and
boundary M. Consider a Riemannian metric ¢ = g;jrdz/dz® on M and
the associated Dirichlet-Laplacian A = Ay p. We shall then be concerned
with estimates for the eigenfunctions,

{—A@(x) =Nox(z), zeM (11.39)

or(z) =0, =z € oM.

The eigenvalues are discrete and tend to +o0o. As before, we count them
with respect to multiplicity and order them as 0 < )\% < )\3 < )\g <
-++. Also, as before, we wish to study the behavior of the L? norms, i.e.,
(11.20), as the eigenvalue goes to infinity. We are also interested in stronger
estimates like (11.22) for the spectral projection operator.

Thus, a goal would be try to extend Theorem 11.3 to the setting of
compact Riemannian manifolds with boundary. We immediately encounter
two difficulties:

e [t is much harder to use the wave operator [J in manifolds with bound-
ary.

e Less is true: Rayleigh whispering gallery modes say that the bounds
in (11.22) cannot hold for all values of 2 < p < oo. Specifically in
every dimension n > 2 the favorable bounds (11.33) can only hold for
a smaller range of exponents.

Let us give a brief explanation of these two facts. We start with the first
one. In order to explain the complicated nature of parametrices for wave
operators in manifolds with boundary, we start by reviewing what happens
for the very simple case of the Dirichlet-wave equation for the half-plane
(t,z) € R x (R*! x R,), ie.,

Here we are writing « = (¢, x,,), with ' = (z1,...,2,-1). The kernel for
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the solution operator is given by the formula

Up(t;2,y) = (2m) " / @€ costle] de

_(2ﬁ)*n/ el@r =V E cost|¢| dE,  (11.40)

where x, is the reflection of x across the boundary.

In a manifold with boundary it is difficult to construct the second term
in the parametrix for the solution kernel. Here, we work in geodesic normal
coordinates about y and then think of (z, — y) as the reflected geodesic
normal coordinates of x about y. Simple examples where M is either the
interior or exterior of a euclidean ball show that these coordinates become
degenerate as x approaches the boundary in a tangential direction from
y. Indeed, these two examples tell us that if y is a geodesic distance d =
d(y) << 1 from the boundary OM, then we cannot hope to construct the
phase functions corresponding to the second term in (11.40) for all z if the
time variable satisfies t > c¢d'/? for some fixed constant c.

Let us address the other difficulty that arises in trying to extend The-
orem 11.3. This is an observation of D. Grieser [11]. We shall focus on
the case where n = 2, but similar considerations show that the bounds
(11.22) in Theorem 11.3 cannot hold for all 2 < ¢ < co for higher dimen-
sions as well. Grieser observed that if (M, g) is the interior of the unit disk
with the euclidean metric and if ¢, is a so-called whispering gallery mode
with eigenvalue A2 then, for ¢ < 8, fx has most of its L¢ mass in a \~2/3
neighborhood of the boundary. Hence

2,1 1
£l > c)\§(§_5),
12 llq

Since fy is an eigenvalue, we conclude that, for such exponents, we can

have the favorable 2-dimensional estimates

Dafllg < CNPA2ZHOZ2) 7,

q<8.

only when

2(1/2-1/q) - 1/2 2 3(1/2 - 1/q),

which means that the best possible analog of (11.22) for manifolds with
boundary when n = 2 would be

IXafllg < CXPAZZHOZ2| £y, g > 8, (11.41)

instead of ¢ > 6 as in (11.22) for the boundaryless case when n = 2.
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Let us turn to positive results now. We shall first indicate how one can
obtain sharp pointwise estimates for eigenfunctions and then discuss recent
joint work with H. Smith [18] that shows that when n = 2 the optimal
estimates, i.e., (11.41), are valid.

The pointwise estimate says that for compact Riemannian manifolds
with boundary we have

o flloe < CL+ X T [ £]o. (11.42)

By (11.38), this estimate is valid if and only if the kernels of the spectral
projections have the following bounds when evaluated along the diagonal

xa(z, ) = O™ ). (11.43)
Next, by the arguments from Section 11.2, this holds if
Wz, ) =0\, (11.44)

where
Xa(z,z) = /p(t) costAUp(t; x, x) dt,

with p € C§°(R) being a fixed function supported in a small neighborhood
of the origin.

It turns out that the parametrix for the wave kernel at the diagonal,
Up(t; z, x) only allows one to show (11.44) when d(z) > e¢A~! for some fixed
constant ¢ > 0, where d(z) is the geodesic distance of x from the boundary.
Thus, by using wave equation techniques that are more technical but similar
to the ones described in Section 11.2, one can show the following special
case of (11.42)

a(z, ) < CXVLif d(x) > et (11.45)

where ¢ and C are uniform constants which are independent of .

To prove the bounds for the missing case, a O(A™1) neighborhood of
OM, it turns out that one can use a maximum principle argument. This
observation goes back to Grieser [12] for the case of eigenfunctions, and
Grieser’s argument can be modified to handle the case of functions whose
spectrum lies in unit bands [A, A + 1]. In the latter case, one can use a
variant of the maximum principle to see that if ¢ is fixed then

sup  xa(z,z) <C  sup  xa(x, @),
{z:d(z)<cA—1} {z:d(z)=cA"1}
which, by (11.45) means that (11.43) must hold and thus completes the
proof of (11.42).
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Using the arguments presented earlier, the pointwise bounds (11.42) can
be used to show that the operators S are uniformly bounded on L' (M) and
L>(M) when ¢§ > (n —1)/2. Recently, X. Xu [29] has proven more refined
pointwise estimates that include sharp pointwise bounds for the gradient
of eigenfunctions on compact Riemannian manifolds with boundary. Using
these estimates, he was able to show that the Hérmander multiplier theorem
extends to this setting.

Let us turn to the other estimate, (11.41). In a work in progress, Smith
and Sogge [18] have shown that the estimate (11.41) holds for general two-
dimensional Riemannian manifolds with boundary on the range ¢ > 8.
Interpolation with the trivial boundedness of x on L?(M) then yields L9
estimates on spectral clusters which are the best possible, as shown by
Grieser’s observation. The proof depends on the fact that, for functions
with microlocal support disjoint from a thin set in phase space consisting
of geodesics tangent to the boundary, the full spectral estimates hold. This
is because the wave group for transverse reflections has the same essential
properties as the free wave group.

To handle the contribution of directions in phase space that are nearly
tangent to the boundary, Smith and Sogge exploited ideas of Smith [17]
and Tataru [27] developed to handle wave speed metrics of low regularity.
The latter work involved a combination of paradifferential and frequency
dependent scaling arguments to show that functions similar to the Rayleigh
whispering gallery modes are the worst case. Interpolating between the
tangent and transverse reflection cases yields the desired L® estimates for
all functions.

One can obtain estimates for eigenfunctions on manifolds with boundary
from appropriate estimates for Lipschitz metrics since one can reflect the
eigenfunctions and metric normally across the boundary to obtain equiv-
alent LP estimates for the resulting Lipschitz metrics. Fortunately, the
problems are tractable, at least in two-dimensions, since the metrics one
obtains by doubling are piecewise smooth with special types of Lipschitz
singularities contained in the image of the boundary.

To motivate this proof, let us see what happens for the analogous result
in R?, which of course is much simpler. We recall from Section 11.2 that
the euclidean analog of the dual form of the L?(M) — L¥(M) estimates for
the y operators would be the L8 7(R?) — L2(S') restriction theorem for
the Fourier transform,

I fll2esty < Clfllpsim ey, f € SR?). (11.46)
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Let us see how one can give a simple proof of this estimate. If we square
the left side, and use Hoélder’s inequality, we get

s = [ F7= [ @) (F+ @)@ da
< fllpsrr eyl f* Ol Ls(rz)-
Thus, (11.46) would hold if

1S+ dO] sy < ClIfllpsrmme)-
But, df ~ cos |z|/|z|*/?, and so this estimate would be a consequence of
1f* 127 oy < Cllfllpssmeey. (11.47)

which follows from the classical Hardy-Littlewood-Sobolev theorem for frac-
tional integrals.

Estimate (11.46) and the above proof is due to Stein (unpublished),
and this was the first restriction theorem for the Fourier transform. Ear-
lier Schwartz had noticed that the restriction to the circle of the Fourier
transform of an LP(R?), p < 4/3, makes sense as a distribution, and K.
DeLeeuw raised the question of whether this distribution was actually a
function. Stein’s result of course answered this in the affirmative when
n = 2 for exponents 1 < p < 8/7. Stein’s L3/7(R?) theorem was fol-
lowed by much activity, including the optimal L? restriction theorems of
C. Fefferman, P. Tomas, and Strichartz, and the flurry of activity in the
1990’s on trying to sharpen these results and prove the higher dimensional
versions of the sharp two-dimensional restriction theorem, which is due to
Zygmund [30] and says that, for p < 4/3, f € LP(R?) has Fourier transform
which restricts as a function to L4(St), ¢ = p'/3.

The situation for compact manifolds with boundary studied by Smith
and the author [18] is much more technical. However, the fact that the
estimate (11.46) follows from estimate (11.47) which does not involve oscil-
lation implicitly carries over to this setting. Indeed a key fact in the proof
of (11.41) is that after microlocally breaking up the operators that arise
according to the angle from tangency to the boundary one can add up the
contributions of the various pieces and still get (11.41). Heuristically, this
works for the same reason that in two-dimensions it is a special property
of L¥7 that the estimate (11.46), which seems to be an estimate involving
oscillatory integrals, actually follows from estimate (11.47) which of course
does not.
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11.6. Riemannian manifolds with maximal eigenfunction
growth

We shall discuss some joint work with Steve Zelditch [24]. Recall that the
eigenfunction estimates

L”(/\,g)=H¢Slﬁp [éall, = O(A @), (11.48)

with p > 2 and

o(p) = max{n(l/Q —1/p)—1/2, 252 (1/2 - 1/p)}, (11.49)

for eigenfunctions on n-dimensional compact Riemannian manifolds cannot
be improved. This is because, as mentioned before, LP(), g) ~ A7) when
(M, g) is the round sphere S™. On the other hand, there are plenty of
examples, such as tori with flat metrics, where the bounds (11.48) for indi-
vidual eigenfunctions can be improved. The goal of [24] was to characterize
those Riemannian manifolds for which, like the sphere, LP(), g) = Q(A7®)),
where Q(A7®)) means O(A?(P)) but not o(A7®)).

The main result, Theorem 11.48, implies a necessary condition on com-
pact boundaryless Riemannian manifolds (M, g) with maximal eigenfunc-
tion growth: there must exist a point « € M for which the set

L,={£e€S;M:3T: exp, T, =x} (11.50)

of directions of geodesic loops at x has positive measure. Here exp is the
exponential map for geodesic flow, and the measure |Q2] of a set Q is the
one induced by the metric g, on the fiber T M over x of the cotangent
bundle, T*M. For instance, the poles xy, g of a surface of revolution
(S2, g) satisfy |£,| = 27. Note also that the geodesic loops do not have to
close smoothly.

Theorem 11.5. Suppose that |L,.| = 0. Then given € > 0 there exists a
neighborhood N' = N (€) of x and a positive number A = A(g), so that

|l Lo~ N) < et
sevi 18llL2(ar

if Vi is the space of eigenfunctions, —A¢ = N2¢. Furthermore, if |L.| = 0
for every x € M then

, A€ specV—A > A, (11.51)

sup M o(\®)), p> 2(1:l+11)' (11.52)
sein 9llL2(an)
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The part of the theorem corresponding to p = oo can be thought of
as the natural pointwise analog of the Duistermaat-Guillemin [8] theorem,
and the proof relies on ideas of Ivrii [14].

The main part of Theorem 11.5 says that if L>®()\,g) = Q()\nTl) then
there must be an x € M so that |£,] > 0. However, the naive converse
to this sup-norm result is simply false. This is because there are examples
of Riemannian manifolds (M, g) where there is a z so that |£,| > 0 but

L>®(\ g) = o(/\nTl). In [24] a C*™ torus of revolution with this property
was constructed.

We also remark that the bounds in (11.52) all follow from the spe-
cial case where p = co. One sees this just by interpolating with the esti-
mate that says that LP(),g) = O(A"®)) when p = ("+1) An interesting
open question would be to determine a condition that would imply that
LP(\, M) = o(X°®)) for p = 2("j11). By interpolation, this would lead to

o(A?(®)) bounds for 2 < p < (n+1)

The author and Zeldltch were also able to show that generically

n—1
L>()\,g9) = o(A"2 ). This follows from Theorem 11.48 and the follow-
ing result which was also proved in [24].

Theorem 11.6. There exists a residual set R on the space G of C*° metrics
with the Whitney C™ topology such that |LI| = 0 for every x € M when
geER.

Corollary 11.7. L>®(\,g) = 0(/\ ) for a generic Riemannian metric on
any manifold.

Thus, even though the sphere S™ with the round metric, or more gen-
n—1
erally surfaces of revolution have L>()\, g) = Q(A 2 ), a generic metric on

the sphere will have L>()\, g) = O(An—21).

Even though the standard 2-torus T? = R2?/Z? certainly satisfies
L>®()\,g) = o(A/?), one could ask whether there are other metrics on
T? for which this quantity is Q(A/2). It turns out that if one considers
real analytic metric the answer is no. Indeed, we have the following result
from [24] that characterizes real analytic manifolds with maximal eigen-
function growth:

Theorem 11.8. Suppose that (M, g) is a real analytic manifold and that

n—1
L>*(X\,g) =QA\2). Then (M,g) is a Y;"-manifold, i.e., a pointed Rie-
mannian manifold (M, m, g) such that all geodesics issuing from the point m
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return to m at time £. In particular, if dim M = 2, then M is topologically
the two-sphere or two-dimensional projective space.

For the definition and properties of Y;” manifolds, we refer to [4] (Chap-
ter 7). By a theorem due to Bérard-Bergery (see [3], [4]) Y™ manifolds M
satisfy w1 (M) is finite and H*(M,Q) is a truncated polynomial ring in
one generator. This implies that in 2-dimensions M must be the sphere
or projective space. We remark that the loops are not assumed to close
up smoothly. An interesting example of this is the tri-axial ellipsoid,

2 2 2
Eayazas = {(x1,22,23) € R® : 3+ 22 4+ 2 = 1} with the standard

a a
metric and a1 < as < as. For this manifold all geodesics leaving the 4

umbilical points return at the same time, but all but one do not loop back
smoothly (see [1]).
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12.1. Introduction

The aim of these lectures is to present some concrete examples which show

the interplay between geometry and certain aspects of harmonic analysis.
To that end, let us consider the following initial value problems defined on

the half space R 7" = R™ x R,:
361
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Heat Equation

Ou(z,t) = Ayu(z,t), (z,t) € R
u(z,0) = up(x), x € R,

Laplace Equation

Opu(z,t) + Azu(z,t) =0, (x,t) € RT’l
u(z,0) = up(x), x € R,

Wave Equation

Schrédinger Equation

Opu(z,t) = 41—2Axu(x,t), (z,t) e RTH
T
u(z,0) = up(x), x € R"™.

The Fourier transform for an integrable function f is defined by

~

F@) = [ fla)e?m=mt>da.
R™

The Fourier transform relates to differential operator via the identity

o~

P(D)f(&) = P(2mi&) f(€),

where P is a polynomial in n variables and f is an appropriate smooth
function. By using this transform on the z-variable in the above equations
we find that they can be transformed, respectively, into the following o.d.e.’s
in the variable ¢ for each fixed £, with y(¢t) = u*(&,t);
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y'(t) = —4r*[EPy(t),  y(0) =1
y'(t) =am?lgPy(t),  y(0) =g
y'(t) = —am?lgPy(t),  y(
y'(t) = =2milg]y(t),  y(0) =1,
and so, the corresponding solution can be given by the inverse Fourier
transform, by

ulwt) = [ e TP T ) g

u(z,t) = / e—zwt\f\%(g) e27ri;v£d§

sin(27t[€]) .

u(z,t) = /n cos(2mt|€])up (€) €T de + o o (€) 2™ g

’U,(:E,t) — / 6727”“5'21/1,3(5) 627”15(15.

We want to study the properties of the flux map
®, : {space of initial data} — {space of solutions},

that is, its regularity, the conservation laws that inherits, the existence of
limits as ¢t — 0T, etc. It is clear that the first two examples have “symbols”
which are rapidly decreasing for large values of the variable £, whereas the
other two simply oscillate and have no decay at all. This is determinant for
the properties of ®; and, in particular, for the size of the space of initial
data so that a proper solution exists.

12.1.1. The role of maximal functions

When dealing with pointwise convergence, the natural objects that arise
are the so called maximal functions. Let us start with the classical example
of Lebesgue differentiation theorem:

Define for f € L'(R"), the average means

1
u(z,t) = mf(z) = == fy) dy.
|Be(7)| /B, (2)
(B¢(x) represents the ball centered at x € R™ and radious ¢ > 0.) The
theorem says that we can recover the function f pointwise as ¢t — 0%, that
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is
lim mf(x) = f(z), a.e.
t—0t
The result is clearly true for a dense class of functions, for instance the

Schwartz class, S (here, the class of continuous functions with compact
support suffices). Moreover, the maximal operator

1
Aff(x)——igg|”%f(f)|—-igg]ziigﬁT‘/;dz)f(y)dy‘

satisfies the remarkable inequality

" C

o eRMf@) >N < § [ Ifeldy, a0
To show the convergence property, suffices to prove that
lim sup my f (z) = liminf m, f(z), a.e.,

t—0+ t—0t+

or equivalently, that the set
Ax = {x : limsup m f(z) — iminf m, f(z) > A}
t—0+ t—0+

has measure 0 for every A > 0. If g is any “nice” function in our dense
class, then one has
Ay = {x :limsupm;(f — g)(z) — liminf m,(f — g)(z) > A},
t—0t t—0F

and since
Ay C{z e R": 2M(f — g)(x) > A},

we conclude
2C
AN < = [ 1f(y) = 9(y)ldy.
Rn

Now, the density of our class does the rest.

This argument, due to Hardy and Littlewood, is standard in our ap-
proach to the problem of the a.e convergence to the initial datum in the
above examples: the boundedness of the maximal function

U*(x) = sup |u(z, t)| = sup |Prug(z)|
t>0 t>0

on certain class of functions £, in which S is dense, implies the a.e. con-
vergence for all initial values ug € L.
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The maximal function associated to the heat and Laplace equations are
pointwise majorized by the Hardy-Littlewood maximal function. It fact,
it is known that if the function K has an L' radial decreasing majorant,
K*, then |K « f(z)| < || K*||p2 M f(z) ( [53]). The solution to the heat and
Laplace equations are given, respectively, by the convolution

Gy * ug(z), P, * up(x),

where G is the Gaussian kernel and Gy = t~"/2G(-/t'/?) and Py is the
Poisson kernel, with P, = ¢~ Py(-/t). Therefore,
sup |Gy x ug(x)|, sup|P: xug(z)| < CMup(x).
>0 >0
Hence, a.e. convergence holds in all spaces LP(R™), 1 < p.
M controls, with more generality, the convergence phenomena associ-
ated to the so called Calderén-Zygmund singular integrals (see Section 2).

The wave and the Schrodinger equations have maximal functions
bounded on smaller classes of functions. For example, in the case of the
Schrodinger equation, L. Carleson [15] obtained, in dimension n = 1, the
result of the pointwise convergence of the solution to the initial datum for
all functions ug € H'/*(R) via the corresponding estimate of the maximal
function in that space. Here, H® denotes the space of s “derivatives” in L?;
that is

H*(RY) = {ug € L*(RY); /

[ R+ €)™ de < o).

Also, the homogeneous Sobolev space H* is defined as
B (R = {uo € PRY; [ [Ge)PleP* de < oo ).
R

The exponent 1/4 is sharp. It is conjectured that 1/4 of derivative in L?
suffices in any dimension for the a.e. convergence in this problem.

Convergence and boundedness of the associated maximal function are
in general equivalent, as was shown by Stein ( [54], [32]).

As an example of this, the fact that the double iterated convergence in
Lebesgue theorem fails in L!(R?) can be viewed as the failure of the strong
maximal function of Jessen-Marcinckiewicz-Zygmund, M, to be bounded
LL(R?) — L1>=(R?) ( [35)).
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In many cases, the singularities appear along significative directions in
space. This motivates the study of maximal functions associated to a given
set of unit vectors. As we will see, the boundedness properties depend
largely on the geometrical structure of this set.

Another interesting feature of maximal functions is the control they have
on weighted inequalities for a given singular integral T'; that is, estimates

[rrsros [irero.

where w is a “weight” (a positive, locally integrable function). The bound-
edness of w — Pw gives a complete profile of the properties of T, via the
extrapolation theorem of Rubio de Francia ( [31]).

of the form

For example, when T is a Calderén-Zygmund singular integral, one can
take (see [31])

Pw = (Mw*)'/*, o >1,

On the other hand, it is not known whether M, controls the L?-inequalities
of multi-parameter C-Z singular integrals (Product Domains).

Also, Koo, the Kakeya maximal function (that is, averages on rectangles
in any direction) is expected to control “strongly” singular operators, like
the Disc Multiplier. This is the so called Stein Conjecture.

A less standard operator is the so called spherical maximal function of
Stein and Bourgain:

M, f(x) = sup
t>0

Stf(x) 9

where
Sif(x) = x —ty)do(y),
f(z) /|y| . f( y)do(y)

and do denotes the Lebesgue measure on the unit sphere. Observe that
§,:f(§) = f(ﬁ)c/l;(tﬁ). In dimension n = 3 this is related to the wave
equation since in that case

— sin(27|¢])

) = o]
In the next lectures we will study the boundedness of some of these maximal
functions as well as the boundedness of the singular operators whose a.e.
convergence phenomena they control.
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12.2. Second lecture: spherical maximal function

The (Stein) spherical maximal function is defined as

M, f(xz) = sup
t>0

/ = twyin)]

where do denotes the Lebesgue measure on the unit sphere.

Spheres are sets of null Lebesgue measure and, for a general function f €
L?, the integral could be undefined. We will see, however, that M, f(z) <
oo a.e. for all f € LP(R™), p, < p < o0, p, depending on the dimension.
This is shown by proving “a priori” estimates ||Myf|lr < Cpnllfll, for

f € C§° and then extending the estimates to all of L? by density.

Remarks: 1) Let us take n = 1. Then,

Mo fa) = sup {11+ 0] + | = 1))

So, if f is unbounded in only one point, M f(z) = oo, for all z. Actually,
for f € C(R) M, f(x) = || flLee-

2) For n > 1, if f = Xp(g,1) we have for |z| > 1,
1

~ [T

Mdf(x)

Hence, if M,f € LP(R™), then p(n — 1) > n. Thus, a necessary condition
for M, to be bounded on LP(R™) is p > —%. This condition turns out to
be also sufficient. This was proven by Stein for n > 3 and by Bourgain in
the case of R?.

Theorem 12.1 (E. M. Stein). If n > 3 and p > -5, then M,
LP(R™) — LP(R™).

Theorem 12.2 (J. Bourgain). Ifp > 2, then M, : LP(R?) — LP(R?).

Theorem 12.1 follows from a more general result due to J. L. Rubio de
Francia ( [47]).
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Proposition 12.1. Let o be a compactly supported Borel measure with
|6(&)] < ClE|~*. Define Ty as

T.J(€) = f(©)5(t6)
and T, f(x) = sup,~ ¢ |T: f(z)|. Then, we have,
2a+1

T : LP(R") — LP(R™) forp>p, = and a>1/2.

Examples. If do is the Lebesgue measure on S"~!, then |c/l;(§)| < ‘ ‘S,l
&l 2
(see [51], chapter 4). In general, if o is smooth, compactly supported in a

hypersurface of R” with & non-vanishing principal curvatures (n > k > 1),
then |da( )| < |£|k/2

Notice that a = 5= 1 > 1/2 if and only if n > 2. So, Proposition 12.1
does not apply to the case of Theorem 12.2.

Proof of Proposition 12.1. Set ¢g € C§° such that ¢o(0) = 1. We define
a partition of the unity:

¥i(€) = ¢o(277€) — ¢o(277F1E)  for j € Z.

Then i ¥ (&) + ¢o(€) = 1. We now define a partition of the operator T;.
=1
Set ’
TI (€)= 4 (15 (1€ f(§)  for j=1,2.3...., and
TPF(€) = 6o(t)a (1) f (€).
Set also T7 f(x) = sup,~ |T/ f(z)|. Then we have

T.f(z) = supl(do(t& )| < ZTJ
O

Lemma 12.1. Tf(x) < CM f(x) and therefore T°f : LP — LP for all
1 <p<oo.

To prove this lemma we just have to observe that the kernel of this
operator, Ko(z) = ¢o * do(x), belongs to the Schwartz class. Therefore it
has an L! radial decreasing majorant. By a remark in the introduction,
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it follows that T2 f(z) < CM f(z), where M is here the Hardy-Littlewood
maximal function.

We need to obtain a deeper estimate for the operators T? ,J > 1.
Lemma 12.2. T7 : L? — L? has norm less than or equal to C2-3(a=1/2),

Lemma 12.3. T7 : L' — L with constant not bigger than Cj27.

Using Marcinkiewick’s interpolation theorem we obtain that T£ is
a bounded operator in L”, 1 < p < 2, with norm not bigger than

2

Cp(527) 5 gmia=) P Therefore,

T fllLe < T2 fllee + > N fllze

Jj=1

> i\ 2ZP i(2q—1)2=L
< [Cp+ > Co(i2) 7 27| flle < Coll fl e,
j=1
provided
2a + 1

2 —1)(p—1)>2— .
(2a—1)(p—1)>2—p, ie p>—

Proof of Lemma 12.2. We use the Fundamental Theorem of Calculus.
Given a differentiable function F': R — R such that F'(0) = 0, we have,

Foy <z T F)F(s)

1/2 0o 1/2
s2(/ |F<s>|2@) (/ |sF'<s>|2@) |
0 S 0 S
Hence

_ o g\ 172 g g\ /2
misf <2 ([ maard) ([ egriiors)

In general, for m a bounded multiplier, we define

Gnfla) = ([0« FraP T )

Then, by Plancherel
00 dt 1/2
(Gonsllr = ([ ImoP ) 1flze

1/2
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(Note that the integral is independent of £ # 0.)
With this notation,

T2 f1P < 2(Gny /)G, )

where

m;(€) = j(E)do(€)  and  m;(§) =< & Vm;(§) > .
The support of m; is contained in {{ € R" : [¢| ~ 27}. More-
over, |[mjllec < 279% therefore, ([, |m;(t) |2dt)1/2 < 2790 gp; s
also supported around [£] ~ 27. In this case ||/, < 272779, so that
(fo (#8)] 2dt)1/2<2 jla—1)

Hence using Cauchy-Schwarz’s inequality,
IT2 e < 20Gom, I NG, I < 27772 £ e

We have to justify a couple of details. First, Tgf(:zr) =0 for all z € R"
whenever f € L'; this is an application of Lebesgue convergence theo-
rem. The claim that ||m;| L=~ < 2779 comes from the estimate |V ()| <
C|€]=%. To prove this one, note that 9;5(€) = & % ®(¢), for any & € CF° so
that ®(z) = z; for |z| < 2. O

The argument above proves a more general statement ( [47]):

Corollary 12.1. Let m € LOO(R") Set my(&) = m(t€). If m satisfies

Im(&)] < and |VNm(§)| < = then, the mazimal operator

1
(1+1gh l-Hf\)

T* f(x) = sup i+ (o)
is bounded on L? provided a +b > 1.
Proof of Lemma 12.3. Fix f € L' and A > 0. Consider the Calderén-

Zygmund decomposition of f at A ( [53]). We write f = g+ > bs
with

gl <O\ [lgl < C [If]
supp bg C Qg, where {Qg} is a family of disjoint dyadic cubes.

Jbg=0and 3 [bgllr < C [If].
luQsl <O UL
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From the L? estimate we deduce

. 2 C
iwig=<c [ <S

As in the theorems for the classical singular integral operators, we only
need to estimate

{2 € [UBQRA): TI(D bs) > A}
< AZ/ |T9bs(z)| d

C

== zﬁ: /<3Qﬁ>c sup ’ / (Ki(z —y) — K{(x — ys))bs(y) dy|dz,

A

where K7 = 4 * do, Ki(z) = & Ki(Z) and yg is the center of Q3. The

t’Vl
last expression is bounded by

¢ e —y)— Kl (z— x
X;/@ﬁwm(ﬂ sup K6}z ) — K yg>|d>dy.

(3Qg)e t>0

It suffices to prove that

I:/ sup |K7 (z —y) — Ki (x)|de < Cj27.
|z[>2[y| t>0

(This is a Maximal Hérmander condition.) This is a tedious but not too
difficult computation. We use that

Kia) = [ e

S e (@) e () )

o . . dt
fsc/ / K (z — ) - K (2)|da
|z >2]y t

—|—2JC/ / x—y)—Kg(x)|dm@,
\z\>2|y| ¢

Then

where Kj(z) = % (279VK/ (2),z). Each term is bounded by C,j. We
will show this for the first term (the second one is similar). For a fix y we
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use the mean value theorem to write

o ; dt
[ ] i - K@i
0 |z >2]y|
[~ A —y il dt
Lo () = (5) e
0 |z >2]y|
ly|27 ‘
N
0 |z >y ¢ t
[e’e) 1
|y| fx—ry dt
ly|27 J]z|>2]y|
ly|27
<2 / / |K7 (x Id:v—
[z|>y|/t
s R @)
29 |y| J|z|>]y|/t
<2 / / K7 (x Id:v—
2=7 Jlz|>s
97 }
+/ / VK (x)| dx ds.
0 |z|>s

Now, recall the definition of K. Note that it is essentially supported in
l[z] — 1] < 277 and that | K; HLoo < 2. To be more precise, |K;(z)| <

Clm for all [ € N. Therefore,
C
/ |KJ( )|dx <
2] >t 1+ [t

Hence,

> ; dt . ,

| K7 (z)|de— < Clog2? = CYj.
2-3 J|z|>t 3

A similar argument gives the bound 1 for the other term. O

12.2.1. Spherical dyadic mazximal function

We define the spherical dyadic maximal operator, My as

My f(x) = sup
JEZ

/J@—www@»

We will see that the behavior of this operator is much better than that of
M,. In order to do that we need to introduce new machinery.
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12.2.2. Littlewood-Paley Theory
Roughly speaking this theory consists in estimating the L? behavior of
f= Q1Y

where fj collects the spectrum (frequencies) of f in certain region Ay.
A necessary and sufficient condition for its L? boundedness is

ZXAk(y) < C < .
k

Theorem 12.3 (“Dyadic” Littlewood-Paley). Let ¥ € Cg°([1,2]).
Set

Si1(€) = w(279€) f(€).
Then
IO 1S £ 2 e < Coll fllee,  1<p<2

J

Moreover, if Y |U(277¢)]2 =1, t # 0, then
JEL

el Q1S5 e < 1 fllze < Coll Q1S53 2 e, 1< p < o0
j j

To prove this result we need a generalization of the classical Calderén-
Zygmund theory.

12.2.3. Vector valued Calderén-Zygmund theory

In a previous result we were estimating
[ e = 9) - o)l
lz[>2]y|

This generalizes to other Banach spaces. Let B be a Banach space (B =C
represents the “classical” theory). Denote

1/p
@) = (R =B gy = ([ 1@Ias) <o)

Given a kernel K : R™ — B, we define the operator

Ty f(z) = pv / K(z— y)f(y)dy = K * f(z) € B.
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Theorem 12.4. Assume that T : L*(R™) — L%(R"™) and that K satisfies
the vector valued Hormander condition

/ |K(x —y) — K(z)||pdx < C, independently of y.
|z]>2]y]
Then Tk : LP — LY (R™), 1 < p < 0o and is also of weak type 1, i.e.

C
He e R": [T f(2)llp > A < TlIflley,  A>0.

The proof of this theorem is essentially the same as in the scalar case
(see [31]). We are now ready to prove Theorem 12.3.
Proof of Theorem 12.3. Denote ¢;(£) = U(277¢). Define the operator

f=Tf=A{e;*[f}; €

Then, T : L? — L% (since Zj|\11(2_jt)|2 < C). Its kernel, {¢;} ez
satisfies

1) = [ » [Z (6500 — ) — & (@)?]  dz<c

J
To see this, note that for |z| > 2|y|,

C,,21m
lpj(x —y) — ¢j(2)] < |dj(x —y)| + ¢ ()] < @l

Cm2j(n+1)
wd  [oa =) - o) < V@)l < S22l

Take m = n + e. Then

Iy) < C Ly 2[2 je A2i(1=9))| @2 v
o] >2)y| 1|™T r
N\ 1/2
sop( X 2)

j=logy(1/1yl)
1/2

sopl( X @) <

j<logy(1/]yl)

If 3 |¥(279t)|?> =1, t # 0, then, by Parceval’s identity and duality
jez
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171l = Hgsup /fg— /ZS fSig
< IO IS IO 1591 2l < Corll O 155415 -
J
O

We now go back to the spherical dyadic operator. The measure do is
just one particular example for which we can prove the following result.

Theorem 12.5. Let do be a positive and finite measure with |c§5(§)| <
ClE|~2, for some a > 0. We define
/f x — 2y)do(y)|.

Tdyadf = sup
JEZL

Then Tyyaq : LP — LP, 1 < p < oo.
Proof. With the notation of Proposition 12.1,
Tdyadf(x) = sup |T2kf(x)|
ke

Notice that

—

I, f = do(28€)p (27728 (¢]) £(€) = do(28€)w (27925165, £ (€),

where S, f, = W(27He) f(€), for some ¥ = 1 on support of ¢. There is an
L2%-estimate,

@ <Y [
fmser <y [
=Y [l P @
k
e [ SIS < o P
k

We want to find an LP-estimate for these operators that allows us to sum
the norms. Fix a natural number N. Since each operator T« is bounded
in LP, (1 < p < 2) there exists a constant Cp,(N), so that

[ sup [Torflll, < Cp(N)[[fllp
N<k<N
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Actually, we take C,(N) as the smaller constant satisfying this inequality
for all f € LP, i.e. the norm of the operator
f— sup  [Toe(f)].
—N<k<N

Now consider the operator
T: {g} — {Tha}-

|T2jkg(3:)| < Tow(Mg)(x), where M denotes the Hardy-Littlewood maximal
operator. Thus

I sup  [Tougllly < I sup Tor(M[ sup |gil])llzr
N<k<N N<k<N N<k<N

SCPCP(N)H sup |9k|||LP-
N<k<N

This means that 7 is bounded on L%’oo with norm less than or equal to
CpCp(N). _

We have also an Lj,-estimate. Since T3, is bounded in L? with norm
not bigger than Cc2—ia/v’ (this is easy to see for p =1 and p = 2 and then
by interpolation), we have

1T gellzz, < €279 |lgill s,
By interpolation we obtain an L},-estimate. Namely,

|5 gxll o < CpCy(N) #2272/ gy | 1

£2([-N,N])) 2([=N,N])

Finally, using this estimate and Theorem 5, we obtain

sup Tk < sup T?
| o fllp <3l NSkSNI o Sl

7>0
<> ZI Si—kf )2 Lo
7>0 —N
< 0, 1 p/222 ja(p— 1)|| Z 1S kf| 1/2||L

7>0 k=—N
< CpCp(N) P2 f |-

But, since Cp,(N) is the smallest constant satisfying such an inequality,
then

Cp(N) < CoCp(N)'7P/2.
Hence, Cp(N) < C'p, independent of N. O
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12.3. Third lecture: more on maximal functions

12.3.1. The maximal operator along a set of directions

We will consider variations of the Hardy-Littlewood maximal function M.
The first one is the strong maximal operator

M, f(x _SUP|R|/|f ) dy,

rER
where the supremum is now taken on all the rectangles with sides parallel
to the coordinates axes, containing the point .

This operator is bounded in LP(R™) for 1 < p < oo but is not of weak
type (1,1). The counterexample is easy to construct: take f the charac-
teristic function of the unit square [0,1] x [0,1]. For any 0 < A < 1, the
set {x € R? / Msf(x) > A} contains all rectangles [0,a) x [0,1/()\a)) for
1 <a<1/\ Hence

{u € B / Mf(w) > A} > [{(r,y): 1<z <1/A 2y <1}l

/ —d:v-—log%.

The proof of the LP-boundedness is just an easy observation. Define the
directional maximal operators

My f(ar, @2) = M(f (-, 22))(21), for f € S(R?).
Analogously define
My f(a1,x2) = M(f(21,-))(2).

Then we have the pointwise majorization M,f(z) < MoM;f(z). It is a
consequence of Fubini’s theorem and the boundedness of M that

IMifllp < Cpllfllp,
for i = 1,2 and p > 1. This is enough to prove that
[Msfllr < Cpllfllr 1 <p<oo.

In general, given v a unit vector in R?, we define the directional max-
imal operator

Mof(z) =sup— [ |fw—to)dt, for f € S(RY).

s>0 28 [t]<s
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Let ¥ be a set of unit vectors in R%2. We consider the family By, of all
rectangles R whose longest side is parallel to a vector of X. Associated to
this family we define the maximal operator

My f(x) = sup —/If )| dy.

mEREBZ

Obviously ||Msfllec < ||fllec- For 1 < p < o0, the boundedness or un-
boundedness and the norm of My, (in the first case) will depend on the set
3. This is the subject of this lecture.

Let us first see that 9sx, may sometimes be an unbounded operator. We
will consider a set of uniformly distributed directions,

2mj 2mj
EZEN={<COS%,SHI%> :j=1,2,...N/8}.

This particular example is closely related to the Kakeya maximal oper-
ator Ky/n considered later, since one has:

Ky f(x) <100z, f(2).

One can construct a Kakeya set Py (this example is due to C. Fefferman
[30]) that satisfies

i) |Pn| < Cloglog N for some universal C.

i) [{/ Mg,y (2) > 1/10}] > Clog N,
From the second estimate, we deduce that |Ms, X py|l, > C(log N)'/? and

HWMMWM>O(1%NYM
X P llp loglog N
So, the norm of the operator depends on the cardinality of 3. Moreover,

if we take ¥ = S! the unit sphere, then, Mg1 > sup My, for all N and
hence Mg is unbounded.

Now, we should show some positive result. Without loss of generality,
we will assume ¥ C {(cosf,sinf) : 0 <60 < T}. Observe first that if ¥ is a
finite set, ¥ = {v1,v2,...,un}, then

1/p
EJMM@wmﬂ

My f(z) < Csup MM f(x) < C
veY ves
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for some universal constant C. Therefore, we have a trivial estimate:
195 fllp < CoNP| £l

This is not, by any means, sharp. In fact, there are positive results even
for certain infinite set of directions: If ¥ is a lacunary set of directions,

i.e.,
. . . U%—i_l U%
— J — J 2, )10 :
Y={v = (v{,13)};2; with 0< wes < )\—Uj
1 1

for some 0< A<1 and allj

then 91y is bounded on LP, for all 1 < p < oo.

The first result about these “lacunary” directions is due to Strémberg
[55]. Later, Cérdoba and Fefferman [25] proved the L?-theorem, and, fi-
nally, Nagel, Stein and Wainger proved the LP-result above [45].

For the set of uniformly distributed directions, Cérdoba [21] proved
that there is a constant C' > 0, independent of N, such that, ||Ms, |2 <
C(1+1log N)*||f||2 for all f € L?. Strémberg [56] obtained the sharp result,

[Msy fll2 < C(1 +log N)|[f]2-

To see that Stromberg’s estimate is sharp, one just have to apply the op-
erator to the function
1
r)=— .
f(@) ] X1<lel<N
Note that this function does not show that the norm of the operator depends
on N for p > 2. This is due to the fact that this is a radial function. We

will speak about this later on.

In some sense, the uniformly distributed case seems to be the worst one.
There was a conjecture saying that there are positive constants C' and «,
such that, for every set ¥ with N elements, ||[9sf]l2 < C(1+1og N)*||f |2

J. A. Barrionuevo [4] proved that for every set ¥ with N elements,
1925 |2 < CNZVEEN .

Note that this is a great improvement of our trivial result because
CN?2/V1eeN < C.N*® for any € > 0.

A bit later N. Katz [39] proved finally the conjecture: There is a pos-
itive constant C' such that, for every set ¥ with N elements, |Myxf|2 <
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C(1 +log N)||f|l2- We will present here an simple proof of this result due
to Alfonseca, Soria and Vargas ( [2], [3]).

Before doing that, we would like to go back to some question mentioned
earlier, the case of radial functions. When these operators act on radial
functions the behavior is much better. A. Carbery, E. Herndndez and F.
Soria [11], showed that for any radial f and any p > 2, we have || Mg f], <
Cllf

For a set X the action of the operator on radial functions is determined
by its Minkowsky dimension, d(X). This is defined as follows:

d(X2) = limsup 710g./\/'(5) ,

§—0+ - log 0
where A (§) is the minimum number of closed intervals of length ¢ needed
to cover X. If ¥ has positive Lebesgue measure, d(¥) = 1. If ¥ has zero
measure and we write S'\ ¥ as the union of a sequence of disjoint open
intervals, {I;}, then d(X) = inf{a > 0 : > < oo}, where ||
denotes the length of I;. The Minkowsky dimension is an upper bound for
the Hausdorff dimension but they are different in general. Nevertheless,
they coincide for self-similar sets (see [28], p. 118). In the case of the
ordinary Cantor set one has d(X) = log 2/ log3.

Given any set 3, My, is bounded on L?_, if p > 1+ d(X) and unbounded
if p<1+d(X). (J. Duoandikoetxea and A. Vargas [27]).

It was believed that this result was true for general functions in the case
of the the Cantor set, giving rise to yet another example of an infinite set
whose maximal function would be bounded on L2. However, it was proved
by N. Katz [38] that this is not the case. The operator associated to the
Cantor set is unbounded in L? (and therefore in LP for p < 2.).

12.3.2. A quasi-orthogonality principle

We change slightly our previous notation. Let  be a subset of [0, 7).
Associated to Q we consider the basis B of all rectangles in R? whose longest
side forms an angle § with the x-axis, for some 6 € 2. The maximal operator
associated with the set Q is defined by

1
Mof(@) = swp oo /R () dy.

reReB
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The study of directional maximal functions began in the 1970’s, with
important contributions by Stromberg [55], Cérdoba and Fefferman [25],
Nagel, Stein and Wainger [45], Sjogren and Sjolin [48]. More recently, the
interest on these problems was renewed with the results of Barrionuevo [4]
and Katz [38, 39]. Nevertheless, only the operators associated to some
particular sets (2 are well understood. Namely, the cases of lacunary sets of
directions ( [45] and [48]) and of finite sets [39]. In [2] and [3] we proposed
a new method to study this operators. We decomposed {2 into several
consecutive blocks, €2;. We proved an almost-orthogonality principle that
essentially meant that the weak L2-norm of Mg is the supremum of the
norms of the operators Mq,, plus a term associated to the sequence of
end-points of the blocks. Let us explain this.

Without loss of generality, we can assume that Q C [0,7/4). Let Qo =
{01 > 02 > ... > 0; > ...} be an ordered subset of 2. We take 6y = 7 and
consider, for each j > 1, sets Q; = [6;,6,-1) N Q, such that §; € Q; for all
j. Assume also that Q = UQ;.

To each one of the sets 2;, j =0,1,2,..., we associate the correspond-
ing basis B;, and define the maximal operators associated to the sets €;
by

1 )
Mij((E) = Ssup _/ |f(y)|dy7 J :071727"'
cereB; |R| Jr

Then we have the following result.
Theorem 12.6. There exists a constant C' independent of 0 such that

IMallp2—r2 < Sl>11§> |Mq,||L2—r2 + C | Moyl 22— L2,
12

where | T||p2— 2 denotes the “strong type (2,2)” norm of the operator T.

The proof relies on geometric arguments like the ones used in [2], and
on a covering lemma by Carbery [10]. A version of this principle for general
p, 1 < p < oo can be found in [1].

It is worth noting that in the Theorem, the constant multiplying the
supremum of the norms of the €2, is 1. As a corollary of Theorem 12.6, we
give a simple proof of the result by Katz [39].

Corollary 12.2. There exists a constant K such that, for any set Q C
[0, %) with cardinality N > 1, one has

HMQ||L2~>L2 < K(lOgN)
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Proof. We can assume that N = 2™. We use induction on m. If m is
small, then, for K big enough, the estimate follows from the boundedness
of the strong maximal function. Now assume that is true for all £k < m.
If the elements of Q are ordered, {¢1 > ¢2 > ... > ¢n}, we define Qq to
be the set consisting only on ¢ and the middle element ¢ N. In this way,
there are only two sets €; and 5. Each one of them has N/2 elements.
So by Theorem 12.6 and induction hypothesis,

N
IMallr2—r2 < Klog? +2C = KlogN — Klog2 + 2C.

oz3» We have the result. ]

If we take K = 2gc

12.3.3. Kakeya mazximal operator

Definition 12.1. For 0 < § < 1, and f € L} (R"), we define the Kakeya

loc
maximal function of eccentricity &

1
Ksf(x)(z) = sup—— [ [f(y)ldy
|Rz| J,
where the ‘sup’ is taken over all rectangles in R™ homothetic to [0,d] x
[0,8] x - -+ x [0,1] of arbitrary direction and containing x.

It has been conjectured that the the Kakeya maximal operator is
bounded in L™(R") with norm C,(1 + log $)*". In the two-dimensional
case, KCsf(x) < COMyx f(x) when ¥ is the uniformly distributed set of 1/
directions, and so the result is true (the original proof of this is due to A.
Cérdoba and it does not use this argument). In higher dimensions, if the
conjecture were true, we would obtain, by interpolation, the following LP
estimates:

Cr(1+ 17?g DN £l e ey forp>n

IKs fllpr@ny < 2y o
(&) Cn,p(%) P (1 + 10g %) ' ||f||LP(]R") for 1 < p<n.

To see it, note that the Kakeya operator is bounded on L*°(R™) with con-
stant 1, and is of weak—type 1 with constant C, ( %)nfl. (The latter follows
from the classical result for the Hardy-Littlewood maximal operator.)

Only partial results are known for n > 3. M. Christ, J. Duoandikoe-txea
and J. L. Rubio de Francia proved the conjecture for p < (n +1)/2. (We
will give a proof of this fact due to J. Bourgain [5].) J. Bourgain improved
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this for p < (n +1)/2 + €,, for some positive ¢, — 0 as n — oo and later,
T. Wolff proved the theorem for p < (n+2)/2. There are recent results due
to losevich, Katz, Laba, Tao and others that improve even more the end
point for which the result holds. All these results go beyond the scope of
the present lectures.

12.3.4. Annezxes

Proof of the result for Kakeya in R" for p < "TH We will show
the case p = (n + 1)/2. The other cases follow by interpolation. Given
0<6<3, feL} . (R") we define the Kakeya maximal function without
dilations as

fi(x) = Sgp%/Tf(y) dy

where the supremum is taken in all parallelepipeds 7 centered at x of
dimensions
1XxdxXIx-x6.

1) A sieve argument (see [20]) would give us the result once we prove the
analogous estimate for f;, namely

n+1

§ 1 %—1 1 Wn
150 <Con(3)" (083) sl doral 1<ps

2) Reduction to a restricted type inequality. In order to prove this, it is
enough to see that for any measurableset A C B (0,1) and forall0 <o <1,
we have:

. | 1
A2 Com PPl {(xa); > ol with  p="12

Actually this would be equivalent to:
13 llzre < Cas™ G g
Moreover,

/5 llpee < 1 fllzee

and from the properties of the Hardy—Littlewood maximal operator,

* —(n— —(n— 1 %71
1f3llzree < CO DM || proe < C5 7D £ —C<5> 171l
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By interpolation (see [11] Proposition 5)

* 1 »! 1\” n+1
1551 <Con(3)" (tog3) 1ty foran 1<p< L

3) Linearization. We first of all linearize the operator: we set a grid of
cubes of side lengths § in R™, {Q;}. We associate a parallelepiped 7; to
each cube, so that Q; N 7; # (). We define a new operator (which we denote
with the same symbol)

fi (| Z|/ fy dy) Yo, (@)

We have to prove an estimate independent of the choice of the paral-
lelepipeds ;.

4) The bushes. Denote D = {(xa); >0} and & ={i:Q,; C D}.
By definition #& = 12l and for all i € &, |5, N A| > o|ni| = 061
Thus,

/ (Z TZ> =S N A > 08 (#E) > C"?D'.

€€ €€
Therefore, there is some z, € A so that

a|D|

>
#{ie:x, €T} SA

We can pick F, C &£, such that

T, €T; for all i1eF,

106
angle (7, 7;) > — ifi#j, i,j € F
o
and
4F, > |D|o

We define the bush
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We have now two estimates of the measure of B,. If i € F,, then
AN > oo™ ! and
2
IAnT;NB (:v %) | < |7 N Blo, %)| < S0

Hence,

c 677,71
|AmeB(xO,U) | > 7

3 3
The sets , N B (xo, %)C, 1 € F,, are pairwise disjoints. Then, we have a
lower estimate

g
= §|Ti|-

57171 677,71 5n710.n|fD|
> .

o
Bol = 3 11\ Blao, 2)| = 30 5 = (#7,)
3 3 | Al
Fo Fo
On the other hand, we have the upper estimate
3 o\°¢ 3
Bl <Y Inl <> 21ANTN B (20,5) | € SIANB,|.
| I_;ITI_ZUI U o, 3) I < |

Fo

This finishes with the estimate we wanted. O

Proof of Theorem 12.6. We first linearize the operators Mq and Mgq;.
For any o € Z2, Q. will denote the unit cube centered at o. Given a
set A C [0,7/4), for each o we choose a rectangle R, € By, such that
R, D Q4. We define the operator T as

1) =3 T (/R f) Ya. (@)

By definition, one can easily see that
Taf(z) < Maf(z),

for any choice of rectangles { R,}. On the other hand, there is a sequence
of linearized operators {Thf}, associated to grids of smaller cubes in R,
which converge pointwise to My f. By scaling invariance, we need only
prove it with Mq replaced by Tq.

We shall show this using the following result, proved by Carbery in [10].

Theorem 12.7. Let Th be as above. Then Ty is of strong type (p,p) if and
only if there exist a constant Cp, such that for any sequence {A.} C Ry,
we have

|
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Moreover, the infimum of the constants (Cp/)l/ P satisfying the inequality
8 ||TA||LP—>LP'

Let us continue with the proof of the theorem. We define Tq, for some
choice of rectangles {R,}. We only need to prove that the inequality is
satisfied, with p = 2 and 021/2 = Sup;>q HMQ]. lz2—r2 + C||Mayllr2— 12

Set

e () (2,2, M)

/Z< 2 A|R|XR>

a:R,€Q

DD DIPIPEE =, - AT

j<l?V Ra€Q RpeQ,
= A+ B.

For the first term we obtain

ASZHMQL@LH( 3 w)
l

a:R,EQ

s<s1;p||Mm||%2ﬂLz> (Z > Pa |2>

a:R,EQ

< (Slllp”MQL”%ﬂ—»L?) <Z|z\al2> :

Now we have to study B. Using the same geometric arguments as in [2],
we have that there exists a constant C such that, if R, € (; and Rg € §);
for j < I,

~_ ot
[Ro N Ryl _ |Ba N Rg| | |Ba 0 Ej]
[RallRsl = |Ra||Rs| |Ra| R |

where }NB; (respectively f{;), are rectangles of the basis By containing R,
( respectively Rg). Then,

B<2CZZ/ YD Mo IIR T 1y e Xt

j<i”’ Ra.€Q RzeQ,
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#2300 [ 35 e =

j<l” Ra€Q RpeQ;

=B~ + BT,

We shall only work with the B~ (the other term is analogous). So,

_ZCZZ/ Z Z |R ||R |X§;XRB

j<l” Ro€Q RpeQ;

gzc/(ZZAml) DIEY XRB

I Raey j Rg€Q;

We use Cauchy-Schwarz’s inequality to bound it by
1/2 2\ 1/2

o f(s ) ) (s 5

Ro €Y Jj Rp€eQ;

Now, notice that R; € p for all . Hence, we can majorize the first
integral using again Theorem 12.7 and obtain

1/2
B~ < 2C||May || p2—12 <Z|)\a|2> I.

Combining all this we get

1/2
7 < (sup 3, 222 (Z M) +C Moy o (Z M) g

This implies

1/2
1< (suplIMo oo+ 112 ) (Z w) .

This finishes the proof of Theorem 12.6. O
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12.4. Fourth lecture: Bochner-Riesz and the cone
multipliers

Our motivation here is the problem of inversion of the Fourier transform,
i.e. in which sense the inversion formula

f@)= [ f&e*™ " dx

R

holds. In general, the function f does not belong to L'. To avoid this
difficulty, we can use different summability methods:

Meol(@)= | 0(c)f(©)e** da,

for functions ¢ having some decay. This is the case of the Abel means,

corresponding to ¢(z) = e~1*l, the Gauss-Weierstrass means, with ¢(z) =
e~17* | the Cesaro means, ¢(z) = (1 — |z|)4, or our subject, the Bochner—

Riesz means, with ¢(z) = (1 — |z[*)}, for A > 0. We are interested in the
convergence

e—0
Me,d)f I f

in the L? norm and pointwise, almost everywhere.

The one-dimensional case is well-known. M. Riesz proved that
o o L? norm
[ feemear L
1€1<1/e

A consequence of this theorem is the LP-convergence for the summability
methods above. Kolmogorov proved that there is a function f € L' whose

Fourier series diverges almost everywhere. Carleson [14] proved that for
ferL?

/ F(©)e¥™ ¢ dy —s f(x) for almost every z.
|€1<1/e
Hunt [37] extended the result to LP, 1 < p < occ.

The convergence problem admits different generalizations to higher di-
mensions. We could consider, for instance, “rectangular convergence”

S f () = 3 Fkr, g, . Ye2milork ko],

[k1|<ma,|k2|<ma,...
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m = (my, ma,...,my,) € Z", or “spherical convergence”

Suf@= Y flke,.. )] ey
[k1|24|k2|24---<m?

The convergence in the rectangular setting is easily deduced from the re-
sults in dimension 1. The case of the spherical convergence is completely
different. S; is called the disk multiplier operator. It is a convolution
operator,

Sif(@) = (xB0))* f ().

The Fourier transform of the disk multiplier xp, o) can be described in
terms of a Bessel function (see [51] pp. 155, 158)

eilzl

(XB.(0)) = | |n/2 Tnj2(2m|z]) ~ T4 202

This is not a Calderén—Zygmund kernel. It does not satisfy Hormander
or size conditions. Actually, S7 is not bounded in some LP spaces. Note
that if S; : L? — &’ were bounded, then, by duality, S; : S — L? would

be also bounded. But, if we take f € S so that f = 1 in B (0), then

Sif = (XBI(O))AN mml(‘in‘ﬂm and this is an L —function only if p’ >

n+1
Hence, if 5 is bounded in LP, then p < -=5. Again by duality, this implies
also that p > =% In conclusion: a necessary condition for S; to be bounded
is +1 <p< ;=%

We define the Bochner- Riesz multiplier operators

B f(x) = / (1 LA da.

We are interested in the boundedness of these operators and the associated
convergence problem. These are convolution operators with kernels (see
[51])
1
Cx an/zw\ (2mx).

When A > ”Tfl, this kernel belongs to L', and therefore B* is bounded on
LP, 1 < p < oo. Moreover we can define the maximal operator

B} f(x) = sup |Baf ()],
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s = [ (1-]5

B? is also a bounded operator on LP, 1 < p < oo and is of weak type

(1,1). Therefore Bpf — f for f € LP in norm and pointwise (almost
everywhere).

where

2\ A R )
) o
+

But for A < ”Tfl things are different. The exponent ”Tfl is for this
reason called the critical inder. The argument given before for the disk
multiplier shows that a necessary condition for B* to be bounded in L? is

2n 2n
nrit2x P noioan

It has been conjectured that this is also a sufficient condition.

This problem became even more interesting after the result of C. Fef-
ferman [30] proving that the disk multiplier operator is bounded in L? only
if p = 2. This implies also that for any p < 2, there are functions in L? so
that their spherical sums do not converge pointwise.

The conjecture about the Bochner—Riesz multipliers was shown to be
true in R? by Carleson and Sjélin [16]. There are also proofs due to Hérman-
der [36], C. Fefferman [29] and A. Cérdoba [20].

Theorem 12.8. For A < %, B? is bounded on LP(R?) if and only zfﬁ <
4
P < 19

Proof. The proof we present here is due to A. Cérdoba. We break the
multiplier,

ma(€) = > 27 my A (1€]) + ma(€)

k=1
where ) € C°(J¢] < 1), and
supp mpx C{1—-27"F < s <1 -27F"21
and there are constants C,, » , independent of k, so that:

|D'Ymk1)| S O,Y)\2k’y.
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To define my, 5 take, for instance, ¢, ¥ € C§°([—1/2,1/2]) so that

21/;( |t|> p(t)=1 on [-1,1].

Then

-3 () o (F2) st - i

—

The operator f — 1) f has a kernel in L' and hence is bounded in
LP; 1 < p < oco. The main work of this proof is to obtain good estimates
for the other part. We want to show

Theorem 12.9. For 0 < § < 1/2 and given a radial function m = m° €
C5°(R?) so that supp m C {1 —6 < |z| < 1—4/4} and |D"m| < C,677,
we define de operator Ty, f(x) = m(x)f(x). Then

IITf|4<C<log ) T

for some fixed o, C' independent of § and f.

It is enough to show that the Bochner—Riesz multipliers are bounded
in L*. To obtain the case 4/(3 4+ 2)\) < p < 4/(1 — 2)) one can use the
interpolation theorem of analytic families of operators of Stein ( [51]).

Proof.
1) A further decomposition of the operator. We define the angular sectors

I, = {re’? e R?/|0 — 1276/?| < §'/?}, 1=1,2,...,6 Y2

Write

where supp m; C I'; and

\DIDE. my| < C, 67620,

tang
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(For instance, take a smooth 12 € C§°([—1,1]) so that

iwg(az —2nl) =1,
=1

and write m;(§) = m(&)a (619/2 —2ml) , where £ = [£]e®))

2) Quasi-orthogonality and a square function.
Write 3 = 321+ 322+ 3°% + 5% each one corresponding to the rect-
angles contained in a particular quadrant. Then, for any of the four sums,

IXnrli = (1m0 = [ 1S an@nf.
1k
By Plancherel

- [1X 777"
1.k

The support of TE * f;:f is contained in S; + Si. Using Cauchy-Schwarz,
we obtain

g/(z|ﬂ*m|2)(§xSl+sk).

1k

Those sets are almost disjoint. This is the statement of

Lemma 12.4. Y xg,4s, < C.
Lk

Proof. Denote ¢; = e2mi18? " Observe that S; + Sy is contained in a

rectangle centered at &; + ¢y, of dimensions |l — k|6 x §'/? and with main
axis orthogonal to g; + . Observe also that |e; + x| —2 = [2 + 2 cos((I —
k)5'/2))Y/2 — 2 = (1 — k)?6. Consider two cases:

1) When €; + € is not parallel to € + €5/, or more precisely, when the
angle between ¢; + ¢), and e + ¢4 is bigger than 106'/2. Then S; + Sy, is
disjoint with Sy + Sk-.

2) When ¢; + ¢}, is parallel to e + €5/. Then, the distance between the
centers, |(I — k)2 — (I' — k')2|§ > [|l — k| + |I' — K|]d, so the corresponding
regions are disjoints. O
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With the help of this lemma we conclude

IS Tl < © [ SITF < TFP =Y Py
I,k

O

3) Duality and a maximal function. We have to look at T; more carefully.
Denote by ¢; the associated kernel, i.e. ¢; = m;. When [ = 0 one can easily
check that for o, 8 € N,

|0g. 9, mo| < Capd P25
In other words,
102, 9%, [mo (361, 8"/%€)]] < Cap.
Taking Fourier transforms, we see that

(5—3/2’¢0( 51/2)’ < |x|N7 for all N € N.

In particular ||¢°|,: < C and

xTo = _ 1
T8 g < € D02 e gtz 24 (1, 72).
k=0

5 51/2
Hence,
|¢° (21, 22)| < OZQ k|R |XRk(I1,I2)
k=1
where Ry, = [—2%§, 28] x [—2F§1/2 2F§1/2]. By rotation, we obtain similar

estimates for ¢'.

We now take a family of functlons h; to be determined later, so that
h; =1 on I'y N suppm and define fl = hlf, so that T;f = T;f;. Note also
that, since ||¢'||; < C, we have by Jensen’s inequality

v f17 () < o]+ (IF17) (@)

By Riesz Representation Theorem

QT Y215 = 11Tl lle < 1) 16+ (Al
= ¢ * (|fil*)w = 2 (1¢'| % w),
i

for some w € L? of unit norm.
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The maximal function which controls this weighted inequality is

®*w = sup(|¢] * w).
!

Recall the estimates on ¢'. They say that
— 1
#u(e) < €32 s e [ o),
k=1 #l Ry

where the supremum is taken in all the rectangles of dimensions 25§ x 2+§1/2
containing the point x.

Recall the definition of the Kakeya Maximal Function of eccentricity 6.
Then, with our notation,
P*w(z) < CKs12w(x)

Using again duality and the boundedness of Ks,

Z/ITszIQw < c/ (> 1) @

< CIQ_IAPMY2IE 12wl Lz
< Clog(1/8)) I 1AIH)Y2 7.

4) A Littlewood-Paley decomposition of f. Let us determine now the family
of functions {h;}; by considering the following grid of squares of side '/
Take

h e Ce([—4,4] x [-4,4]), h=1in[-2,2] x [-2,2]
and define

x—IO
hi(x) = h<51—/2l),

where z¥/ V6 € 72. Set as before fl =Ny f . The following result concludes
the proof of Theorem 12.9. O

Theorem 12.10.
IO AP |l < Collflle  for allp > 2.
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Proof. The case p = 2 is obvious by the finite overlapping property of the
squares. The case p > 2 follows from the remarkable pointwise inequality
found by Rubio de Francia, [46],

O LAY < oa(fP)@)'?,
1
where M is the Hardy-Littlewood maximal function. O

12.4.1. Stein’s Conjecture

Based on the arguments of the preceding proof, E. Stein proposed in 1978
(AMS Conference at Williamstown) to study the following:

Conjecture 12.1. Let, as before, T = Ty be the multiplier associated with
the annulus {1—06 < || < 1}. Then, for every a > 1 there exists a constant
Ca, so that the following weighted inequality holds

/ T3 2w < Ca / P (Cpryaw) /o

The extreme case corresponds to the disc multiplier:

Conjecture 12.2. Let Sy be the multiplier associated with the unit ball.
Then, for every o > 1 there exists a constant C,, so that the following
weighted inequality holds

/ 1S /2w < Ca / P (Ko,

The conjecture has been solved in the positive only for radial weights
w(z) = wo(]z|) by A. Carbery, E. Romera and F. Soria [12]. As a con-
sequence of it, one gets the following mixed-norm inequality for the disc
multiplier (see [40], [23]):

</ooo (/.. |51f<w>|2do<w>)p/2 d>
<c, ( / N ( L. |f(rw)|2do(w))p/2 d) "

2n cp< 2n
n+1 P n—1

p/2

for
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The conjecture says that the Kakeya maximal function “controls” the
Bochner-Riesz transforms. In two dimensions there is a result related to
this which says that Kakeya “controls” Kakeya.

Theorem 12.11 (D. Miiller, F. Soria, [44]). With the previous nota-

tion,
1 2
/|IC5f|2w§C<1+log—) / 12w,
R2 1) R2

As a consequence, we have the square function estimate:

1\ 3/2
IS a2 < € (1tog ) I ARl
l l

12.4.2. Circular mazrimal function of Bourgain
Let us recall the statement of
THEOREM 12.2. M, : LP(R?) — LP(R?) if 2 < p < oo.

A nice approach to the proof of this result is due to Mockenhaupt,
Seeger and Sogge, [42]. It involves arguments closely related to the so
called “cone” multiplier and to the notion of “local smoothing”, that is,
the fact that averages regularize operators. We will present here some of
these arguments. The complete proof to Bourgain’s theorem is too long to
be included in these notes.

Let us first observe that

Acf(€) = 2mTo(2mt(]) £ (€)-
We define a family of operators depending on a complex parameter, «,

— _ 1 Ja(27rt|§|) A
ATHE) = o= e O
Set A2 = sup, | A7 f|.
Mockenhaupt, Seeger and Sogge proved that
A% L?(R?) — L%(R?), for Rea >0 and
A% L*(R?) — L*(R?), for Rea > —1/8.
The theorem of Interpolation of Analytic Families of Operators of Stein
(see [51] pp. 205-209) allows us to conclude that A% is bounded on the
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region
1
4<p<o0=Rea>——
2p

1 1
2<p<4= Rea>——+ —.
4  2p

These operators are connected with the Bochner-Riesz means: A$ can
be written as (see [51] pg. 171)

A2 f(z) = %a)m?*l « (),

where
A y) = (1— [P} and mt(y)_im(y)

This is in some sense the dual problem in space variable to the Bochner-
Riesz means of order \ (in R?) which are defined by §,\\f(§) = m* (&) f(€).
Another related operator is the Cone multiplier (in R*) which we now
describe.

12.4.3. The Cone Multiplier Operator

The multiplier is defined as

mME,7) = B(T) (1 - @>i

T

where ® € C5°([1,2]), (¢ ,7) € R? x R. The associated operator is C/A\f =
m> f. Tt is conjectured that C* is bounded on L?(R3) for 3+2>\ <p< s

(This is the same range as B* on R2.) The following result is due to G.
Mockenhaupt [41].

Theorem 12.12.
IfA>1/8, then | CMf lu< C|| f [la -

Proof. We just give a very brief sketch of the proof. As before,
A3 N,
§=0

1€

with 77 associated to ¢ <12]7> (7).
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Set § = 277 . It suffices to show, that for T defined by
€]

Tsf(§) = < = ) () (),

we have

_ 1\
1755 s €57 (1o 5 ) 111 1.

We proceed as in Bochner-Riesz. We break T into 6~'/2 angular pieces
§—1/2
T=>,, T
Then, we use quasi-orthogonality. In this case we have,

IS Df o s | (S ms) e

There is also a maximal operator associated to this problem, Ky. Tt is
defined as the supremum of averages over rectangles of dimensions 1 x N x
N%(=1x 62 x 6') and normal to the cone in the leading direction. Tt
can be shown that

| Knf ll2< CQog N)* || f |2 -
We conclude that

(SR e cog My 1 (S0 12) " s

Finally, we use Littlewood-Paley theory adapted to the support, S; , of the
multiplier of 7; . (This brings another (log N)?).
Everything is the same as for the Bochner-Riesz multiplier, except quasi-
orthogonality, since the overlapping of supports gives
Z Xsits < C 671/2 (and this is sharp).
Lk 0

12.4.4. Mazimal Bochner-Riesz in R?

Another element of the proof for the circular maximal function is the so-
called local “smoothing”, i.e. the fact that average regularizes operators.
The meaning of this sentence may be clarified with the next example.

We define the maximal Bochner-Riesz operator,

B)Mf(z) = iggl(mx)t * f(2)]-
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Theorem 12.13 (A. Carbery, [9]). B} is bounded on LP(R?) for 2 <
p< 5 A< 1/2.

By breaking the multiplier as in the case of B*, we obtain

BY< Y 27 1Y,
720

We see that it suffices then to prove the L* estimate,

Theorem 12.14. Let ¢ € CF° ([% 1]),0<8<1/2, and set

@@ =v(* 5O s =swid s

Then,

B
1
s s € (toug ) 07l

We give an idea of the proof. By the Fundamental Theorem of Calculus,

s d
i@t = a| [ @) (15a0) 7
0
o0 a\*'* [ =] d )"
<a [Tuts@rd) (/ i@ {)
=:4(G1(2))*(Ga(2)).
We apply Hélder’s inequality and get || alf [[4< 4 || G4 H3/4H Gs H1/4 .

1-t[¢|
)

The multiplier associated to a? is v ( ) whereas the one associated

tot at is

el (1—tel\  (L—tel\ (1t 11—tk
Tw( 5 )‘ ( ; )w( 5 )*51”( 6)

The first term is like the one of a) (with ¢ replaced by ut’(u)) and so is
the second too, but we have to pay an extra %. Hence, the theorem follows

from

N
Gl 0 84 (tog ) £ -
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What Carbery proved is

o0 dt\ /2
([ atre)
0

By Littlewood-Paley theory the estimate for G; will be a consequence of
the inequality

2 1/4
dt
(/ |@ff|4?)
1

If you try to prove an estimate of this type for each ¢ separately and then
finish using Fubini, you fail miserably. You cannot get the §'/4 term this
way. The integration in ¢ is what produces (local) “smoothing”.

1 (o7
<02 (tog3) 07l

L4

B/2
1
<ca(logg) I fl

L4

12.5. Fifth lecture: restriction theorems and applications

Let S C R™ be a surface with non-vanishing Gaussian curvature and denote
by do the standard surface measure. We will say that the surface satisfies
a Restriction theorem if for some values of p and ¢ and for any compact
subset Sy C S, the operator

LP(R™) — L%(So)
f— f'so

is bounded.

By duality this is equivalent to an Extension theorem:
L7 (So) — ¥ (R")
J — fdo

Not all the possible restriction theorems are true. There is a necessary

condition which forces some relationship between p, ¢ and n namely
1 SN +11

g n—1p

and p < 2n/(n + 1). To see this, consider the following

Counterexample: Take

_p(T 2 e an
f_¢<N7N7"'N’N2>7
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with ¢ € S, ¢ > 0, $(¢) > 1 for all |¢] < 1. Take S a sphere of ra-
dius 1 and centered at (0,0,...,0,1). Then f|5 > N"tlon a “square” of
sidelenght 1/N. Therefore, we have ||f||, = CN"+D/?_ while | f|s|l, >
CN" I NO=m/4_ Tf we impose ||f|s]l; < C|f]l, for big N we obtain the

above inequality.

Moreover, when S = S™~!, the Fourier transform of do can be explicitly
computed (see [51])

— 21 etlél
do(§) = Wj(n—m/z(?ﬂﬂ) ~ g

Using this in the extension problem, we see that do € LV implies p’ >
2n/(n — 1) which was the second condition.

In general, one has from the stationary phase lemma( [52])

Lemma 12.5. For any smooth function ¢, supported in S, we have
| do(&)] < Clg|~ =172,

The above conditions for the restriction of the Fourier transform are
known to be sufficient in dimension n = 2. In higher dimensions, we have
only partial results, although the case ¢ = 2 is well settled.

Theorem 12.15 ( [49], [61], [52]).

n+1

||f|So||L2(S0) S COlfllzeny,  forall p< 2n—|— 3

The proof of Theorem 12.15 is presented at the end of the section.

Considerable effort has been done during the last decade or so to improve
the range of p and ¢ # 2 for which the restriction theorem holds. For an
update of recent results we recommend [59]

12.5.1. Application to Bochner—Riesz

As an application of the restriction theorem, we can give a proof of the
boundedness of the Bochner—Riesz multipliers with A > (n—1)/(2(n+1)) in
higher dimensions. First, we use the fact that the “singularity” of m(§) =
(1 —[¢[*)} comes from |¢| = 1. Take n € S so that supp # C Bs;4(0) and
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n(€) = 1 for |¢] < 1/2. Define 1 (&) = n(&)ma(€) € C3° and Ky = (1)
Then,

[Ka(2)] < Can(1+[zY) ™

for all N > 1. Therefore the convolution operator f — B f = K * f is
bounded on LP, 1 < p < co. We are now reduced to study B — B>, Take
¢ € C§°(B2(0)) radial and positive, so that ¢(z) = 1 for |z| < 1. Define
Yi(z) = ¢(x/27) — ¢p(x/2771), for j = 1,2,.... We decompose the operator

BN -B\f =T+ T;

j=1

where T} is the convolution operator with kernel K; = (K* — K*)1; and
Tp has kernel (K* — K*)¢. (K* is the kernel of T*.)

It is easy to see that Ty f(x) < Cxp,() * f(x). Therefore, it will be
enough to show that there is some 1 > 0 so that, for any cube @ of side-
length 27%2 and any function f with suppf € Q we have

1T f1l ey < C2777 £ p-

Denote R; the kernel of T;. Then, by the asymptotic properties of the
Bessel functions, |R;(z)] < O(1 + |z M+ 29 (z) < 027IA++1)/2),
Note also that

/ B () + / By (2)]? < G2
|z|<1/8 |z|>10

for all m € N. This is because
R ()] = |(mx — i) * (8)] < 2j"/ (L= 1€ = nI*)3 1027 n)| dn.
|§—nl=1/2
If || = 2 and | — | < 1, then || > |¢]/2. Thus,
B2 [ @l < Cuzmig

|€—n|<1

If |€] < 1/8 and |€ — n| > 1/2, then |n| > 1/4. Hence,
L e
|€—nl<1

Now we can compute the norm of 7} f. By Holder’s inequality, for p < 2,
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ITi flinq) < 1QI*/PIT;f172q)
=26 [P
—29G [T B WP [ )Pt dr
0 sn-1
nj(2— > n—1|7p. —n/p’
< Cx G [ B )R e
nij(2— n—1171" —n/p
<Cx G [ R R dr
oGy [ PRI dr
r<1/8 Or r>10
< 029G [ IR @) P01 do + G2 ™) 112
nj(2— —mj
< C2G V| FIRIRs 15+ Co2 ™ | £117
< C2j(2n/p7n7172)\)”f”12).
Observe that we have used the restriction theorem in the second in-
equality. O
12.5.2. Schrédinger (and wave) equations

Our second application will be to study the a.e. convergence to the initial
datum of the solution to the Schrodinger equation.
Recall that the solution to the free Schrodinger equation,

Opu(z,t) = ﬁAzu(:zr, t) (z,t) ERIXR=R"
T
u(z,0) = up(x) r € RY

is given by

eitAuO — u(:at) — Stf(x) :/ eQWizEfiﬂ-tlﬂzﬂB(g) de.

Rd
We want to study the pointwise convergence of the solution to the initial
datum wug. L. Carleson [15] obtained the result when n = 1, assuming
ug € H4(R) (see section 1). This condition was found to be also necessary
by B. Dahlberg and C. Kenig [26]. Later on, P. Sj6lin [50] and L. Vega
[62] obtained s > 1/2 as a sufficient condition in any dimension. More
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recently J. Bourgain proved in [8] that there exists a small € > 0 such that
if ugp € H'/27¢(R?) the convergence follows. This result has been improved
by A. Moyua, A. Vargas and L. Vega [43], T. Tao and A. Vargas [60] and
finally by T. Tao [58], who proved the case ug € H*(R?) with s > 0.4. It is
conjectured that the exponent 1/4 is sufficient in any dimension.

We present here a simple proof of the 1/2 + € result®. Remember that
this always follows from the corresponding boundedness of the maximal
function. The argument that we give is also valid for the case of the wave
equation with initial derivative equal to zero.

Proposition 12.2. Let m : R x R x R® — C be a measurable, bounded
function and consider the Fourier multiplier operator

f—Ula,t) = / (€], 2)e FE) de.

n

Then we have

/ sup U (z, )| dx < OR/ IFOP + |&) Fede.
|e|<R Rn

teR

Proof. Writing U(z,t) in polar coordinates we observe that

|U(z,t)] = ’/ m(t,s,x)/ €5 F(sw)dws™ ' ds
0 gn-1

<C / / ei”'“’f(sw)dw
o |Jgn—t

Observe that the variable t is gone! Using Cauchy-Schwarz and then
Fubini, we have

/ sup |U(z,t)|* dx
lz|<R  teR

of |
lz[<r Jo
o[

0 |z|<sR

aThis argument is implicit in the (unpublished) Ph.D. thesis of L. Vega. It was also
discovered by A. Soljanik (personal communication to P. Sjolin).

s"lds.

2
s272(1 + )T dsdx

/ ei”“f(sw)dw
Sn—1

2
dz s"2(1 4 s)'Teds.

/ eix"”f(sw)dw
Sn—1
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To finish, we will use the following extension theorem:

Theorem 12.16.
1 —
T Nl T
B(0,R) sn—1

Applying the result with g(w) = f(sw) we obtain

jf sup |U(z, t)|* d
|z|<R

teR
< C/ SR/ sw dw s"2(1 4 s)tteds
Sn— 1
= CR/ 1+ |§|)1+€d§
O
Proof of Theorem 12.16. Write ©’ = (x1,29,...,2,—1) and assume

that ¢ is supported in a spherical cap, Sg C S"~! parametrized as Sy =

{(W, o)) : [y <1/2}.

[ wraes [ [
Br(0) |zn| <R JRP—1

/|<1/29(y’,<I>(y’))62”(<””"y'>”"¢(y'”J@(y’)dy’

2
dz’ dx,

By Plancherel,

= [ ([l @) P’ ) ds, < CRlgl
|zn|<R |z'1<1/2

Kook ok ok ok ok ok ok okok ok okok sk kok skok skok skok skokok ok

Let us define S*f(z) = sup,~ |S:f(x)], * € R™. All the known cases
about convergence mentioned above are obtained via a maximal inequality

1/p

for different values of p € [1, 2].
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Together with G. Gigante, we have investigated in [34] whether this
inequality holds if we replace S* by a spherical average operator; namely
we look at the maximal square function

1 1/2
@ o) =sup (s [ ISP aote))
Clearly, one has the inequality flrlél |Q* f(z)|?dz < fmgl |S* f(z)|?dz, and
therefore the boundedness of S* would imply a corresponding inequality for
Q. The known counterexamples show that the smoothness condition a >
1/4 is still necessary for the boundedness of this operator. The following
result shows that ow = 1/4 is also sufficient for the boundedness of Q*.

Theorem 12.17. The operator Q* is bounded from the (homogeneous)
Sobolev space HY*(R™) into L*>({|z| < 1}) in any dimension n; that is,
there is a positive constant C, independent of the dimension, such that

1/2
</| <1 |Q*f(17)|2d.fc> S OHfHHl/z;, Vf‘ c S(Rn)

In particular, this gives us that 1/4 of smoothness suffices for the a.e.
convergence with respect to quadratic spherical means. The precise state-
ment is contained in the following corollary.

Corollary 12.3. If f € H'/*(R"), then, for every xo € R™ we have

lim 1S; f (20 + rw) — f(20 4+ 1w)[?do(w) =0, a.e.[r]
t—0t Jgn-1
Let us make a reformulation of our problem. Observe that if {)x}
is an orthonormal basis of spherical harmonics in L2(S™~1), and f(&) ~
Yok fe(|€DVr(€/1€]) denotes the corresponding expansion of f with respect
to this basis, then

1/2
va—mm<5n12%mlpmm Wlwymﬁ>,

t>0

where

o) = [ e T 2nrs)g()ds
0

and v(k) = (n — 2)/2 + degree(Yx). Here, J,, denotes the Bessel func-
tion of order v and J,(t) = V/tJ,(t) for t > 0. Using that the norm
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in H'/* of f with respect to the above expansion is given by || f|| 14 =
>k fooo | fu(r)[2r/2r"=1dr, and “cancelling out the 3~ signs”, the inequality

/KJ@ﬂmmmsaumm

is equivalent to the estimate

1
0 t>0

uniformly in the index v too.

We can now follow Carleson’s approach (see [15], [26]). First we linearize
our maximal operator, by making ¢ into a function of r, ¢(r). Next we may
assume that g is supported on a fixed interval I (as long as the final constant
C' is independent of ). “Moving” the smoothness to the other side (that
is, redefining g(r)rl/ 4 as g again), we consider instead the linear operator

is%(r)j( )
e L (rs
TUQ(T“):/ITQ(S)CZS-

Then what we have to show is

1
[ 1mgypar<c [ lgtPas
0 1

with C' independent of g € L2(I), of the interval I, of the measurable
function ¢(r) and of v € N/2. This is proved in [34].

Let us bring here a related result obtained by the authors. In [33] it
was proved that the uniform estimate

ias? ds o
/16 J,,(S)S—ﬁ =0(1),

independent of v € N/2, the interval I and a € R, holds (for 8 < 1) if and
only if 8 > 1/6. This expression appears in a natural way as the leading
term (using the product formula for Bessel functions) of the expansion of
the kernel associated to T, T, but replacing the “smoothness” 1/4 by the
generic smoothness o with 2« — 1/2 = 8. This could be interpreted as an
indication that the uniform estimate of the operators @), by this method
would only be possible on the class H'/? (o = 1/3 corresponds to the case
B =1/6). Our theorem shows however that an additional cancellation of
the rest of terms in the expansion of the kernel is possible so that, as the
theorem says, the result holds indeed on H/4.
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12.5.3. Annezx

Proof of Theorem 12.15. Note that, since Sy is compact, the case p =1

is trivial. Hence, it suffices to prove the theorem for p = 22—1;.

We write R" = R"™! x R = {(x,t) : z € R"! t € R} and assume
that S = {(u,®(u)) : v € R"! Ju| < 1} where ® is a smooth function
with non-vanishing hessian determinant. Using Plancherel’s identity and
Hoélder’s inequality,

||fHL2 So.do) = /|f (©))? do = /f f*do(z) dz
< HfHLp(Rn)Hf*d0||Lp’(Rn)-

It will be enough to show that

1]+ dolly < Cllfllp-

We fix ¢t and want to compute ||f * a;(’,t)“l/p’(Rn—l)- The kernel of this
convolution is

o~

Kt(l') — dO’(JJ,t) _ /e—2m'15—27rit<1>(£) d§

and hence,

—~T

Kt (5) _ e—?ﬂit@(£)7

where £ denotes the Fourier transform with respect to the x variables.
Therefore, if F' is a function on the x variable, we have

1K+ Fllz = [Fll2ll Kt oo = [ E]l2-
On the other hand,

C

|Ki(z)| = |do(z, 1) < DCEE

so that

1Kt 5 Flloo < 1E]]3-

C
|t|(=1)/2
We interpolate both inequalities and obtain, for 1 < p < 2,

C
HKt * F”Lp/(Rn—l) < WHF”LP(Rnfl).
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We apply this to the function f(-,¢) and use Minkowsky’s inequality
1S * doll o ny = II /f('aT) #g do (0 = 7) A7 Lo @n—1) |l Lo m)

< /||f('aT) *g do (-t = T)| Lo (-1 AT Lo ()
H IfC, \LP(W 1)

(n—D(E-1

Lo (®)

Consider now the fractional integral operator, defined in R* by

Ing(x) = / % dy, for0 < a<k.
RE [T —

We will use the following result ( a straightforward consequence of Hed-
berg’s inequality, |1, (z)] < C||f[|5(Mf)*?):

Theorem 12.18 (Hardy—Littlewood—Sobolev).

1 «o 1 1 «
I(l q < Oa P - > — d - = - — —,
[LagllLar) < Capllglloe e Jor PR
In our case we have k = land 1 —a = (n — 1)(% — 1) and we want

g=7p'. Then, p= 2’”r1 This gives us

IIf *dO'HLP/(]Rnfl) <O lr@n-1yl e = | fllLe@n)-
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13.1. Introduction

A. S. Besicovitch developed (together with only a few co-workes) in some
forty years, from the end of the twenties up to the sixties of the last century
The Geometry of Sets of Points (Title of a book planned by him which re-
mained unfinished when he died in 1970). On this background a new branch
of mathematics emerged in the last 20 or 25 years, called nowadays fractal
geometry, as it may be found in the monographs [17], [18], [29], [19] (to
mention only a few). The word fractal was coined by B. B. Mandelbrot in
1975. In contrast to Besicovitch, who developed a pure inner-mathematical
theory of non-smooth structures (complementing differentiable analysis and
geometry), Mandelbrot propagated the idea that many objects in nature
have a fractal structure which cannot be described appropriately in terms
of (differentiable) analysis and geometry. In particular he suggested the
notion of self-similarity, which found its rigorous mathematical definition
n [24] (1981). Together with its affine generalisation (IFS: iterated func-
tion systems) it is a corner stone of the recent fractal geometry and fractal
analysis. There are many attempts to say under which circumstances a
set (maybe a set of points in R™) should be called fractal. But there is no
satisfactory definition, and fractal is now widely accepted as a somewhat
vague synonym for non-smooth (either the objects themselfs or the ingredi-
ents admitted to deal with them). One has to say from case to case which
specific assumptions are made.

In the last decade, and in particular in the last few years, there are many
new developments in fractal geometry and now also in fractal analysis. But
so far no dominating directions and techniques emerged. Asking for ad-
equate geometries completely distinct from FEuclidean geometry one finds
in [38], Preface:

They suggest rather strong shifts in outlook, for what kind of geometries are
really around, what one might look for, how one might work with them, and
50 on.

This has been complemented by [13], Preface:

The subject remains a wilderness, with no central zone, and many paths to
try. The lack of main roadways is also one of the attractions of the subject.

One aspect culminates in the question how much geometry one really needs
in order to prove well-known significant theorems in analysis. This resulted
in an analysis on metric spaces (occasionally with additional assumptions),
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where [23] may be considered as the first comprehensive treatment.

One instrument to develop an analysis on non-smooth structures is the the-
ory of the Dirichlet forms (quadratic forms) and of the operators generated
by them. A recent report on diverse aspects has been given in [25], where
we refer in particular to [30].

A central problem which has been considered in the last few years with
great intensity can be formulated as follows:

What is a Laplacian on a fractal structure and what can be said about its
spectrum?

The state of art of this question and of neighbouring problems may be found
in [26], where we quote from as follows:

Why do you only study self-similar sets? The reason is that self-similar
sets are perhaps the simplest and most basic structures in the theory of frac-
tals. They should give us much information on what would happen in the
general case of fractals. Although there have been many studies on analysis
on fractals, we are still near the beginning in the exploration of this field.
( [26], Introduction, p. 5.)

So far the outlined descriptions given above focus on operators (either di-
rectly defined or generated via Dirichlet forms) on fractal structures. But
there is a second (seemingly opposite) point of view: One deals with fractal
(differential-)operators on smooth structures such as R", or bounded C*°
domains Q in R"™. Proto-types are

noog2
A=—-A+pu and B=(-A)"loyu, A:Z%, (13.1)
j=1""1

where ;1 might be a Radon measure on R"™ with compact support and
w(R™) < oco. Schrédinger operators of type A in R™ are of relevance in
quantum mechanics. They have a long history which goes back to Fermi
(1936), especially in the case of p being a finite sum of Dirac measures. A
comprehensive treatment of this subject may be found in [2]. Operators
of type B emerge in connection with drums (especially in the plane R2)
having fractal membranes, where € is a bounded C*° domain and (—A)~!
is the inverse of the Dirichlet Laplacian in €. Furthermore the support of
1 is assumed to be a compact set in 2. These operators are subject of the
later considerations in this paper.

Function spaces are a decisive instrument of the recent analysis on quasi-
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metric spaces (X, 0, 1) where X is a set, g stands for a quasi-metric, and
1 is a measure. As far as Sobolev spaces Wp1 (X) with 1 < p < oo are
concerned we refer to [20] and [23]. First comprehensive treatments of the
emerging theory of the spaces of type

By, (X) and Fj (X) with [s|<0<1, 1<p<oo, 1<g< o0,

have been given in [21] and [22]. Fractals of diverse types can be interpreted
as quasi-metric spaces. They can be treated afterwards with the help of the
indicated theory of function spaces. For example, a far-reaching spectral
theory of Riesz operators can be developed in this way, [51]. But this is not
subject of our considerations in this paper.

The main aim of what follows is the description of some aspects of fractal
analysis which are based on the recent theory of function spaces of type

By, (R") and F,, (R"), 0<p<oo, 0<g<oo, s€ER.

Special cases of these spaces are the Holder-Zygmund spaces, the Sobolev
spaces (of integer and fractional order of smoothness), the classical Besov
spaces and the (inhomogeneous) Hardy spaces. Since some time one has
for these spaces atomic decompositions and (at least for some of them)
wavelet representations. This has been complemented in [41] and in [42] by
quarkonial (or subatomic) decompositions. The elementary building blocks
(quarks) are constructive, very simple and very flexible. In particular, they
can easily be adapted to general structures, for example fractal sets in R™.
Self-similarity is not needed. On this basis it is possible to study fractal
operators, including those ones of type B in (13.1). It is our main aim in
this paper to give a description of respective results obtained in the last
few years. Some assertions are formulated here for the first time (without
proofs). We restrict ourselves to the simplest cases (as far the formulations,
not the proofs, are concerned). We shift a rough description of some ingre-
dients of the proofs to Section 13.6, where we rely on [41] and, in particular,
on [42].

Obviously, the above description of diverse aspects of fractal geometry and
fractal analysis is dictated by the personal interests and by the (admittedly
rather limited) knowledge of the author. For example, we did not mention
the intense interplay between stochastics and fractal geometry. Further-
more as far as the spectral theory of the Laplace operator in bounded
domains in R™ with fractal boundary is concerned we give at least a few
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references later on (but not more). It is the main aim of the above descrip-
tion to provide a possibility to locate what follows in the realm of what
might be called nowadays fractal analysis.

13.2. Fractal operators

13.2.1. The vibrating membrane

Let © be a bounded C* domain in the plane R? and let I be a compact
set in R? with

rcQ and |I'=0, (13.2)

where |T'| is the Lebesgue measure of I'. We interpret € as a drum and I as
a highly irregular membrane which is fixed at the boundary 9f). Starting
from the classical case it seems to be reasonable to consider I' not only as
a set of points, but also as the support of a measure u,

supp u=TCQ, 0<pl) = puR?) < oco. (13.3)

Of special interest (because well-adapted to the problem considered) are
isotropic measures, this means measures for which there is a positive func-
tion h(r), defined in the interval (0, 1] with

w(B(y,r)) ~h(r), ~vel, 0<r<l, (13.4)

where B(v,r) is a circle centred at v and of radius r. We agree here and
in the sequel that the use of ~ for two positive functions a(z) and b(x) or
for two sequences of positive numbers aj and by (say with k € N, natural
numbers), means that there are two positive numbers ¢ und C' with

ca(z) <blx) < Ca(x) or cap <b,<Cay (13.5)

for all admitted variables « and k. This means with respect to (13.4) that
the equivalence constants are independent of v and r. Of special interest
are so-called d-sets with

h(ry~74, 0<r<1, and 0<d<2. (13.6)

Then any Radon measure g with (13.3), (13.4), (13.6) is equivalent to H4|T,
the restriction of Hausdorff measure H? in R? to I'. If d = 1 then one
might think of a line segment. Other examples are (one-dimensional and
two-dimensional) Cantor sets, the snowflake curce, the Sierpinski gaskets
etc. Many other examples of d-sets may be found in books dealing with
fractal geometry, for example [18], [19], The following problem arises:

For which functions h do exist Radon measures p with (13.3), (13.4)?
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13.2.2. The classical theory

The classical theory where the membrane is not a singular set I" with (13.2),
(13.3), but © or Q is well known. We formulate some assertions adapted to
our later needs in the fractal setting. In the context of an La-theory one
considers in the (complex) Hilbert space L2(€2) the self-adjoint positive-
definite Dirichlet-Laplace operator —A,

0%u  0%u

T 9.2 gn20
Oxy Ox3

—Au(z) = dom (—A) = HZ(Q), (13.7)

where
H*(Q) =W35(Q) = {f € La(Q) : D*f € Ly(Q), |a] <2} (13.8)
is the well-known Sobolev space and
H{(Q) = W3,(Q) = {f e W3(Q) : floQ=0}. (13.9)

Then —A is a self-adjoint positive-definite operator with pure point spec-
trum. The eigenfrequencies Ay of the vibrating membrane and the related
eigenfunctions uy are given by

—Aup = Nug, up € H3(Q), keN, (13.10)

(Here N is the collection of all natural numbers). For our purposes it is
reasonable to deal with the inverse operator (—A)~! adapted by

B=(-A)"'=(=A)"topur = (-A)"toidHr (13.11)

to our later needs, where p, is the Lebesgue measure in the plane. Then
(13.10) can be written as

Buy = opup, 01>02>->20,>--->0, o0, —0

for k — oo, where g = )\];2 are the eigenvalues of the compact positive
self-adjoint operator B in L2(Q2). The following three assertions (adapted
to our later needs) are well known:

(a) (H. Weyl, 1912, [52], [53]),
ok ~ k71, ke N. (13.12)

(b) (R. Courant, 1924, [12], p. 398/99). The largest eigenvalue g; is simple
and (ignoring a multiplicative constant)

up(x) >0, x €, (13.13)

Nullstellenfreiheit in the notation of Courant.
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(c) (smoothness). We have (in obvious notation)
u € C(9Q), k €N. (13.14)

For the classical case described the assertions by Weyl had been sharper
than (13.12) from the very beginning, including the volumes of € (main
term) and of 9 (remainder term). Since that time the spectral theory of
(regular and singular elliptic) differential operators and pseudo-differential
operators is an outstanding topic of the analysis during the whole last cen-
tury. The state of art and in particular the techniques used nowadays may
be found in [37]. Our aim can be described as follows:

What happens with the properties (a), (b), (c), this means (18.12), (15.13),
(13.14), when one replaces in (13.11) the Lebesque measure g, (hence the
homogeneous membrane) by a measure p with (13.8) and what is the defi-
nition of an appropriately modified operator B?

13.2.3. The problem

Let Q be a bounded C'*° domain in euclidean n-space R™. If one wishes
to replace the n-dimensional Lebesgue measure py, in (13.11) by a singular
measure g with (13.2), (13.3) then it is quite clear that the Lo-theory as
described in (13.7) - (13.11) is no longer adequate. In particular, instead
of H3(Q) und HZ(Q) in (13.8), (13.9) one needs now spaces of smaller
smoothness. It comes out that

HY(Q) =W, (Q) = {f € Ly(Q) : % €Ly(Q) withj=1,--- n}
and
HLYQ) =W(Q) = {f € H\(Q) : f]92 =0} (13.15)

are especially well adapted to our purposes. The simplest way to define the
Sobolev spaces H*(R") is by lifting,

H*(R") = (id — A)"2Ly(R™), s€R. (13.16)
Then H?(Q) is the restriction of H*(R™) to Q. Since C§°(Q2) = D(Q) is
dense in [ L(Q) the dual of o 1(Q) makes sense within the dual pairing
(D(2), D’(€2)) and one obtains
° /
(51@) =17 (@). (13.17)

By [42], Proposition 20.3, p. 297, (13.17) remains valid for arbitrary
bounded domains.
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Proposition 13.1. (a) Let Q be an arbitrary bounded C*° domain in R".
Then

(=A™ HYQ) — HY(Q) (13.18)

is an isomorphic map.

(b) Let o € R. Then
(id—A)~7 : H°(R") — H(R") (13.19)
is an isomorphic map.

Remark 13.1. Part (b) is a well-known lift property, which is also an easy
consequence of (13.16). As for part (a) we refer to [42], 19.2, p. 254/55,
and the references given there.

In order to say what is meant by the operator B in (13.1), we introduce
the trace operator tr, and the identification operator id,. Here u is a
Radon measure in R" with compact support

I'=supp # and 0 < pu(R") =pu(T) < co. (13.20)
Then one has the continuous embeddings
try © S(R™) — Lo(T, ), (13.21)
and
id, ©  Lo(T,p) — S'(R"), (13.22)

where S(R™), S'(R™) (Schwartz space, space of tempered distributions)
and Lo(T', 1) (complex Hilbert space Lo with respect to p) have the usual
meaning. Here tr, is the pointwise trace (so far), hence

(trup)(y) = (y) for p e SR") and €T,

and id,, describes the usual identification of f € Lo(T', ) with the tempered
distribution id, f € S’'(R™) according to

(idyf) ( / fy &), e SR,

This can be done without ambiguities since p is a Radon measure.
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Proposition 13.2. Let pu be a Radon measure in R™ with compact support
according to (13.20). The trace operator and the identification operator are

given by (13.21), (13.22). Then
t!, = id, (13.23)
for the dual tr), of tr,,.

Proof. Using standard notation, the assertion follows from

(tri ) (9) = (trug) (V) = (true, ) 1
= / () ¥(7) u(dy)
T
= (idu) (),
for ¢ € S(R™) and all ¢ € S(R™). O

Problem 13.1. As will be shown, the question of how B from (13.1) can be
defined, in generalisation of B from (13.11), can be reduced to the problem
of whether tr, from (13.21) can be extended to a linear continuous map
from H'(R") in Lo(T, 1). Generalising this question to H*(R") one arrives
at the problem:

Let 1y be a Radon measure according to (13.20). For which s > 0 does there
exist a positive constant ¢ with

o LoD, )| < e [l |2 ()] (13.24)
for all p € S(R™)?

We write here and in the sequel ||a|A| for the norm of ¢ € A in the
Banach space A. If one has (13.24), then tr, can be extended by completion
to a linear and continuous operator

try : HY(R™) — Lao(T', p) (13.25)

(sticking at the notation t¢r,). If one has (13.25), then it follows from
(13.22), (13.23) that

id, :  Lo(T,p) — H5(R™) = (H*(R™))’. (13.26)
Then one obtains
id* =id, otr, :  H*(R™) — H*(R"). (13.27)

As usual, <, means that the corresponding map is linear and continuous.
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Proposition 13.3. Let pu be a Radon measure in R™ with compact support
according to (13.20). Let s > 0, such that tr, according to (13.25) is a
linear and bounded operator. Then

By = (id— A)"* oid* : H*(R") — H*(R"). (13.28)

(b) Let Q be a bounded C= domain in R™. Let (—A)~! be the inverse
operator of the Dirichlet-Laplace operator according to Proposition 13.1.
Let pu be a Radon measure in R™ with

F=supp pCQ, 0<pl) <o

If one has (13.25) with s = 1, then
B=(-A)loid" . HYQ) — H'(Q). (13.29)

Proof. Part (a) is an immediate consequence of (13.27), (13.19). Corre-
spondingly one obtains part (b) from (13.27) with s =1 and (13.18). O

Remark 13.2. The operator B from (13.29) is the rigorous version of B
from (13.1) and the adequate generalisation of (13.11). We refer to [42], 9.2,
122-124, where one finds further explanations with respect to the duality
(13.23), and (13.25), (13.26) in more general spaces.

13.3. Traces and measures

13.3.1. Isotropic measures

By Proposition 13.3 in 13.2.3 the problem of the boundedness of the op-
erators By and B in (13.28) and (13.29) can be reduced to the question
of whether the trace operator ¢r,, in (13.25) is bounded. For general finite
Radon measures in R"™ (in more general function spaces) one finds in [42],
Theorem 9.3, p. 125, a somewhat implicit criterion which had been comple-
mented in [42], Corollary 9.8, p. 129/130, by a simpler sufficient condition.
As will be shown one has for isotropic Radon measures a satisfactory simple
criterion. In generalisation of (13.4) we call a Radon measure in R™ with

' =supp ¢ compact and 0 < p(T") = p(R™) < 00 (13.30)
isotropic, if there is a positive function h(-) in the interval (0, 1] such that

w(B(y,r)) ~h(r), ~vel, 0<r<1, (13.31)
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where B(~,r) is a ball centred at v and of radius r. Recall our use of ~
according to (13.5).

Proposition 13.4 (M. Bricchi, [5], [6], [7], [8]). Let h be a positive
continuous monotonically increasing function in the interval (0,1]. Then
there is an isotropic Radon measure in R™ with (13.30), (13.31), if, and
only if, there exists a positive continuous monotonically increasing function
h in the interval (0,1] such that

h(r) ~h(r), 0<r<1,

and

M >27kF for j € Ny and k € N.
h(2-7)
Remark 13.3. Here Ny = NU{0} is the collection of all non-negative inte-
gers. Monotonically increasing means not decreasing, hence it might well be
possible that the function is constant on some sub-intervals. Distinguished
examples are the d-sets (now in R™), mentioned in 13.2.1, hence

h(r)y=7r% 0<d<n, 0<r<I. (13.32)

Further examples are perturbations of (13.32), for instance,

b

h(r)zrd‘logg . 0O<d<n, beER, 0<r<1, (13.33)

as special cases of so-called (d, ¥)-sets. The definite version of the above
proposition may be found in [8], including some non-standard examples.
These results had been used to develop a corresponding theory of function
spaces. In case of (d, U)-sets and especially of functions h with (13.33) we
refer to [42], Section 22, and the literature mentioned there, in particular
[31], [32].

13.3.2. Traces

As indicated in the introduction, we restrict ourselves to the most inter-
esting cases (for us). These are the operator B from (13.29) in the plane,
hence n = 2, and the operators B from (13.28) with s = 5. This is in both
cases the question of whether tr,, exists according to (13.25), (13.24) with
s = 3, this means the continuity of ¢r,. We recall that N is the collection
of all natural numbers, whereas R" stands for euclidean n-space.
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Theorem 13.1. Let 1 be an isotropic measure in R", n € N, with (13.30),
(13.31). Then the following 3 assertions are equivalent to each other:

(i) tr, :  H?(R™) < Lo(T,u) is continuous,
(ii) tr, :  H?(R™) < Lo(T,u) is compact,

(iii) > h(27) < o
§=0

Remark 13.4. A proof of this surprisingly simple and definitive theorem
is published in [47]. It is a special case of the following general assertion,
which may also be found in [47]. Let

B,(R") = B, ,(R") with s >0and 1 <p < oo,

be the well-known special Besov spaces with H*(R") = B5(R"™). We put

as usual % + % = 1. Then the trace operator tr,,

try © By(R™) — Ly(T, ),

is continuous if, and only if, it is compact, and this happens if, and only if,
o0
327 ) 27y L < oo,
j=0
This clarifies the peculiar situation if p = p’ = 2 and s = % in the above
theorem.

Theorem 13.2. Let u be an isotropic Radon measure in R"™, n € N, with
(13.80), (13.31) and

D h(27) < o (13.34)
j=0
(a) Then the operator
By =(id—A) 2 oid* : H?(R")— H2(R") (13.35)

according to (13.27), (13.28) is compact.

(b) Let in addition n =2 and let Q@ be a bounded C>° domain in the plane
R?.  Furthermore, let T C Q, where T' is the support of u according to
(18.80). Then the operator

[e]

B=(-A)loid" . HY Q) — H'(Q) (13.36)
according to (138.27), (13.29) is compact.
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Proof. This theorem is an immediate consequence of the above Theorem
13.1 and of the proof of Proposition 13.3 in 13.2.3. O

Remark 13.5. In particular the operators Bz and B according to (13.35)
und (13.36) are compact, when T" is a d-set according to (13.32) with 0 <
d <n (n =2 in case of B). This applies also to the (d, ¥)-sets in (13.33).

Remark 13.6. By Remark 13.4,
tr, © HYR") — La(T', p)

with s > 0 is compact if, and only if,
D 27 HE p(27) < oo (13.37)
7=0

Then by Proposition 13.3 the operator
Bs; = (id— A) % o4d" : H*R") — H*(R")

according to (13.27), (13.28) is compact. Because of the boundedness of
the sequence h(277) we have always (13.37) if s > %. Hence only for s < %
the assertion (13.37) is an additional condition. According to Theorem 13.2
we are interested here exclusively (with exception of the above remarks) in
the limiting case s = 5.
13.4. The fractal drum

13.4.1. Introduction

The word fractal drum can be interpreted quite differently. One may think
about a fractal or a fractal set and the spectral theory of the related Lapla-
cian. This corresponds to [26] and the theory represented there. Better
known is this notation in connection with a spectral theory of the Dirichlet-
Laplacian —A in bounded domains 2 in R™ (with n = 2 as a distinguished
case) with a fractal boundary 9. The first significant related paper is due
to M. L. Lapidus, [27]. Further references may be found in [41], 26.2, p. 200.
For more recent results we refer to [28]. More precisely these considerations
deal with

drums with fractal boundary.

Somewhat in contrast we developed in [41], [42] and develop in this paper
a spectral theory of

drums with fractal membranes.
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It is the spectral theory of the operator B from Proposition 13.3(b) in 13.2.3
with n = 2, related to bounded C'*° domains 2 in the plane.

13.4.2. Preparations

Let Q be a bounded C*° domain in R". Then we equip the space f{l(Q)
in (13.15) with the scalar product

" af 8g
(£.9) H(9) _Z/ax7 BIJ (13:38)

Furthermore we need the Holder-Zygmund spaces C*(€Q) with 0 < s < 2. If
0 < s <1, then C*(£?) can be normed by

[f(z) — f(w)]
[z —yl*
with z € Q, y € Q, z # y, in the second supremum. If 0 < s < 2 then one

can choose

17 1C*(Q)|]" = sup [ f(z)[ + sup (13.39)
€N

|f(z) = 2F(5F4) + [ (v)]
|z —yl*

IF1C*(D = sup £ ()] + sup (13.40)
as a norm where x € Q, y € €, % € Q, z # y, in the second supremum.
(If 0 < s < 1, then both norms in (13.39) und (13.40) are equivalent). In
other words, C*(2) is the collection of all complex-valued continuous func-
tions in Q, such that the norm in (13.40) is finite.

Remark 13.7. One calls C!(Q2) also the Zygmund class. Here one needs
for the first time second differences. This space has been treated in [54].
But as mentioned there it was B. Riemann 1854 in his Habilitationsschrift
[36], dealing with trigonometric series, who emphasised that one should use
second differences when it comes to spaces of smoothness 1.

13.4.3. d-membranes

This subsection deals with fractal drums (or, according to 13.4.1, with
drums having a fractal membrane), where the membrane I" is a d-set. Ac-
cording to the above considerations, I' is a compact set in R? furnished
with an isotropic Radon measure p in R? such that

I'=supp u, p(B(y,r)~rd, ~el, 0<r<1, (13.41)
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where B(v, ) is a circle with the centre v and of radius . As explained in
connection with (13.6) one may identify p with u = H?|T', the restriction
of the Hausdorff measure H? in the plane to I'. Then it is clear that one
has 0 < d < 2. Furthermore, let T C €2, where 2 is a bounded C*° domain
in R?. This results in the operator B from Theorem 13.2(b) in 13.3.2. The
condition (13.34) requires d > 0. Since we are not interested in the regulare
case and assume |T'| = 0, we exclude also d = 2. Then we denote I as an d-

membrane. By Theorem 13.2(b) in 13.3.2 the related operator B in i[l(Q)
is compact. Let w = Q\I" and
Iofl(w):{feﬁll(ﬂ) : trufzo}. (13.42)

The trace exists since d > 0 and (13.34) coincides with (iii) in Theorem 13.1
in 13.3.2. Although w is an open set with an irregular boundary 9Q U T’

it follows that C§°(w) is dense in i 1(w), what justifies the notation in
(13.42). We refer to [42], 19.5, p. 260, where we used some crucial asser-
tions from [1].

Theorem 13.3. Let Q be a bounded C*° domain in the plane R?* and let
T be a compact d-set with I' C Q and 0 < d < 2. Furthermore let u be a
respective Radon measure according to (13.41). Then the operator

B=(-A)"toid 1 H'Q) — H(Q) (13.43)
according to (13.86) is a non-negative compact self-adjoint operator in
;Il(ﬂ) with null-space (kernel)

N(B) = H'(w) (13.44)
according to (138.42). The operator B is generated by the quadratic form

(BL9) gy = [ £0) 30T wlab), T @), ge i@, (1349)
r

with respect to the scalar product from (18.38) with n = 2. Let gy be the
positive eigenvalues of B, counted with respect to their multiplicites and
ordered by magnitude,

012022032 ", or — 0 for k— oo, (13.46)
and let ug be the respective eigenfunktions, hence

Buy = Ok Uk, k e N. (1347)
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The largest eigenvalue o1 (> 0) is simple and the respective eigenfunctions
uy(x) have no zeroes in Q, hence

ui(z) = cu(z) with ¢ e C and u(z) > 0in (13.48)
(Courant property). It holds
ok ~k~ ' with k€N (13.49)

(Weyl property). The eigenfunctions uy are classical harmonic functions
inw=O\T,

Aug(x) =0 for ze€w. (13.50)
Furthermore,
up € C°(2) if, and only if s < d. (13.51)

Remark 13.8. This theorem is a special case of Theorem 19.7 in [42],
p. 264/265. This applies also to its proof. We described in 13.2.2; points
(a), (b), (c), the classical theory. The Weylian behaviour (13.12) of the
classical case extends to d-membranes according to (13.49). It is equally
remarkable that also the classical assertion in 13.2.2(b) can be carried over
to d-membranes: The largest eigenvalue p; is simple and the respective
eigenfunction u(x) is positive in Q (up to a multiplicative constant). The
global smoothness properties of the eigenfunctions wuy from (13.14) in case
of d-membranes are now given by the sharp assertion uj € C%(f) and by
(13.50).

Remark 13.9. It is remarkable that at least for the function u from (13.48)
the best possible global smoothness assertion (13.51) is also the best pos-
sible local smoothness assertion. Let B(v,r) be a circle centred at v € T
and of radius r > 0, with B(y,r) C Q. Then

u € C* (B(y,1)) if, and only if, s < d. (13.52)

The best possible local smoothness of u, hence s = d, reflects faithfully
the fractality of I" at any point v € I'. We overlooked this remarkable
property when we wrote down 19.7 - 19.10 in [42], p. 264-272, although it
is an immediate consequence of the proof of Theorem 19.7 as it stands. We
return to this point in 13.4.6.
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13.4.4. Weyl measures

In connection with Theorem 13.3 in 13.4.3 the question arises whether the
Weyl property (13.49) remains valid for other measures p than H%|T" with
0 < d < 2. The definitive solution of this problem seems to be complicated
and there is no idea how a (necessary and sufficient) criterion might look
like. As in 13.2.1 we again assume that §2 is a bounded C*° domain in the
plane R? and that x is a Radon measure with

supp p=TCQ, [I'|=0, 0<ul)<oo. (13.53)

The right-hand side of (13.45), now for general Radon measures with

(13.53), is a continuous bilinear form in ;Il(ﬂ) if
tr, . HYQ) — Lo(T, ) (13.54)

is a linear and continuous trace operator according to 13.2.3 and Proposition
13.3(b). If this is the case then one obtains also for these measures that

B=(-A)loid . HYQ) — HY(Q), (13.55)

and that B is a non-negative self-adjoint operator. In other words we have
also in this case (13.43), (13.44), (13.45).

Definition 13.1. Let 1 be a finite Radon measure in R? with compact
support I'. Then p is called a Weyl measure if for any bounded C*° domain
Q with (13.53) the trace operator tr, from (13.54) exists, the operator B
according to (13.55) is compact and if one has for its positive eigenvalues
ok, ordered according to (13.46), including to multiplicities,

kakil, keN.

Remark 13.10. We have by Theorem 13.3 from 13.4.3 that p = H?|I is
a Weyl measure for any compact d-set I' with 0 < d < 2. Let

N
/L:Zﬂjv /LJ:Hd]|FJ5 ]:laaNa
j=1

where I'; are compact dj-sets with 0 < d; < 2. Then p is a Weyl measure.
This assertion may be found in [42], 19.12, p. 274, under the assumption
that the sets I'; are pairwise disjoint. But this additional assumption is not
necessary as has been shown in [46], Corollary 2.
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Remark 13.11. If 4 is an isotropic measure with (13.53), then one has by
Theorem 13.1 from 13.3.2 a definite criterion under which circumstances tr,
exists. If p is a general (not necessarily isotropic) measure with (13.53),
then there is also a necessary and sufficient criterion for the existence of
tr,. We refer to [42], Theorem 9.3, p. 125/126. But it is somewhat implicit.
But one obtains as special cases the following assertions. Let Q;», be the
square in R? centred at 2~7m and with side-length 2=7+1. Here j € Ny and
m € Z?, where Z? stands for the lattice of the points in R? with integer-
valued coordinates. Furthermore, let p be a finite Radon measure in R?
with (13.53). Let

pj = sup f(Qjm), J € No.
meZ2

If ¢r,, exists according to (13.54), then

S 1(Qim)? (13.56)

jENg meZ?

(necessary condition). Conversely, if

>y < o0, (13.57)

J€ENo

then t¢r, exists (sufficient condition). We refer to [47], Proposition 13.2,
which in turn is based on [42], Theorem 9.9, p. 131 and (9.47), p. 130. It
follows in particular by (13.56), that a measure with (13.54) has no atoms,
hence

p({z}) =0  for zeR2 (13.58)

Following [4], Section 5.10, p. 61, and [14], 13.18, p. 215, we call a mea-
sure without atoms according to (13.58) diffuse.

Definition 13.2. Let 1 be a finite Radon measure in R? with compact
support I'. Furthermore it is assumed that p satisfies the doubling condi-
tion, this means that there is a number ¢ > 0 such that for all v € T and
all r with 0 < r <1,

n(B(7,2r)) < cp(B(y,71)). (13.59)
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Then p is called strongly diffuse, if there is a number > with 0 < 2 < 1
such that

1(@1) < 5 m(Qo), (13.60)

for all squares @)y centred at vy € I' and with side-lenght r, 0 < r < 1, and
all squares @ centred at v; € I' with side-length sr and Q1 C Qp.

N~

Remark 13.12. In (13.59) again B(vy,r) is a circle centred at v and of
radius r. Examples of strongly diffuse measures are given by yu = H?|T,
hence

p(B(y,r) ~r?,  yel, 0<r<l, (13.61)

where T" is a compact d-set according (13.41) with 0 < d < 2. Obviously,
the assumed compactness of the support of p is unimportant. Furthermore
in (13.61) also d = n = 2 can be admitted with the Lebesgue measure as
proto-type. Otherwise we refer to [42], 19.15, p. 276-278, where strongly
diffuse measures had been introduced and discussed.

Theorem 13.4. Every strongly diffuse measure (in R?) is a Weyl measure.

Remark 13.13. An (admittedly long) proof of this theorem may be found
in [42], 19.17, pp. 280-288. Recall that we a priori assumed in the above
Definitions 13.1 and 13.2 that p is a finite Radon measure with compact
support. We refer for further discussions of this and other points to [42],
19.18, pp. 288-291.

Problem 13.2. By Remark 13.12, u = H4|I' with 0 < d < 2 is strongly
diffuse. Hence the Weyl property (13.49) for d-membranes is an immedi-
ate consequence of Theorem 13.4. On the other hand, (13.60) is a weak
isotropicity condition. It is well known that IFS (Tterated Function Sys-
tems), based on affine contractions, creates in R? beautiful ferns, grasses
etc. This may be found in many books on fractal geometry. A short descrip-
tion including references has been given in [41], Section 4. The respective
(anisotropic or non-isotropic) Radon measures do not satisfy, in general,
the condition (13.60). It is totally unclear (at least for the author) whether
the corresponding (anisotropic or non-isotropic) Radon measures are also
Weyl measures. This results in the following problems:

What is the music of the ferns?
and, more generally,

under which conditions is a Radon measure in R* o Weyl measure?
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13.4.5. h-membranes

In 13.4.3 we dealt with d-membranes in R?, where d is a number with
0 < d < 2. Now h(:) is a function generating a measure,

w(B(y,r)) ~ h(r), yel, 0<r<l1. (13.62)

We refer to 13.3.1. By Theorem 13.1 and in particular Theorem 13.2(b)
from 13.3.2,

B=(-A)loid . HYQ) — H'(Q) (13.63)

is compact if

i h(277) < oo. (13.64)
j=0

This is a special case of (13.53) - (13.55). Hence B is a compact non-
negative self-adjoint operator in ]3(1((2) with (13.43) - (13.48) and (13.50).

Theorem 13.5. Let Q be a bounded C>° domain in the R* and let yu be an
isotropic Radon measure with (13.53), (13.62). If

S h@I)~h(277),  forall JeN, (13.65)
j=J

then u is a Weyl measure according to Definition 153.1 in 13.4.4.

Remark 13.14. If J = 0 then (13.64) is a special case of (13.65). Ac-
cording to our previous agreement ~ in (13.65) means that one side can
be estimated by the other side at the expense of positive constants which
are independent of J (one direction is trivial). In the aftermath of [41]
and [42] we studied Weyl measure in [46] and [47]. The above result is
covered by [47], Corollary 2. On the one hand, (13.64) is necessary and
sufficient that B from (13.63) is bounded. On the other hand it is not clear
whether the sufficient conditions (13.65), are also necessary to ensure that
1 is a Weyl measure. Further details in a more general setting may be
found in [47].
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13.4.6. Courant indicators

As indicated in Remark 13.9 at least for the distinguished eigenfunction
u(z) from (13.48), the global smothness (13.51), valid for all eigenfunctions
uy, reflects also the local smoothness according to (13.52). Here IT' is a d-set
with 0 < d < 2 and p = HYT. Hence the eigenfunction u(x) represents at
any point v € T faithfully the local fractality (at least as far the number d is
concerned). It comes out that one can use this positive (in ) eigenfunction
u(z), belonging to the largest eigenvalue g1, to extract information about
the fractality of I' at any point v € I'. Tt is one of the main topics of fractal
geometry to get global, local and pointwise assertions about fractal sets and
measures. We refer to the books mentioned in the introduction, especially
[17], [18], [29], [19]. Onme finds fractal characteristics from the point of
view of function spaces in [44], including some references. As indicated
one can use the behaviour of the eigenfunction u(x) to introduce further
fractal characteristics. We restrict ourselves to very first results which are
directly related to the above considerations. Recall that this paper is the
English translation of [49]. After [49] was completed we returned in [47], [48]
(which in turn is complementary survey) and [50] to the subject of this
subsection. We do not change what follows in this subsection, but we refer
for complementary results and arguments to the just-mentioned papers.

Again let Q be a bounded C°° domain in the plane R? and let u be a Radon
measure with

supp p=TC, I'=0, 0< ul) < . (13.66)
We assume that there are numbers ¢ > 0 and € > 0 with
w(B(y,r)) <ert, ~el, 0<r<l. (13.67)
Then it follows by (13.57) and (13.53) - (13.55), that
B=(-A)"oid" : Q) — H'(Q),

is a non-negative self-adjoint operator. It follows from the proof of the above
Theorem 13.3 as given in [42], 19.7, and from (13.67) that B is compact.
The positive eigenvalues g can be ordered according to (13.46), the largest
eigenvalue p; is simple and one has (13.48) and (13.50). Furthermore one
obtains in analogy to (13.51) that

up €C5(Q), keN. (13.68)

This applies in particular to the positive eigenfunction u in 2.
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Definition 13.3. (Courant indicator). Under the above assumptions
we put for vy € T,

Indeo(v) =sup{s : ueC’(B(y,r)) with 0 <r <1}. (13.69)

Remark 13.15. The Courant indicator measures at any point v € I" the
best possible local smoothness of the positive eigenfunction u(z) belonging
to the largest eigenvalue g1 of B. By (13.68) one has at least

Indeo () > € for yeT.

Proposition 13.5 (d-membranes). Let 2 be a bounded C* domain in
the plane R* and let T be a compact d-set with T C Q and 0 < d < 2.
Furthermore let i be a related Radon measure,

=suppp, p(B(y,r)~r?, yel, 0<r<l1,
Then

Indoo(y) = d for yel.

Remark 13.16. This assertion coincides with Remark 13.9 after Theorem
13.3 in 13.4.3. In particular we have the global smoothness hypothesis
(13.68) with & = d. In this case the supremum in (13.69) is a maximum.

Problem 13.3. For d-membranes one has the above definitive answer. If
1 is an isotropic measure generating an h-membrane according to 13.4.5,
then it can be expected that Inde, is constant on I' provided that (13.68)
is fulfilled. If p is a general (not necessarily isotropic) measure, satisfying
the above assumptions, for example (13.53) - (13.55) and (13.57), such
that B is compact, then one can expect that Ind. (if defined) reflects the
local fractality in any point v € I'. At least when stepping from isotropic
measures to more general measures it becomes clear that it is desirable,
maybe even necessary, to generalise the indicator Ind., by the indicators

Ind,(y) =sup {s : u€ By (B(v,7)) with 0 <r < 1},

with 1 < p < oo, where By = B,, are special Besov spaces. This is
suggested by the respective fractal characteristica in [44], [45] and the ref-
erences given there. In case of d-membranes according to Proposition 13.5
one obtaines

2—d
Indp("y):d—l—T, yel, 1<p<oo.
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This follows from [42], Theorem 19.7, p. 264-265. The problem arises, what
the so-defined fractal indicators Ind,, and, more general, Ind,, wish to tell
us and how they are related to other fractal characteristics.

Under the above assumptions for T', 2, and u, hence (13.66), (13.67) we
put
dimy(y) = lim dimy (TN B(v,277)),  yeT, (13.70)
j—00

where dimy (M) is the Hausdorff dimension of a set M. Furthermore let
w(B(W,r) <e;r¥ for yel, |y =~/<277 and 0<r<277,
and

d(y) = lim d;(v), ~ve€l. (13.71)

Jj—oo
The sequence on the right-hand side (13.70) is monotonically decreasing

(i.e. not increasing), the sequence on the right-hand side of (13.71) is mono-
tonically increasing (i.e. not decreasing) and it holds

d(v) < dimpg(v), vel. (13.72)

In case of a d-set the two numbers in (13.72) are d.

Theorem 13.6. Let Q be a bounded C*° domain in R* and let p be a
Radon measure with (13.66), (13.67). Then

d(y) < Indy(y) < dimpg(y), verl. (13.73)
Remark 13.17. Proposition 13.5 is a special case of (13.73).

Problem 13.4. In connection with the introduction of Ind,, in Definition
13.3, the indicated generalisation Ind,, and Theorem 13.6 one gets the
following problem. So far we assumed tacitly that p (hence also I') and 2
are given according to (13.66). The question arises to which extent Ind,
depends for given p on €. It seems to be reasonable to indicate this possible
dependence and to write

Ind,(y) = Ind}(y) = Ind®(y), v €T =supp p.

Afterwards one may ask of whether Indg’Q is independent of 2. By Propo-
sition 13.5 and Problem 13.3 this is the case when I is a d-set. This might
be also possible for general isotropic Radon measures, if the conditions
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formulated in Problem 13.3 are satisfied. If y is not isotrop, then the inde-
pendence of €2 is at least questionable.

Is Ind;f"Q for given p and given p independent of Q0 if, and only if, u is
isotrop?

And what tells us for given (non-isotropic) u the collection of the indicators
Indg’Q about p and I' = supp p and in which language? In this context we
again refer to [48], [50].

13.5. nm-dimensional Weyl measures

13.5.1. Introduction and definitions

It is almost obvious that the theory for the operator B in the plane R?
as outlined in Section 13.4 has an n-dimensional counterpart. One finds
in [42], Theorem 19.7, p. 264/265, the n-dimensional generalisation of the
above Theorem 13.3 from 13.4.3 for the operator B. Now the respective
conditions and results depend on n. The couterpart of (13.49) reads now
as follows,

o~k T keN, n-2<d<n, (13.74)

(with0 <d < 1forn=1).

We are now interested in the operator By considered in Proposition
13.3(a). But it is not our aim to formulate most general assertions. Ac-
cording to Remark 13.6 we restrict ourselves to the distinguished limiting
cases

By =(id—A) % oid" : H?(R") — H?(R"). (13.75)

This means in case of n = 2, that the operator B given by (13.55) is
replaced by the operator By according to (13.75). Then the domain €2 does
not appear any longer and we have no physical interpretation as a fractal
drum (or a drum with fractal membrane). On the other hand, after the
necessary technical modifications many assertions for the operator B from
Section 13.4 can be carried over to the operator B; (in R?).

In the n-dimensional case we did the necessary preparations in the Sections
13.2 and 13.3 for the operator Bz and more general for

By = (id— A)®oid" : H*(R") — H*(R"),

s > 0, parallel to the operator B from Section 13.4. We refer to the
Proposition 13.3(a) from 13.2.3 and to the Theorems 13.1 and 13.2(a) from
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13.3.2. In analogy to (13.38) we introduce in H? (R") the specific scalar
product

(-9 g% @) = /(id — A7 f(z)- (id — A)ig(z) da. (13.76)
R
As for the operator B from Section 13.4, the operator Bz according to
(13.75), is a non-negative compact self-adjoint operator in H3 (R™). Its
positive eigenvalues g, counted with respect to their multiplicities, can be
ordered by magnitude,

01=02>032>-, ok—0 for k— oo (13.77)

Recall that (13.75) according to (13.25) and Proposition 13.3(a) from 13.2.3
is equivalent to the assertion that the trace operator

tr, : H?(R™) < Lo(T, ) (13.78)

exists. In analogy to Definition 13.1 from 13.4.4 we can now introduce Weyl
measures in R" as follows.

Definition 13.4. Let pu be a finite Radon measure in R" with compact
support I'. Then p is called a Weyl measure, if the trace operator tr, ac-
cording to (13.78) exists, if the operator Bz according to (13.75) is compact
and if for its positive eigenvalues gy, ordered according to (13.77), including
multiplicities,

kakil, ke N.

Remark 13.18. It can be seen easily that p is a Weyl measure in the
plane R? according to Definition 13.1 if, and only if, it is a Weyl measure
according to Definition 13.4.

13.5.2. Isotropic Weyl measures

It comes out that Theorem 13.5 from 13.4.5 can be carried over without
changes. For sake of completeness we give an explicit formulation. Let u be
a finite isotropic Radon measure in R™ according to (13.30), (13.31) with

i h(277) < oo.

Jj=0



438 H. Triebel

Then Bz from (13.75) is a compact, self-adjoint non-negative operator in
H%(R"), equipped with the scalar product from (13.76). This follows from
the considerations in 13.5.1 and from the Theorems 13.1 and 13.2(a) from
13.3.2.

Theorem 13.7. Let u be an isotropic Radon measure with (13.30),
(13.31). If

S hE@I)y~n(277),  forall JeN,
j=J

then u is a Weyl measure according to Definition 13.4 from 13.5.1.

Remark 13.19. This is the direct counterpart of Theorem 13.5 from
13.4.5, of Remark 13.14 in 13.4.5 and of the explanations and references
given there. In contrast to Theorem 13.5 we did not assume |[I'| = 0 where
I" = supp . But this is unimportant. Theorem 13.5 remains valid without
this assumption. In Section 13.4 our interest was restricted from the very
beginning to singular measures with |T'| = 0.

13.6. Methods

13.6.1. Introduction

The techniques which lead finally to the results as described above started
in [16]. The central point in [16] are quantitative assertions on compact
embedding operators between function spaces of type

id:  BQ)— B2(Q), s — pﬁl > 55— p% : (13.79)
0 < p1 < p2 < 00, expressed in terms of entropy numbers and approxima-
tion numbers. Here 2 is a bounded domain in R". The spaces H® = Bj
and C° = BJ  are special cases. The precise knowledge of entropy numbers
and approximation numbers had been used in [16] to develop a spectral
theory of (degenerate) elliptic (pseudo-)differential operators. Assertions
on embedding operators id of type (13.79) had been obtained in [16] by
using the Fourier-analytic definition of the spaces B;(R") and their restric-
tions on domains € in R"™. The step from domains €2 and (degenerate)
elliptic operators to fractals and related fractal elliptic operators had been
done in [41]. Tt is based on characterisations of function spaces in terms of
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quarkonial decompositons. The high flexibility of this technique admits not
only to discretise spaces of type B;(Q), but also to introduce correspond-
ing spaces on fractal sets. If, for example, I" is a compact d-set in R™ with
0 < d < n, then one can introduce spaces B, (T") via subatomic means and
one gets quantitative assertions about entropy numbers and approximation
numbers for compact embeddings of the type

d d
id . By (T') — B2(I), s1— p > 89 — ol

0 < p1 < pg < oco. This results in a spectral theory of fractal elliptic op-
erators which is the main point of the above considerations. We continued
these investigations in [42] and afterwards in the papers mentioned in the
references. Here we cannot give a precise description of these techniques
and how to use them. We restrict ourselves in 13.6.2 to a description of the
interplay between entropy numbers, approximation numbers and spectral
theory, in 13.6.3 to an outline of some quarkonial decompositions and, fi-
nally, in 13.6.4 to indicate roughly how these ingredients come together in
the context of the results described in this paper.

13.6.2. Entropy numbers and approximation numbers

Let T be a compact operator in the complex Banach space A. Furthermore,
let TU 4 be the pre-compact image of the unit ball U4 in A. For k € N the
entropy number ey (T) is defined as the infimum over all numbers € > 0,
such that TU4 can be covered by 2¢~1 balls in A of radius €. Since T is
compact, the spectrum of T' consists, outside of the origin on A, of at most
countably many eigenvalues gy, of finite algebraic multiplicity, which can be
ordered, including their algebraic multiplicities, by

lo1] > |o2| = o3| = ---, ox — 0 for k— oo, (13.80)

(where the last assertion must be dropped, if there are only finitely many
or no eigenvalues different from zero).

Proposition 13.6 (Carl’s inequality). Under the above assumptions
one has the uncertainty relation

V20| ™" er(T) > 1, k eN.

Remark 13.20. In other words, if one knows the geometric quantities
er(T) then the absolute values of the eigenvalues can be estimated from
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above. This inquality goes back to [11], [9]. Proofs and further explanations
may be found in [10] and [16].

In addition to the entropy numbers one needs the approximation num-
bers. Again let T' be a compact operator in the complex Banach space A.
With £ € N,

ap(T) =inf {||T - L|| : L€ L(A), rank L < k},

is the kth approximation number, where L(A) is the collection of all linear
and continuous operators in A, and rank L is the dimension of the image
of L.

Proposition 13.7. Let T be a compact non-negative self-adjoint operator
in the Hilbert space H and let oy be its positive eigenvalues ordered according
to (13.80). Then

ak(T):Qka ke N.

Remark 13.21. This is a special case of a well-known classical assertion.
We refer to [15], S. 91.

13.6.3. Quarkonial decompositions

The decisive instrument in the context of the results decribed in this paper
are quarkonial decompositions in function spaces. They had been invented
just for this purpose and had been presented in [41] for the first time. It
came out afterwards that these techniques can also be used for other pur-
poses. They resulted finally in [42] in a new constructive or Weierstrassian
approach to the theory of function spaces, including Taylor expansions of
distributions. The basic idea, for example, for function spaces in R" consists
of a combination of the well-known wavelet philosophy with the philosophy
of Taylor expansions, hence,

Y(z) = ¢ (272 —m) with () = 27P(z), zeR",  (13.81)

where j € Ng, m € Z", 3 € N} and 2’ = xfl-uaﬁ". Again Ny is the
collection of all non-negative integers, Z" is the lattice in R™ consisting of
all points © = (z1,...,2,) € R" with integer-valued components, and Ny
is the collection of all multi-indices 8 = (B1,...,0,) € R™ with 8; € Ny.
One asks for elementary building blocks v, such that one obtains with the



Fractal analysis, an approach via function spaces 441

help of (13.81) frames in the respective function spaces, where the frame-
coefficients (complex numbers) allow to decide in a definite way to which
function spaces the given and constructively expanded distribution belongs.
These techniques are highly flexible. They allow constructive approaches
not only to all function spaces of type By, and Fj, in R" for all admitted
parameters s, p, g, but also for respective spaces on domains 2 in R", on
manifolds and in particular on fractals. To provide a better understanding
we describe a comparatively simple, but typical case.

Let
B,(R") = B,,(R") with s>0 and 1<p<oo, (13.82)

are the well-known special Besov spaces. We do not give an explicit defini-
tion but we recall that

H*(R") = B{(R") and C*(R")=B: (R"), s3>0,

are the (fractional) Sobolev spaces and Holder-Zygmund spaces used in this
paper. As for the background of the respective theory of function spaces
we refer to [39], [40]. Let ¢ be a non-negative C'*° function in R™ with

supp ¢ C {y : |yl <2’}
and
Zz/;(x—m):l, x € R"™,
meZ"

for a suitable number J € N (resolution of unity in R™). Let
VP (x) = (277 2)P(x), xeR" [BeNj.
For given s and p according to (13.82) we introduce the elementary building
blocks, (-quarks,
(B-qu) jm (z) =27 i(s 1/15 (QJx—m), jeENg, meZ", §eNg.
(13.83)
The normalising factors ensure that

[(B-qu)jm [ By (R™)|| ~ 1, (13.84)

where the equivalence constants in (13.84) may depend on 5 € N, but
they are independent of j € Ny, m € Z™. Then a function f € L,(R")
belongs to Bj(R") if, and only if, it can be represented by

=D > AL (B-qu)jm(2), (13.85)

BENY jENg meZn
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with (8-qu)jpm, given by (13.83) and

NGl = Do Ml ] <o (13.86)
B,3,m
(with the usual modification for p = co). Here (13.85) with (13.86) con-
verges absolutely (and hence unconditionally) in L,(R™). Furthermore,

£ 1By (R)[[ ~ inf [|X |£], (13.87)

where the infimum is taken over all representations (13.85) with (13.86)
(equivalent norms). There are functions ®° € S(R™) (the usual Schwartz
space) and a number s € R, such that (13.85) with

X=X () = (f, 27708 (27 - —m))

is an optimal frame representation in B, (R"), and that (in obvious nota-
tion)

A [€pll ~ 11 1B (R™)]].

This theory started in [41] and had been developed afterwards systemat-
ically [42]. The above version is a modification and specialisation of a
corresponding presentation in [45], where, in particular, we calculated the
functions ®° explicitly. We refer also to [43], where we surveyed diverse
types of wavelet frames. Representations of the above type exist not only
for all spaces B;, (R") and Fj,(R™), but also for respective spaces on do-
mains and on fractals. For this extension it is crucial that the regular lattice
Z" in (13.85) can be replaced by irregular lattices which can be adapted
optimally to fractal sets.

13.6.4. Elements of proofs

The central point of the investigations in [41], [42] and also of the above
considerations is the spectral theory of fractal operators, hence assertions of
type (13.49), the indicated generalisation (13.74), and the question under
which conditions p is a Weyl measure. We explain the interplay of the
results described in 13.6.2 and 13.6.3 in a simplified way.

As in Theorem 13.3 from 13.4.3 we assume that € is a bounded C*° domain
in the plane R? and that I is a compact d-Menge with 0 < d < 2and " C Q.
Let 1 = H|T be the respective measure and

B=(-A)"toid,otr, : HY Q) — HYQ)
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be the operator given by (13.43). Let
try H'(Q) = HE (D, ),

where we use, without further explanations, the terminology from the lit-
erature mentioned above, especially [41], [42]. Here H? (T, 1) is a Sobolev
space on I' for which one has a quarkonial decomposition on I' in analogy
to (13.85) - (13.87). The embedding

id :  H?(T,p) — Lo(T, p) (13.88)

is compact. In obvious generalisation of the beginning in 13.6.2 one can
introduce entropy numbers for compact operators acting between Banach
spaces. Then one obtains for id from (13.88) that

ex(id) ~ k™2,  keN. (13.89)

The proof of (13.89) is based on quarkonial decompositions in H% (T, x) and
the resulting possibility to reduce problems of type (13.89) to the calculation
of entropy numbers for embeddings between weighted ¢5 spaces. They can
be calculated. On the other hand it comes out that the positive eigenvalues
of v/B, hence g%, can be estimated from above by e (id), using Proposition
13.6 from 13.6.2, hence

1
op < cep(id) ~ ke

Furthermore, the corresponding approximation numbers ay(id) can be es-
timated from below in a similar way. Using Proposition 13.7 from 13.6.2
one gets finally

ok ~ k71, keN,

and hence (13.49). Details may be found in the quoted literature. It is the
aim of the above outline to provide a first glimpse about the interplay of
the results sketched in 13.6.2 and 13.6.3.

13.7. Epilogue

According to the quotations in the Introduction fractal geometry and fractal
analysis search for footpaths through the fractal wilderness. We hope, sup-
ported by the above discussions, that the recent theory of function spaces,
opens up a new track: somewhat away from the fashionable resorts of
self-similarity and IFS (iterated function systems), preferably hiking in the
isotropic area, glancing bewildered at the surrounding non-isotropic jungle.
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The key equipment consists of quarkonial decompositions of type (13.85)
in R™ and on fractal sets I" in R™, which result finally in spaces of type

B, (T), seR, 1<p<oo,

and in a C*-theory or, better, (D(T'), D'(T'))-theory on I'. As indicated
in [51], 3.3 (but not treated in detail so far) such a theory can be ex-
tended by means of euclidean charts (in analogy to atlasses of local charts
in Riemannian geometry) and by means of snowflaked transforms to some
quasi-metric spaces. This may serve as a basis for a respective analysis
on such quasi-metric spaces. Such a way is characterised by the symbiotic
relationship between

(i) the smooth and the non-smooth,
(ii) the dimensionality and the fractality,
(iii) the fractal geometry and the fractal analysis.

Here the left-hand sides of (i) - (iii) profit from the right-hand sides and
vice versa.

One of the most spectacular proofs of one of the most famous problems
in mathematics is connected with twisted (spiralling, [34]) or, how one
could call it nowadays fractal embeddings of abstract structures in euclidean
spaces. J. Nash proved in [34], [35], that every n-dimensional Riemannian
C* manifold can be isometrically embedded in an euclidean spaces RY
with 2N = n(n + 1)(3n + 11). We refer for details to [3], p. 123. This goal
was reached in [35] based on the preceding paper [34]. The Cl-isometries
treated there are related to fractal embeddings. We quote from [33], p. 158:

He (Nash) showed that you could fold the manifold like a silk handkerchief,
without distorting it. Nobody would have expected Nash’s theorem to be
true. In fact, everyone would have expected it to be false. M. Gromov (In-
terview, 1997): Psychologically the barrier he broke is absolutely fantastic.
... There has been some tendency in recent decades to move from harmonic
to chaos. Nash says chaos is just around the corner. J. Conway (Interview,
1994) called Nash’s result one of the most important pieces of mathematical
analysis of this century.
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