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Preface

The Minicorsi of Mathematical Analysis have been held at the University of

Padova since 1998, and the subject of the Lectures ranges in various areas of

Mathematical Analysis including Complex Variable, Differential Equations,

Geometric Measure Theory, Harmonic Analysis, Potential Theory, Spectral

Theory.

The purposes of the Minicorsi are:

• to provide an update on the most recent research themes in the

field,

• to provide a presentation accessible also to beginners.

The Lecturers have been selected both on the basis of their outstand-

ing scientific level, and on their clarity of exposition. Thus the Minicorsi

and the present collection of Lectures are particularly indicated to young

Researchers and to Graduate Students.

In this volume, the organizers have collected most of the lectures held

in the years 2000–2003, and intend to provide the reader with material oth-

erwise difficult to find and written in a way also accessible to nonexperts.

The organizers wish to express their sincere gratitude to the several

participants who have contributed to the success of the Minicorsi.

The organizers are also indebted to the University of Padova, and in par-

ticular to the ‘Dipartimento di Metodi e Modelli Matematici per le Scienze

Applicate’, and to the ‘Dipartimento di Matematica Pura ed Applicata’ of

the University of Padova, both for the hospitality, and for the financial sup-

port. The organizers also acknowledge the financial support offered by the

‘Gruppo Nazionale per l’Analisi Matematica, la Probabilità e le loro Appli-

cazioni’, and the European Commission IHP Network “Harmonic Analysis

and Related Problems”.

P. Ciatti, E. Gonzalez, M. Lanza de Cristoforis, G.P. Leonardi
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Chapter 1

Integral representations in complex, hypercomplex and

Clifford analysis∗

Heinrich Begehr

Freie Universität Berlin, Mathematisches Institut
14195 Berlin, Germany

begehr@math.fu-berlin.de

Contents

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Complex case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.1 Complex first order systems . . . . . . . . . . . . . . . . . . . . . 5
1.2.2 Complex second order equations . . . . . . . . . . . . . . . . . . 6
1.2.3 Complex higher order equations . . . . . . . . . . . . . . . . . . . 9
1.2.4 Orthogonal decomposition of L2(D; C) . . . . . . . . . . . . . . . 13

1.3 Several complex variables . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.4 Clifford analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.1. Introduction

Integral representations are one of the main tools in analysis. They are use-

ful to determine properties of the functions represented such as smoothness,

differentiability, boundary behaviour etc. They serve to reduce boundary

value problems etc. for differential equations to integral equations and thus

lead to existence and uniqueness proofs. Well–known representation formu-

las are the Cauchy formula for analytic functions and the Green represen-

tation for harmonic functions. Both these formulas are consequences from
∗From lecture notes of the minicorsi at Padova University in June 2000 and presented
at AMADE 2001 in February 2001. Published in Integral Transformations and Special
Functions 13 (2002), 223–241.
See also http://www.tandf.co.uk/journals/titles/10652469.asp.
The author is grateful to Taylor and Francis for permitting republication.
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the Gauss divergence theorem where the area integral disappears because

homogeneous equations (Cauchy–Riemann and Laplace, respectively) are

considered. In the cases of inhomogeneous Cauchy–Riemann equations and

the Poisson equation, the area integrals appearing lead to area integral op-

erators of the Pompeiu type. They determine particular solutions to the

inhomogeneous equation under consideration.

Now we make the following simple observation. Let ∂ be a linear differ-

ential operator and T be its related Pompeiu integral operator. Then ∂T is

the identity mapping for a proper function space. For any power ∂k, k ∈ N,

then the iteration T k obviously is its right inverse, ∂kT k is the identity

again. More generally for two such differential operators ∂1, ∂2 with right

inverses T1, T2 then the iteration T2T1 is right inverse to ∂1∂2.

On this basis particular solutions for higher order differential operators

can be constructed leading also to fundamental solutions. Moreover, these

integral operators are useful for determining particular solutions to any

higher order differential equation the leading term of which is related to

them. In fact, one can solve boundary value problems to these higher order

equations if, besides the particular solution for the leading term through the

Pompeiu operator, the general solution to the related homogeneous leading

term operator equation is taken into consideration.

This sketched procedure can be followed in complex, hypercomplex and

Clifford analysis. But the resulting representation formulas of Cauchy-

Pompeiu type do not automatically give solutions to related boundary

value problems. This, however, is the case whenever these problems are

solvable. This phenomenon is known already from the Cauchy formula.

Not all functions on the boundary of a domain are boundary values of

the analytic functions determined by their Cauchy integrals. In particular

solvability conditions have to be observed in the theory of several complex

variables where also compatibility conditions for the systems considered are

important.

In these lectures the hierarchy of Pompeiu integral operators in the

complex case will be presented and some higher order Cauchy–Pompeiu

representation formulas given. As an application some orthogonal decom-

positions of the Hilbert space L2(G; C), G ⊂ C a regular domain, are given.

For several complex variables only some results on bidomains are included.

As the theory in hypercomplex analysis is analogue to the complex case

only some references [2, 9] are given. The situation in Clifford analysis is

shortly explained.
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1.2. Complex case

Gauss divergence theorem. Let D ⊂ R2 be a regular domain, f, g ∈
C1(D; R) ∩ C(D; R). Then

∫

D

(fx + gy) dx dy =

∫

∂D

{f dy − g dx} .

Complex forms: z = x+ iy, ∂z = 1
2 (∂x − i∂y) , ∂z = 1

2 (∂x + i∂y),

w = u+ iv ∈ C1(D; C) ∩ C(D; C). Then
∫

D

wzdx dy =
1

2i

∫

∂D

w dz ,

∫

D

wzdx dy = − 1

2i

∫

∂D

w dz .

Cauchy–Pompeiu Representation. Let w ∈ C1(D; C)∩C(D; C). Then

with ζ = ξ + iη

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

wζ(ζ)
dξ dη

ζ − z
,

w(z) = − 1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

wζ(ζ)
dξ dη

ζ − z
.

Pompeiu Operator. Let f ∈ L1(D; C). Then

Tf(z) = − 1

π

∫

D

f(ζ)
dξ dη

ζ − z
, Tf(z) = − 1

π

∫

D

f(ζ)
dξ dη

ζ − z
.

Properties of these operators are developed in [13], see also [1]. Important

are

∂zTf = f , ∂zTf = Πf , f ∈ L1(D; C) ,

where

Πf(z) = − 1

π

∫

D

f(ζ)
dξ dη

(ζ − z)2

is a singular integral operator of Calderon–Zygmund type to be taken as a

Cauchy principal integral. Here the derivatives are taken in the weak sense.

1.2.1. Complex first order systems

Theorem 1.1. Any solution to wz = f in D, f ∈ L1(D; C), is repre-

sentable via w = ϕ+ Tf where ϕ is analytic in D.
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Proof. (1) Obviously ϕ+ Tf with ϕz = 0 is a solution.

(2) If w is a solution then (w − Tf)z = 0 i.e. is analytic. �

Generalized Beltrami equation:

wz + µ1wz + µ2wz + aw + bw = f , |µ1(z)| + |µ2(z)| ≤ q0 < 1 .

Find a particular solution in the form w = Tρ! Then ρ must satisfy the

singular integral equation

ρ+ µ1Πρ+ µ2Πρ+ a Tρ+ b Tρ = f .

As µ1Πρ+µ2Πρ is contractive and a Tρ+ b Tρ is compact this problem

is solvable.

1.2.2. Complex second order equations

There are two principally different second order elliptic differential opera-

tors the main part of which is either the Laplace or the Bitsadze operator.

As in the case of the generalized Beltrami equation the solutions to the

inhomogeneous Laplace and Bitsadze equations can be used to solve the

general equations of second order.

1.2.2.1. Poisson equation wzz = f

The Cauchy–Pompeiu formulas

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ − τ
− 1

π

∫

D

w
ζ̃
(ζ̃)

dξ̃ dη̃

ζ̃ − z
,

w
ζ̃
(ζ̃) = − 1

2πi

∫

∂D

wζ(ζ)
dζ

ζ − ζ̃
− 1

π

∫

D

wζζ(ζ)
dξ dη

ζ − ζ̃

lead to

w(z) =
1

2πi

∫

∂D

{
w(ζ)

ζ − z
dζ − ψ(ζ, z)wζ(ζ) dζ

}
(1.1)

− 1

π

∫

D

ψ(ζ, z)wζζ(ζ) dξ dη

with

ψ(ζ, z) =
1

π

∫

D

1

ζ̃ − ζ

dξ̃ dη̃

ζ̃ − z
.
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Applying the Cauchy–Pompeiu formula to log |ζ − z|2 in the domain Dε =

D\{z : |z − ζ| ≤ ε} for sufficiently small positive ε gives

log |ζ − z|2 =
1

2πi

∫

∂Dε

log |ζ − ζ̃|2 dζ̃

ζ̃ − z
− 1

π

∫

Dε

1

ζ̃ − ζ

dξ̃ dη̃

ζ̃ − z
.

As for ζ 6= z

1

2πi

∫

|ζ̃−ζ|=ε
log |ζ − ζ̃|2 dζ̃

ζ̃ − z
=
ε log ε

π

∫ 2π

0

eit

εeit + ζ − z
dt

and

1

π

∫

|ζ̃−ζ|<ε

1

ζ̃ − ζ

dξ̃ dη̃

ζ̃ − z
=

1

π

∫ 2π

0

∫ ε

0

eit
dt dr

reit + ζ − z

tend to zero with ε then

log |ζ − z|2 = ψ̃(ζ, z) − ψ(ζ, z) (1.2)

with

ψ̃(ζ, z) =
1

2πi

∫

∂D

log |ζ̃ − ζ|2 dζ̃

ζ̃ − z
.

Because for z, ζ ∈ D

∂ζψ̃(ζ, z) = − 1

2πi

∫

∂D

dζ̃

(ζ̃ − ζ)(ζ̃ − z)

= − 1

2πi

∫

∂D

(
1

ζ̃ − ζ
− 1

ζ̃ − z

)
dζ̃

ζ − z
= 0

from the Gauss theorem

1

2πi

∫

∂D

ψ̃(ζ, z)wζ(ζ) dζ +
1

π

∫

D

ψ̃(ζ, z)wζζ(ζ) dξ dη = 0 .

Adding this to the right–hand side of (1.1) and observing (1.2) show

w(z) =
1

2πi

∫

∂D

w(ζ)

ζ − z
dζ +

1

2πi

∫

∂D

log |ζ − z|2wζ(ζ) dζ

+
1

π

∫

D

log |ζ − z|2wζζ(ζ) dξ dη .
(1.3)

As is well known 2/π log |ζ−z| is the fundamental solution to the Laplacian

∂z∂z . The representation (1.3) has the form

w = ϕ+ ψ + T1,1f , f = wzz ,

with analytic functions ϕ and ψ.
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1.2.2.2. Bitsadze equation wz z = f

Similarly to the preceding subsection the Cauchy–Pompeiu formulas

w(z) =
1

2πi

∫

∂D

w(ζ)
dζ

ζ − z
− 1

π

∫

D

w
ζ̃
(ζ̃)

dξ̃ dη̃

ζ̃ − z
,

w
ζ̃
(ζ̃) =

1

2πi

∫

∂D

wζ(ζ)
dζ

ζ − ζ̃
− 1

π

∫

D

wζ ζ(ζ)
dξ dη

ζ − ζ̃

imply

w(z) =
1

2πi

∫

∂D

{
w(ζ)

ζ − z
+ ψ(ζ, z)wζ(ζ)

}
dζ − 1

π

∫

D

ψ(ζ, z)wζ ζ(ζ) dξ dη

(1.4)

with

ψ(ζ, z) =
1

π

∫

D

1

ζ̃ − ζ

dξ̃ dη̃

ζ̃ − z
.

Applying the Cauchy–Pompeiu formula to ζ−z
ζ−z in the domain Dε = D\{z :

|z − ζ| ≤ ε} for sufficiently small positive ε gives

ζ − z

ζ − z
=

1

2πi

∫

∂Dε

ζ − ζ̃

ζ − ζ̃

dζ̃

ζ̃ − z
+

1

π

∫

Dε

1

ζ − ζ̃

dξ̃ dη̃

ζ̃ − z
.

Observing that when ε tends to zero

1

2πi

∫

|ζ̃−ζ|=ε

ζ̃ − ζ

ζ̃ − ζ

dζ̃

ζ̃ − z
=

ε

2π

∫ 2π

0

e−it
dt

εeit + ζ − z

and

1

π

∫

|ζ̃−ζ|<ε

1

ζ̃ − ζ

dζ̃ dη̃

ζ̃ − z
=

1

π

∫ 2π

0

∫ ε

0

e−it
dt dr

reit + ζ − z

tend to zero then

ζ − z

ζ − z
= ψ̃(ζ, z) − ψ(ζ, z) (1.5)

with

ψ̃(ζ, z) =
1

2πi

∫

∂D

ζ̃ − ζ

ζ̃ − ζ

dζ̃

ζ̃ − z
.

As for z, ζ ∈ D

∂ζψ̃(ζ, z) = − 1

2πi

∫

∂D

1

ζ̃ − ζ

dζ̃

ζ̃ − z
= 0
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from the Gauss theorem

1

2πi

∫

∂D

ψ̃(ζ, z)wζ(ζ) dζ −
1

π

∫

D

ψ̃(ζ, z)wζ ζ(ζ) dξ dη = 0 .

Subtracting this from the right–hand side of (1.4) and observing (1.5) lead

to

w(z) =
1

2πi

∫

∂D

w(ζ)

ζ − z
dζ − 1

2πi

∫

∂D

ζ − z

ζ − z
wζ(ζ) dζ (1.6)

+
1

π

∫

D

ζ − z

ζ − z
wζ ζ(ζ) dξ dη .

The kernel (ζ − z)/[(ζ − z)π] is the fundamental kernel to the Bitsadze

operator ∂2
z . Representation (1.6) is of the form

w = ϕ+ zψ + T0,2f , f = wz z ,

with analytic functions ϕ und ψ.

1.2.2.3. General complex second order equations

A general second order equation with leading term ∂2
z has the form

wz z + µ1wzz + µ2wzz + a1wz + a2wz + b1wz + b2wz + c1w + c2w = d

where |µ1(z)|+|µ2(z)| ≤ q0 < 1. Setting wz z = f so that w = ϕ+zψ+T0,2f

leads to a singular integral equation for f . With proper integral operators

Tµ,ν , see the following section, it is, similarly to the generalized Beltrami

equation,

f + µ1T−1,1f + µ2T1,−1f + a1T0,1f + a2T1,0f + b1T−1,2f + b2T2,−1f

+c1T0,2f + c2T2,0f = d− µ1ψ
′ − µ2ψ′ − a1ψ − a2ψ − b1(ϕ′ + zψ′)

−b2(ϕ′ + zψ′) − c1(ϕ+ zψ) − c2(ϕ+ zψ) .

Here T−1,1 and T1,−1 are singular integral operators while the other ones

are just weakly singular and give a compact operator.

1.2.3. Complex higher order equations

Continuing in the way indicated in the preceding subsections the prototyp

∂mz ∂
n
z w = f can be treated in regular domains D ⊂ C.
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Definition 1.1. Let for m,n ∈ Z, 0 ≤ m+ n, 1 ≤ m2 + n2

Km,n(z) =





(−m)!(−1)m

(n− 1)! π
zm−1zn−1 , m ≤ 0 ,

(−n)! (−1)n

(m− 1)! π
zm−1zn−1 , n ≤ 0 ,

zm−1zn−1

(m− 1)! (n− 1)! π

[
log |z|2 −

m−1∑

µ=1

1

µ
−
n−1∑

ν=1

1

ν

]
, 1 ≤ m,n.

These kernel functions determine fundamental solutions to ∂mz ∂
n
z for 0 ≤

m,n, 0 < m2 + n2, see [8]. Their essential properties are

Km,n = ∂zKm+1,n = ∂zKm,n+1

and

∫

|z|<R
|Km,n(z)| dx dy < +∞ for 0 < m+ n , 0 < R .

Definition 1.2. For D ⊂ C a domain, f ∈ L1(D; C) and m,n ∈ Z with

0 ≤ m+ n

Tm,nf(z) =

∫

D

Km,n(z − ζ) f(ζ) dξ dη if 1 ≤ m2 + n2 ,

T0,0f(z) = f(z) .

This is a hierarchy of integral operators with the Pompeiu operators as

basic elements, namely

T0,1 = T , T1,0 = T , T−1,1 = Π , T1,−1 = Π .

Tm,n is a weakly singular integral operator for 0 < m+ n but strongly

singular of Calderon–Zygmund type to be understood as a Cauchy principal
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value integral operator if m+ n = 0 but 0 < m2 + n2. Moreover,

|Tm,nf(z)| ≤M ‖f‖p , 1 < p , 1 ≤ m+ n , |z| ≤ R ,

|Tm,nf(z1) − Tm,nf(z2)| ≤M |z1 − z2|α , |z1|, |z2| ≤ R ,

α =

{
(p− 2)/p , m+ n = 1 , 2 < p ,

1 , m+ n = 2 , 2 < p ; 3 ≤ m+ n , 1 ≤ p ,

‖Tm,−mf‖p,C ≤M(p) ‖f‖p,D , m 6= 0 ,

‖Tm,−mf‖2,C ≤ ‖f‖2,C .

For details see [8].

There is a higher order Cauchy–Pompeiu formula related to the differ-

ential operator ∂mz ∂
n
z . For simplicity only a particular case is presented

here.

A higher–order Cauchy–Pompeiu formula Let D ⊂ C be a regular

domain and w ∈ Cm(D; C) ∩Cm−1(D; C), 1 ≤ m. Then

w(z) =

m−1∑

µ=0

1

2πi

∫

∂D

1

µ!

(z − ζ)µ

ζ − z
∂µ
ζ
w(ζ) dζ

− 1

π

∫

D

1

(m− 1)!

(z − ζ)m−1

ζ − z
∂m
ζ
w(ζ) dξ dη .

Proof. (1) For m = 1 the formula coincides with one of the basic

Cauchy–Pompeiu formulas.

(2) Assuming the formula holds for some m, 1 ≤ m, from the Gauss
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theorem

1

π

∫

D

1

m!

(z − ζ)m

ζ − z
∂m+1

ζ
w(ζ) dξ dη

=
1

π

∫

D

{
∂ζ

[ 1

m!

(z − ζ)m

ζ − z
∂m
ζ
w(ζ)

]

+
1

(m− 1)!

(z − ζ)m−1

ζ − z
∂m
ζ
w(ζ)

}
dξ dη

=
1

2πi

∫

∂D

1

m!

(z − ζ)m

ζ − z
∂m
ζ
w(ζ) dζ

+
1

π

∫

D

1

(m− 1)!

(z − ζ)m−1

ζ − z
∂m
ζ
w(ζ) dξ dη .

This identity gives the formula for m+ 1 rather than m. �

Corollary 1.1. Any w ∈ Cm(D; C) ∩ Cm−1(D; C), 1 ≤ m, with ∂mz w = f

is representable as

w(z) =

m−1∑

µ=0

ϕµ(z) zµ + T0,mf(z) . (1.7)

Here ϕµ, 0 ≤ µ ≤ m − 1, is analytic.
∑m−1

µ=0 ϕµ(z) zµ is as a polyana-

lytic function of order m, the general solution to the homogeneous equation

∂mz ϕ = 0.

A complex m–th order equation of the form

∂mz w +
∑

ρ+σ=m
σ 6=0

µρσ∂
ρ
z∂

σ
zw = F (z, ∂ρz∂

σ
z w (0 ≤ ρ+ σ < m))

with
∑

ρ+σ=m
σ 6=0

|µρσ(z)| ≤ q0 < 1

is transformed through (1.7) into a singular integral equation of the form

f +
∑

ρ+σ=m
σ 6=0

µρσT−σ,m−ρf − F (z, T−σ,m−ρf (0 ≤ ρ+ σ < m))

= G(ϕµ(0 ≤ µ ≤ m− 1)) .

Proper boundary conditions serve to determine the ϕµ through f and the

boundary data.
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1.2.4. Orthogonal decomposition of L2(D; C)

The inner product for the Hilbert space of square integrable functions in D

is defined as

(f, g) =

∫

D

f(z) g(z) dx dy .

As before D ⊂ C is a regular domain.

Definition 1.3. The subset of polyholomorphic functions of order k ≥ 1

in L2(D; C) is

Ok,2(D; C) = {f : f ∈ L2(D; C), ∂kz f = 0 in D} .

Its orthogonal complement is denoted by

O⊥
k,2(D; C) = {g : g ∈ L2(D; C), (g, f) = 0 for all f ∈ Ok,2(D; C)} .

As usual

◦
Wk2(D; C) = {f : f ∈ W k

2 (D; C) , ∂νz f = 0 on ∂D, 0 ≤ ν ≤ k − 1}

denotes the subspace of functions with vanishing boundary data of the

Sobolev space W k
2 (D; C). To the latter belong all functions with weak

derivatives up to the k–th order in L2(D; C).

Lemma 1.1. For q ∈ O⊥
k,2(D; C) the problem

∂kz r = q in D , ∂νz r = 0 on ∂D for 0 ≤ ν ≤ k − 1

is equivalent to the problem

∆kr = 4k∂kz q in D, ∂νz r = 0 on ∂D for 0 ≤ ν ≤ k − 1 .

Proof. (1) Applying 4k∂kz to ∂kz r = q shows ∆kr = 4k∂kz q.

(2) A solution r to the second problem satisfies

∂kz (∂kz r − q) = 0 .

Hence, ∂kz r − q ∈ Ok,2(D; C) .
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Let now r ∈
◦
Wk2(D; C) and ϕ ∈ Ok,2(D; C) then

(∂kz r, ϕ) =

∫

D

∂kz r(z)ϕ(z) dx dy

=

∫

D

{
∂z [∂

k−1
z r(z)ϕ(z)] − ∂k−1

z r(z) ∂zϕ(z)
}
dx dy

=
1

2i

∫

∂D

∂k−1
z r(z) ϕ(z) dz −

∫

D

∂k−1
z r(z) ∂zϕ(z) dx dy = · · ·

= (−1)k
∫

D

r(z) ∂kzϕ(z) dx dy = 0 .

Thus, ∂kz r ∈ O⊥
k,2(D; C). As also q ∈ O⊥

k,2(D; C) then ∂kz r−q ∈ O⊥
k,2(D; C).

Therefore ∂kz r − q = 0. �

Remark. While the problem

∂kz r = q in D , ∂νz r = 0 on ∂D for 0 ≤ ν ≤ k − 1

is overdetermined, the problem

∆kr = q̃ in D , ∂νz r = 0 on ∂D for 0 ≤ ν ≤ k − 1

is well–posed.

Theorem 1.2. For regular domains D ⊂ C

O⊥
k,2(D; C) = ∂kz

◦
Wk2(D; C) .

Proof. (1) Consider for q ∈ O⊥
k,2(D; C) the problem

∂kz r = q in D , ∂νz r = 0 on ∂D for 0 ≤ ν ≤ k − 1 .

This problem is solvable according to the preceding lemma. The solution

is representable via the Cauchy–Pompeiu formula

r(z) = −
k−1∑

µ=0

1

2πi

∫

∂D

1

µ!

(z − ζ)µ

ζ − z
∂µζ r(ζ) dζ

− 1

π

∫

D

1

(k − 1)!

(z − ζ)k−1

ζ − z
∂kζ r(ζ) dξ dη
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so that

r(z) = − 1

π

∫

D

1

(k − 1)!

(z − ζ)k−1

ζ − z
q(ζ) dξ dη .

The Green function

Gk(z, ζ) =
1

(k − 1)!2
|ζ − z|2(k−1)[log |ζ − z|2 − 2

k−1∑

ρ=1

1

ρ
] + hk(z, ζ)

of the differential operator ∆k where hk ∈ C2k(D×D; C)∩C2k−1(D×D; C)

with ∆k
zhk(z, ζ) = 0 in D ×D, ∂ρzGk(z, ζ) = 0, ∂ρzGk(z, ζ) = 0 on ∂D ×D

for 0 ≤ ρ ≤ k − 1 satisfies

∂k
ζ
Gk(z, ζ) =

(ζ − z)k−1

(k − 1)!

1

ζ − z
+ ∂k

ζ
hk(z, ζ) .

From the Gauss theorem∫

D

∂k
ζ
hk(z, ζ) ∂kζ r(ζ) dξ dη

=

∫

D

{∂ζ [∂kζ hk(z, ζ) ∂k−1
ζ r(ζ)] − ∂ζ∂

k
ζ
hk(z, ζ) ∂k−1

ζ r(ζ)} dξ dη

= − 1

2i

∫

∂D

∂k
ζ
hk(z, ζ) ∂k−1

ζ r(ζ) dζ −
∫

D

∂ζ∂
k
ζ
hk(z, ζ) ∂k−1

ζ r(ζ) dξ dη

= · · · = (−1)k
∫

D

∂kζ ∂
k
ζ
hk(z, ζ) r(ζ) dξ dη = 0

follows. Adding this to the representation of r gives

r(z) =
(−1)k

π

∫

D

∂k
ζ
Gk(z, ζ) q(ζ) dξ dη

= − 1

π

∫

D

1

(k − 1)!

(z − ζ)k−1

ζ − z
q(ζ) dξ dη .

By differentiation

∂k−νz r(z) =
(−1)k

π

∫

D

∂k
ζ
∂k−νz Gk(z, ζ) q(ζ) dξ dη

= − 1

π

∫

D

1

(ν − 1)!

(z − ζ)ν−1

ζ − z
q(ζ) dξ dη

follows for 1 ≤ ν ≤ k. From here

‖r‖Wk
2
≤M ‖q‖L2
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can be shown. As r ∈
◦
Wk2(D; C) satisfies ∂kz r = q one has q ∈ ∂kz

◦
Wk2(D; C).

(2) Let q ∈ ∂kz
◦
Wk2(D; C). Then there exists an r ∈

◦
Wk2(D; C) such that

∂kz r = q in D, ∂νz r = 0 on ∂D for 0 ≤ ν ≤ k − 1. Let now ϕ ∈ Ok,2(D; C).

Then as before

(q, ϕ) =

∫

D

∂kz r(z)ϕ(z) dx dy = (−1)k
∫

D

r(z) ∂kzϕ(z) dx dy = 0 .

Thus q ∈ O⊥
k,2(D; C). �

Corollary 1.2. For regular domains D ⊂ C

L2(D; C) = Ok,2(D; C) ⊕ ∂kz
◦
Wk2(D; C) .

By interchanging the roles of z and z a dual result is available. In the same

way L2(D; C) can be orthogonally decomposed with respect to polyharmonic

functions.

Definition 1.4. The subset of polyharmonic functions of order k ≥ 1 in

L2(D; C) is

Hk,2(D; C) = {f : f ∈ L2(D; C), ∂kz ∂
k
z f = 0 in D} .

Its orthogonal complement is denoted by

H⊥
k,2(D; C) = {g : g ∈ L2(D; C), (g, f) = 0 for all f ∈ Hk,2(D; C)} .

Moreover,

◦
W2k

∆k,2(D; C) = {f : f ∈W 2k
2 (D; C), ∂νz ∂

ν
z f = 0, ∂ν+1

z ∂νz f = 0 ,

∂νz ∂
ν+1
z f = 0 on ∂G for 0 ≤ ν ≤ k − 1} .

Theorem 1.3. For regular domains D ⊂ C

H⊥
k,2(D; C) = ∂kz ∂

k
z

◦
W2k

∆k,2(D; C)

and

L2(D; C) = Hk,2(D; C) ⊕ ∂kz ∂
k
z

◦
W2k

∆k,2(D; C) .

For a proof see [7].
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1.3. Several complex variables

Quite a natural extension of the representation formulas for one complex

variable to higher dimensions is available for polydomains. In principle

the unit ball can be treated too, see [4, 5], but because of the complicated

structure of the Pompeiu operator, see [12], iterations cannot yet be given

explictly. In order to present the concept of the procedure for polydomains

just bidomains are studied in C2. The extension to higher dimensions is

then obvious, see [6].

Theorem 1.4. Let D1 and D2 be regular domains in C and D = D1×D2 ⊂
C2 be the bidomain composed by D1 and D2 and ∂0D = ∂D1 × ∂D2 the

distinguished boundary of D. Any w ∈ C1(D; C) ∩ C(D ∪ ∂0D; C) can be

represented as

w(z1, z2) =
1

(2πi)2

∫

∂D1

∫

∂D2

w(ζ1, ζ2)
dζ1

ζ1 − z1

dζ2
ζ2 − z2

− 1

π

∫

D1

wζ1 (ζ1, z2)
dξ1dη1
ζ1 − z1

− 1

π

∫

D2

wζ2(z1, ζ2)
dξ2dη2
ζ2 − z2

− 1

π2

∫

D1

∫

D2

wζ1 ζ2(ζ1, ζ2)
dξ1dη1
ζ1 − z1

dξ2dη2
ζ2 − z2

. (1.8)

Proof. Applying the Cauchy–Pompeiu formula for D1 and then for D2

gives

w(z1, z2) =
1

2πi

∫

∂D1

w(ζ1, z2)
dζ1

ζ1 − z1
− 1

π

∫

D1

wζ1(ζ1, z2)
dξ1dη1
ζ1 − z1

=
1

(2πi)2

∫

∂D1

∫

∂D2

w(ζ1, ζ2)
dζ1

ζ1 − z1

dζ2
ζ2 − z2

− 1

2π2i

∫

∂D1

∫

D2

wζ2(ζ1, ζ2)
dξ2dη2
ζ2 − z2

dζ1
ζ1 − z1

− 1

2π2i

∫

D1

∫

∂D2

wζ1(ζ1, ζ2)
dζ2

ζ2 − z2

dξ1dη1
ζ1 − z1

+
1

π2

∫

D1

∫

D2

wζ1 ζ2(ζ1, ζ2)
dξ1dη1
ζ1 − z1

dξ2dη2
ζ2 − z2

.
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With

1

π

∫

D1

wζ1 (ζ1, z2)
dξ1dη1
ζ1 − z1

=
1

2π2i

∫

D1

∫

∂D2

wζ1(ζ1, ζ2)
dζ2

ζ2 − z2

dξ1dη1
ζ1 − z1

− 1

π2

∫

D1

∫

D2

wζ1 ζ2(ζ1, ζ2)
dξ1dη1
ζ1 − z2

dξ2dη2
ζ2 − z2

,

1

π

∫

D2

wζ2 (z1, ζ2)
dξ2dη2
ζ2 − z2

=
1

2π2i

∫

∂D1

∫

D2

wζ2(ζ1, ζ2)
dξ2dη2
ζ2 − z2

dζ1
ζ1 − z1

− 1

π2

∫

D1

∫

D2

wζ1 ζ2(ζ1, ζ2)
dξ1dη1
ζ1 − z2

dξ2dη2
ζ2 − z2

the above formula follows. �

Remarks. For polydomains Ck(D; C) denotes the set of complex func-

tions in D having continuous derivatives with respect to any single variable

up to order k. E.g. for a bidomain D and k = 1 the functions w have con-

tinuous derivatives wz1 , wz1 , wz2 , wz2 , wz1z2 , wz1z2 , wz1 z2 , wz1 z2 . Other

representation formulas are available by replacing ζk by ζk for one index or

both indices k = 1, 2. The respective representation in the case of Cn is

w(z) =
1

(2πi)n

∫

∂0D

w(ζ)

n∏

ν=1

dζν
ζν − zν

−
n∑

ν=1

∑

1≤ρ1<···<ρν≤n

1

πν

∫

Dρ1

· · ·
∫

Dρν

wζρ1 ···ζρν
(ζ)

ν∏

µ=1

dξρµdηρµ

ζρµ − zρµ

.

In this formula components of ζ not integrated upon have to be interpreted

as z–components.

Iterating (1.8) leads to a second order representation.
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Theorem 1.5. Any w ∈ C2(D; C)∩C1(D ∪ ∂0D; C) can be represented as

well as

w(z1, z2) =
1

(2πi)2

∫

∂D1

∫

∂D2

{
w(ζ1, ζ2)

(ζ1 − z1)(ζ2 − z2)
−
wζ1(ζ1, ζ2)

ζ2 − z2

ζ1 − z1
ζ1 − z1

−
wζ2(ζ1, ζ2)

ζ1 − z1

ζ2 − z2
ζ2 − z2

+ wζ1 ζ2(ζ1, ζ2)
ζ1 − z1
ζ1 − z1

ζ2 − z2
ζ2 − z2

}
dζ1dζ2

+
1

π

∫

D1

wζ1 ζ1(ζ1, z2)
ζ1 − z1
ζ1 − z1

dξ1dη1 (1.9)

+
1

π

∫

D2

wζ2 ζ2(z1, ζ2)
ζ2 − z2
ζ2 − z2

dξ2dη2

− 1

π2

∫

D1

∫

D2

wζ1 ζ1 ζ2 ζ2(ζ1, ζ2)
ζ1 − z1
ζ1 − z1

ζ2 − z2
ζ2 − z2

dξ1dη1dξ2dη2

as via

w(z1, z2) =
1

(2πi)2

∫

∂D1

∫

∂D2

{
w(ζ1, ζ2)

(ζ1 − z1)(ζ2 − z2)
−
wζ1(ζ1, ζ2)

ζ2 − z2

ζ1 − z1
ζ1 − z1

−
wζ2(ζ1, ζ2)

ζ1 − z1

ζ2 − z2
ζ2 − z2

}
dζ1dζ2 (1.10)

+
1

π

∫

D1

wζ1 ζ1(ζ1, z2)
ζ1 − z1
ζ1 − z1

dξ1dη1

+
1

π

∫

D2

wζ2 ζ2(z1, ζ2)
ζ2 − z2
ζ2 − z2

dξ2dη2

+
1

π2

∫

D1

∫

D2

{
wζ1 ζ2(ζ1, ζ2)

(ζ1 − z1)(ζ2 − z2)
+
wζ1 ζ1 ζ2(ζ1, ζ2)

ζ2 − z2

ζ1 − z1
ζ1 − z1

+
wζ1 ζ2 ζ2(ζ1, ζ2)

ζ1 − z1

ζ1 − z2
ζ2 − z2

}
dξ1dη1dξ2dη2 .

Proof. Iterating instead of (1.8) the respective second order representa-

tions for one complex variable applied to z1 and z2 leads to (1.10). The
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equivalent formula (1.10) then follows as by the Gauss theorem

1

(2πi)2

∫

∂D1

∫

∂D2

wζ1 ζ2(ζ1, ζ2)
ζ1 − z1
ζ1 − z1

ζ2 − z2
ζ2 − z2

dζ1dζ2

=
1

π2

∫

D1

∫

D2

∂ζ1 ∂ζ2

[
wζ1 ζ2(ζ1, ζ2)

ζ1 − z1
ζ1 − z1

ζ2 − z2
ζ2 − z2

]
dξ1dη1dξ2dη2 .

�

Remarks There are other second order representations by interchanging

ζk–derivatives with ζk–derivatives for k = 1 and/or k = 2 and at the same

time the (ζk − zk)/(ζk − zk)–kernels with the log |ζk − zk|2–kernels.

Although these representation formulas express the function through

boundary values of proper lower–order derivatives this does not imply that

the related boundary value problem is solvable and the solution is given by

this formula. Only if the solvability is guaranteed then this representation

formula may be used for representing the solution.

Of course, there are also mixed order representations. Again only one

example is formulated.

Theorem 1.6. Let w be defined and complex–valued in the regular bido-

main D such that wz1 and wz1 z2 are continuous and wz1 z2 z2 = wz2 z2 z1 .

Then

w(z1, z2)

=
1

(2πi)2

∫

∂D1

∫

∂D2

{
w(ζ1, ζ2)

(ζ1 − z1)(ζ2 − z2)
−
wζ2(ζ1, ζ2)

ζ1 − z1

ζ2 − z2
ζ2 − z2

}
dζ1dζ2

− 1

π

∫

D1

wζ1(ζ1, z2)
dξ1dη1
ζ1 − z1

+
1

π

∫

D2

wζ2 ζ2(z1, ζ2)
ζ2 − z2
ζ2 − z2

dξ2dη2

+
1

π2

∫

D1

∫

D2

wζ1 ζ2 ζ2(ζ1, ζ2)

ζ1 − z1

ζ2 − z2
ζ2 − z2

dξ1dη1dξ2dη2 . (1.11)

The proof again follows by proper iteration of the Cauchy–Pompeiu

formulas. Other formulas of this kind with ∂ζ–operators instead of ∂ζ –

operators are available. Generalization to more than two variables are

obvious, see [4, 6].
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1.4. Clifford analysis

Let {ek : 1 ≤ k ≤ m} be an orthonormal basis of Rm with 2 ≤ m such that

x ∈ Rm is represented as x =
∑m

µ=1 xkek. Introducing a multiplication via

e1 = 1 , ejek + ekej = −2δjk , 2 ≤ j, k ≤ m,

a Clifford algebra Cm is introduced as the set of elements a =
∑
A aAeA

where aA ∈ C

eA = 1 if A = ∅ , eA = eα1eα2 · · · eαk
if A = {α1, α2, · · · , αk}

with 2 ≤ α1 < α2 < · · · < αk ≤ m and the sum is taken over all subsets A

of {2, 3, . . . ,m}.

Ifm = 2 the multiplication is commutative and C2 with e2 = i is just the

field of complex numbers C. Otherwise Cm is a noncommutative algebra

over C of dimension 2m−1. By

a =
∑

A

aA eA for a =
∑

A

aAeA

with

e1 = e1 , ek = −ek , 2 ≤ k ≤ m, eAeB = eB eA

a complex conjugation is introduced. Denoting

|a| =
(∑

A

|aA|2
)1/2

for a =
∑

A

aAeA

via |a|0 = 2m/2|a| an algebra norm is defined. Identifying x =
∑m

µ=1 xkek
∈ Rm with z =

∑m
µ=1 xkek ∈ Cm the space Rm is embedded into Cm.

These elements satisfy zz = zz = |z|2.

A natural basic first order differential operator for functions defined

on subsets of Rm with values in Cm is the so–called Dirac operator

∂ =
∑m

µ=1 ek∂xk
and its complex conjugate ∂ = ∂x1 −∑m

µ=2 ek∂xk
. For

m = 2 they essentially coincide with the Cauchy–Riemann operator and its

complex conjugate 2∂z = ∂x+ i∂y, 2∂z = ∂x− i∂y. The importance of these

operators is the connection with the Laplace operator ∂∂ = ∂∂ = ∆. This

factorization makes Clifford analysis important for mathematical physics.

Some basic differentiation rules are

∂z = z∂ = 2 −m, ∂z = z∂ = m, ∂|z|2 = |z|2∂ = 2z ,

∂|z|α = |z|α∂ = α |z|α−2z , ∂(z/|z|m) = (z/|z|m) ∂ = 0 .
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The last rule identifies z/|z|m as the fundamental solution to the Dirac

equation. For more detailed information see [10, 11].

Basic for representation formulas for functions in Clifford algebra is a

version of the Gauss theorem. Because of the anticommutativity of multi-

plication two functions are involved here.

Gauss Theorem. Let D ⊂ Rm be a regular domain and f, g ∈
C1(D; Cm) ∩C(D; Cm). Then

∫

D

[(f∂) g + f(∂g)] dv =

∫

∂G

f d~σ g ,

∫

D

[(f∂) g + f(∂g)] dv =

∫

∂G

f d~σ g .

Here dv denotes the volume element of D, dσ the area element of ∂D,

n = (n1, · · · , nm) the outward normal vector on ∂D, ~n =
∑m

µ=1 nµeµ the

corresponding element in Cm, and d~σ = dσ ~n the directed area element on

∂D, d~σ = dσ ~n its complex conjugate.

Proof. (1) Let f, g ∈ C1(D; C)∩C(D; C). Then from the classical Gauss

theorem ∫

D

[fxµg + fgxµ ] dv =

∫

D

∂xµ(fg) dv =

∫

∂D

fg nµdσ

multiplication by eµ and adding up gives
∫

D

[(∂f) g + f (∂g)] dv =

∫

∂D

fg d~σ .

Rearranging this formula and replacing f by fA and g by gB, A,B ⊂
{2, . . . ,m} gives

∫

D

[(fA∂) gB + fA(∂gB)] dv =

∫

∂D

fAd~σ gB .

Multiplying with eA from the left and eB on the right and taking sums give
∫

D

[(f∂) g + f (∂g)] dv =

∫

∂D

f d~σ g .

The second formula follows analogously or by complex conjugation of the

first one. �

From this Gauss theorem Cauchy–Pompeiu representation formulas fol-

low in the same way as in the complex case.
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Cauchy–Pompeiu representation Any w ∈ C1(D; Cm)∩C(D; Cm) can

be represented as

w(z) =
1

ωm

∫

∂D

ζ − z

|ζ − z|m d~σ(ζ)w(ζ) − 1

ωm

∫

D

ζ − z

|ζ − z|m ∂w(ζ) dv(ζ) ,

w(z) =
1

ωm

∫

∂D

ζ − z

|ζ − z|m d~σ(ζ)w(ζ) − 1

ωm

∫

D

ζ − z

|ζ − z|m ∂w(ζ) dv(ζ) .

Here ωm denotes the area of the unit sphere in Rm. There are dual formulas

where the function and its derivative, respectively and the kernel function

are changing their positions with one another.

Proof. Let 0 < ε be so small that Dε = {ζ : ζ ∈ D, ε < |ζ − z|} is a

regular domain. Then from the Gauss theorem
∫

∂Dε

ζ − z

|ζ − z|m d~σ(ζ)w(ζ) =

∫

Dε

ζ − z

|ζ − z|m ∂w(ζ) dv(ζ) .

As

1

ωm

∫

|ζ−z|=ε

ζ − z

|ζ − z|m d~σ(ζ)w(ζ)

=
1

ωm

∫

|ω|=1

ε1−mω εm−1ω dσ(ω)w(z + εω)

=
1

ωm

∫

|ω|=1

w(z + εω) dσ(ω)

tends to w(z) with ε tending to 0 and
∣∣∣∣∣

∫

|ζ−z|<ε

ζ − z

|ζ − z|m ∂w(ζ) dv(ζ)

∣∣∣∣∣
0

≤ 2m
∫ ε

0

∫

|ω|=1

t1−m|∂w(z + tω)| tm−1dt dσ(ω)

tends to 0 with ε, the first representation formula follows. The second

can be deduced similarly. It also could be attained from the dual of the

first formula where the places of the kernel and the function w and w∂,

respectively are interchanged with one another, by complex conjugation.

Iterating the first formula leads to higher order Cauchy–Pompeiu for-

mulas as before. �



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

24 H. Begehr

Theorem 1.7. Let w ∈ Ck(D; Cm) ∩ Ck−1(D,Cm) for 1 ≤ k. Then

w(z) =

k−1∑

µ=0

1

ωm

∫

∂D

(ζ − z)(z − ζ + z − ζ)µ

2µµ! |ζ − z|m d~σ(ζ) ∂µw(ζ)

− 1

ωm

∫

D

(ζ − z)(z − ζ + z − ζ)k−1

2k−1(k − 1)! |ζ − z|m ∂kw(ζ) dv(ζ) .

Also the two Cauchy–Pompeiu formulas can be iterated with one an-

other leading to a formula related to the Laplacian ∆ = ∂∂.

Theorem 1.8. Let w ∈ C2(D; Cm) ∩ C1(D; Cm). Then

w(z)=
1

ωm

∫

∂D

ζ − z

|ζ − z|m d~σ(ζ)w(ζ) − 1

ωm

∫

∂D

|ζ − z|2−m
2 −m

d~σ(ζ) ∂w(ζ)

+
1

ωm

∫

D

|ζ − z|2−m
2 −m

∆w(ζ) dv(ζ) .

Proof. From the Cauchy–Pompeiu formulas

w(z) =
1

ωm

∫

∂D

ζ − z

|ζ − z|m d~σ(ζ)w(ζ) − 1

ωm

∫

D

ζ̃ − z

|ζ̃ − z|m
∂w(ζ̃) dv(ζ̃) ,

∂w(ζ̃) =
1

ωm

∫

∂D

ζ − ζ̃

|ζ − ζ̃|m
d~σ(ζ) ∂w(ζ) − 1

ωm

∫

D

ζ − ζ̃

|ζ − ζ̃|m
∆w(ζ) dv(ζ)

it follows

w(z) =
1

ωm

∫

∂D

ζ − z

|ζ − z|m d~σ(ζ)w(ζ) +
1

ωm

∫

∂D

ψ(ζ, z) d~σ(ζ) ∂w(ζ)

− 1

ωm

∫

D

ψ(ζ, z) ∆w(ζ) dv(ζ)

where

ψ(ζ, z) =
1

ωm

∫

D

ζ̃ − ζ

|ζ̃ − z|m
ζ̃ − ζ

|ζ̃ − ζ|m
dv(ζ) .
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By an analogue argumentation as for (2)

|ζ − z|2−m
2 −m

=
1

ωm

∫

∂D

ζ̃ − z

|ζ̃ − z|m
d~σ(ζ̃)

|ζ̃ − ζ|2−m
2 −m

(1.12)

− 1

ωm

∫

D

ζ̃ − z

|ζ̃ − z|m
ζ̃ − ζ

|ζ̃ − ζ|m
dv(ζ) = ψ̃(ζ, z) − ψ(ζ, z) .

Applying the Gauss theorem for {ζ̃ : ζ̃ ∈ D, ε < |ζ̃ − z|, ε < |ζ̃ − ζ|} with

proper positive ε it follows

ψ̃(ζ, z) ∂ =
1

ωm

∫

∂D

ζ̃ − z

|ζ̃ − z|m
d~σ(ζ)

ζ − ζ̃

|ζ − ζ̃|m

=
ζ − z

|ζ − z|m − ζ − z

|ζ − z|m

+
1

ωm

∫

D

{(
ζ̃ − z

|ζ̃ − z|m
∂ζ̃

)
ζ − ζ̃

|ζ − ζ̃|m

− ζ̃ − z

|ζ̃ − z|m

(
∂ζ

ζ̃ − ζ

|ζ̃ − ζ|m

)}
dv(ζ) = 0

when ε tends to zero. Hence, again applying the Gauss formula

− 1

ωm

∫

∂D

ψ̃(ζ, z) d~σ(ζ) ∂w(ζ) +
1

ωm

∫

D

ψ̃(ζ, z) ∆w(ζ) dv(ζ) = 0 .

Adding this to the representation of w and observing (1.12) proves the

representation claimed. Iterating the representation in Theorem 1.8 with

itself gives the next formula. �

Theorem 1.9. Let w ∈ C2k(D; Cm)∩C2k−1(D; Cm) for 1 ≤ k if m is odd
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and for 1 ≤ 2k < m if m is even. Then

w(z) =

k∑

µ=1

{
1

ωm

∫

∂D

(ζ − z) |ζ − z|2(µ−1)−m

2µ−1(µ− 1)!
∏µ−1
ν=1(2ν −m)

d~σ(ζ) ∆µ−1w(ζ)

− 1

ωm

∫

∂D

|ζ − z|2µ−m
2µ−1(µ− 1)!

∏µ
ν=1(2ν −m)

d~σ(ζ) ∂∆µ−1w(ζ)

}

+
1

ωm

∫

D

|ζ − z|2k−m
2k−1(k − 1)!

∏k
ν=1(2ν −m)

∆kw(ζ) dv(ζ) .

For the proofs of these results see [3]. Further representation formulas

for m ≤ 2k if m is even are given in [19]. Those related to operators of the

form ∂ℓ∂
k

are the subject of a forthcoming thesis of Heinz Otto.
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2.1. Introduction

The classical Potential Theory is the theory of harmonic functions. For

modern abstract linear potential theories, developed by M. Brelot, H. Bauer

etc, no differential equations are needed. There is a corresponding nonlinear

abstract potential theory, see [HKM], but to model interesting new nonlin-

ear theories the derivative of a function and quasilinear elliptic partial dif-

29
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ferential equations or variational integrals are employed. In a metric space

(X, d) with a measure µ we introduce two counterparts for the derivative

of a function and then investigate a potential theory based on minimizers

or quasiminimizers of variational integrals.

The main emphasize in these notes is on the definitions of a Sobolev

space on X and on the concepts which can be used to build a Potential

Theory on X .

2.2. Haj lasz space M1,p(X)

2.2.1. Definition

Let (X, d) be a metric space with a measure µ (no extra assumptions).

Let u : X → [−∞,∞]. We let D(u) denote the set of all µ–measurable

functions g ≥ 0 such that

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y)) (2.1)

holds µ− a.e. x, y ∈ X . This means the following: There is a set C ⊂ X

such that µ(C) = 0 and (2.1) holds for every x, y ∈ X \ C (observe that

∞ − ∞ and 0∞ are not defined, however for x = y we always interpret

(2.1) as a triviality).

For 1 ≤ p <∞ the Haj lasz–space M1,p(X) is defined as

M1,p(X) = {u ∈ Lp(X) : ∃g ∈ D(u) ∩ Lp(X)}.
If u ∈ M1,p(X), then |u| < ∞ µ− a.e. and hence we can redefine u and

g ∈ D(u) ∩ Lp(X) so that (2.1) holds for every x, y ∈ X .

The space M1,p(X) was introduced by P. Haj laz [H].

For u ∈M1,p(X) we set

‖u‖M1,p(X) = ‖u‖1,p = ‖u‖Lp(X) + inf
g∈D(u)

‖g‖Lp(X).

Theorem 2.1. The space M1,p(X) is a Banach space with the norm ‖ ‖1,p,

1 ≤ p <∞.

Proof. Clearly M1,p(X) is a linear space and ‖u‖1,p is a norm in

M1,p(X).

To show that M1,p(X) is a Banach space, let (ui) be a Cauchy sequence

in M1,p(X). Then ui is a Cauchy sequence in Lp(X) and hence

ui → u ∈ Lp(X) in Lp(X)

because Lp(X) is a Banach space.
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It remains to show that u ∈M1,p(X) and that

ui → u in M1,p(X).

Passing to a subsequence we may assume

‖ui+1 − ui‖1,p < 2−i

and that ui → u µ− a.e. Thus there is gi ∈ Lp(X) ∩D(ui+1 − ui) with

|(ui+1 − ui)(x) − (ui+1 − ui)(y)| ≤ d(x, y)(gi(x) + gi(y))

µ− a.e. and

‖gi‖Lp < 2−i.

For each k ≥ 0

|(ui+k − ui)(x) − (ui+k − ui)(y)|

≤ d(x, y)(
∞∑

j=i

(gj(x) + gj(y))), (2.2)

and letting k → ∞ we obtain

|(u − ui)(x) − (u− ui)(y)| ≤ d(x, y)(g(x) + g(y))

where

g =

∞∑

j=i

gj ;

note that

‖g‖Lp(X) < 2−i+1

and hence g ∈ Lp(X). From this it follows that

|u(x) − u(y)| ≤ |ui(x) − ui(y)| + d(x, y)(g(x) + g(y))

which clearly implies that u ∈ M1,p(X). Moreover, the above inequalities

also yield that ui → u in M1,p(X).

Since this reasoning can be applied to any subsequence of (ui), it follows

that ui → u in M1,p(X); note that the limit function u is independent of

the subsequence. �
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Example. Let

X = [−1, 0] ∪
∞⋃

i=1

[ai, bi] ⊂ R

where bi = 1/2i, i = 1, 2, . . ., and the intervals [ai, bi] are disjoint and so

short that for a fixed p, 1 ≤ p <∞,
∫

∪ [ai,bi]

1

xp
dx <∞.

For example

∞∑

i=1

bi − ai
aip

<∞

suffices.

Next let

u(x) =





0, x ∈ [−1, 0]

1, x ∈ ∪ [ai, bi]

and let X be equipped with the Lebesgue measure and d(x, y) = |x − y|.
Now u ∈M1,p(X). Indeed, let

g(x) =





0, x ∈ [−1, 0]

1
x, x ∈ ∪ [ai, bi].

Then g ∈ Lp(X) and since u ∈ Lp(X), it suffices to show that g ∈ D(u).

The inequality

|u(x) − u(y)| ≤ |x− y|(g(x) + g(y)) (2.3)

is trivial for x, y ∈ [−1, 0] and x, y ∈ ∪ [ai, bi]. Let y ∈ [−1, 0] and x ∈
∪ [ai, bi]. Then

|u(x) − u(y)| = 1 ≤ |x− y|/|x| = |x− y|g(x)

≤ |x− y|(g(x) + g(y))

as required and hence (2.3) holds, by symmetry, for all x, y ∈ X .

Observe that X is compact and u is not continuous at 0. Similar exam-

ples can be constructed on [−1, 1] if the Lebesgue measure is modified and

then restricted to X .
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2.2.2. Poincaré inequality

Theorem 2.2. Let (X, d) be a metric space with 0 < µ(X) < ∞ and

u ∈M1,p(X), 1 ≤ p <∞. Then
∫

X

|u− uX |pdµ ≤ 2p(diam X)p
∫

X

gpdµ (2.4)

where g ∈ D(u) and

uX =

∫
−
X

udµ =
1

µ(X)

∫

X

udµ.

Remarks.

(a) Note that
∫

X

|u|dµ <∞

by the Hölder inequality since µ(X) <∞.

(b) The inequality (2.4) is called a Poincaré inequality, sometimes a

(p, p)–Poincaré inequality, see subsection 3.5.

Proof of Theorem 2.2. Since

|u(x) − uX | = |
∫
−
X

(u(x) − u(y))dµ(y)|

≤ diam(X)

∫
−
X

(g(x) + g(y))dµ(y) = diam(X)(g(x) + gX),

we obtain by integrating over x
∫

X

|u(x) − uX |pdµ ≤ diam(X)p
∫

X

(g(x) + gY )pdµ

= diam(X)p2p−1
[∫

X

gpdµ+

∫

X

gpXdµ
]

where we have used the inequality (a+b)p ≤ 2p−1(ap+bp) valid for a, b ≥ 0

and p ≥ 1. Now
∫

X

gpXdµ = µ(X)(

∫
−
X

gdµ)p ≤ µ(X)

∫
−
X

gpdµ =

∫

X

gpdµ
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by the Hölder inequality and we obtain
∫

X

|u(x) − uX |pdµ ≤ diam (X)p2p−1 · 2

∫

X

gpdµ

as required.

2.2.3. Approximation by lipschitz functions

A function u : X → R is L–lipschitz, 0 ≤ L < ∞, in a metric space (X, d)

if

|u(x) − u(y)| ≤ Ld(x, y)

for all x, y ∈ X .

We study first an extension problem for L–lipschitz maps.

Lemma 2.1. Suppose that M is a family of L–lipschitz functions f : X →
R. Then

g(x) = inf{f(x) : f ∈ M}

is L–lipschitz in X provided that g(x) ∈ R for some x ∈ X.

Proof. If g(x) ∈ R, then M 6= ∅ and g(y) ∈ R for all y ∈ X . Indeed, let

y ∈ X and suppose that g(y) = −∞. Then for all M > 0 there is f ∈ M
s.t. f(y) < −M . Now

f(x) − f(y) ≤ |f(x) − f(y)| ≤ Ld(x, y)

and hence

−M > f(y) ≥ f(x) − Ld(x, y) ≥ g(x) − Ld(x, y) > −∞.

Letting M → ∞ we obtain a contradiction. Thus g(y) ∈ R for all y ∈ X .

Hence g : X → R and it remains to show that g is L–lipschitz. Fix

x, y ∈ X and let ε > 0. We may suppose that g(x) ≤ g(y). Next choose

f ∈ M such that g(x) > f(x) − ε. Now

|g(x) − g(y)| = g(y) − g(x) ≤ f(y) − f(x) + ε ≤ |f(y) − f(x)| + ε

≤ Ld(y, x) + ε.

Letting ε→ 0 we obtain |g(x) − g(y)| ≤ Ld(y, x) as required. �

Theorem 2.3. (McShane) Let A ⊂ X and u : A → R L–lipschitz. Then

there is an L–lipschitz function u∗ : X → R such that u∗|A = u.
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Proof. For given a ∈ A the function

fa(x) = u(a) + Ld(x, a)

is an L–lipschitz function on X (triangle inequality). Define

u∗(x) = inf{fa(x) : a ∈ A}.
Then u∗(x) = u(x) for all x ∈ A and by Lemma 2.1, u∗ is L–lipschitz. �

Next we show that a function u ∈ M1,p(X) can be approximated by

lipschitz functions in the ‖ ‖1,p–norm.

Theorem 2.4. Let u ∈M1,p(X), 1 ≤ p <∞, and ε > 0. Then there is a

lipschitz function ϕ : X → R such that

(i) µ({x ∈ X : u(x) 6= ϕ(x)}) < ε,

(ii) ‖u− ϕ‖1,p < ε.

Proof. Let ε > 0 and choose g ∈ D(u) s.t.

‖u‖1,p ≥ ‖u‖p + ‖g‖p − ε/2.

Write Eλ = {x ∈ X : |u(x)| ≤ λ, g(x) ≤ λ}. Then

λpµ(X \ Eλ) → 0 as λ→ ∞ (2.5)

because

∞ >

∫

X

|u|pdµ =

∫

|u(x)|≤λ

|u|pdµ+

∫

|u(x)|>λ

|u|pdµ

≥
∫

|u(x)|≤λ

|u|pdµ+ λpµ(|u(x)| > λ)

and since ∫

|u(x)|≤λ

|u|pdµ →
∫

X

|u|pdµ, λ→ ∞,

we have

λpµ(|u(x)| > λ) → 0 as λ→ ∞.

Similarly λpµ(g(x) > λ) → 0 as λ→ 0 and now

µ(X \ Eλ) ≤ µ(|u(x)| > λ) + µ(g(x) > λ)

gives (2.5). The function u is 2λ–lipschitz on Eλ since for x, y ∈ Eλ

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y)) ≤ 2λd(x, y);
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we have assumed that the inequality

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y))

holds everywhere in X .

By Theorem 2.3 u|Eλ can be extended to a 2λ–bilipschitz function vλ :

X → R. Now vλ need not belong to Lp(X) and we set

uλ = sgn vλ min (|vλ|, λ).

Then uλ is again a 2λ–lipschitz function on X and uλ = u on Eλ. Moreover,

‖uλ − u‖p → 0 as λ→ ∞,

since

‖uλ − u‖pp ≤
∫

X\Eλ

|uλ − u|pdµ ≤ 2p−1
[ ∫

X\Eλ

|uλ|pdµ

+

∫

X\Eλ

|u|pdµ
]
≤ 2p−1

[
λpµ(X \ Eλ) +

∫

X\Eλ

|u|pdµ
]
→ 0 as λ→ ∞.

Finally the function

gλ(x) = 0, x ∈ Eλ, gλ(x) = g(x) + 3λ, x ∈ X \ Eλ,

belongs to D(u − uλ). To see this note that the inequality

|(u− uλ)(x) − (u− uλ)(y)| ≤ d(x, y)(gλ(x) + gλ(y))

is trivial for x, y ∈ Eλ. If x, y ∈ X \ Eλ, then

|(u − uλ)(x) − (u − uλ)(y)|
≤ |u(x) − u(y)| + |uλ(x) − uλ(y)|
≤ d(x, y)(g(x)χX\Eλ

(x) + g(y)χX\Eλ
(y) + 2λχX\Eλ

(x))

≤ d(x, y)(gλ(x) + gλ(y)).

If x ∈ Eλ and y ∈ X \ Eλ, then

|(u− uλ)(x) − (u− uλ)(y)| ≤ |u(x) − u(y)| + |uλ(x) − uλ(y)|
≤ d(x, y)(g(x) + g(y)) + d(x, y)2λ

≤ d(x, y)(λ + g(y) + 2λ) ≤ d(x, y)(gλ(x) + gλ(y)),
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On the other hand,
∫

X

gpλdµ =

∫

X\Eλ

(g(x) + 3λ)pdµ

≤ 2p−1(

∫

X\Eλ

gpdµ+ 3pλpµ(X \ Eλ))︸ ︷︷ ︸
→0 as λ→∞

and the first term goes to 0 as well because µ(X \ Eλ) → 0. The proof is

complete. �

2.2.4. Properties of functions u in M1,p(X)

Theorem 2.5. Suppose that u ∈ M1,p(X), 1 < p < ∞. Then there is a

function g ∈ D(u) with the least Lp–norm. Moreover, g is unique.

Proof. Standard (based on the Mazur lemma and strict convexity of the

Lp–norm for p > 1). �

There are results, called Sobolev imbedding theorems, which tell that

the functions u ∈ M1,p(X) have additional regularity properties; for the

proofs see [H].

The measure µ is said to be s–regular, s > 0, if there is c > 0 such that

crs < µ(B(x, r)) <∞

for all x ∈ X and all 0 < r ≤ diam(X).

Let 1 < p < s. The exponent

p∗ =
sp

s− p

is called the Sobolev conjugate of p. Note that p∗ → ∞ as pր s.

Theorem 2.6. Suppose that µ is s–regular, µ(X) <∞. Let u ∈M1,p(X),

p > 1.

(a) If 1 < p < s, then u ∈ Lp
∗

(X) and

‖u‖Lp∗ ≤ C[diam (X)−1‖u‖Lp + inf
g∈D(u)

‖g‖Lp ],

‖u− uX‖Lp∗ ≤ C inf
g∈D(u)

‖g‖Lp.
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(b) If p > s, then

‖u− uX‖L∞ ≤ Cµ(X)
1
s− 1

p inf
g∈D(u)

‖g‖Lp

|u(x) − u(y)| ≤ Cµ(X)
1
s− 1

p inf
g∈D(u)

‖g‖Lp.

Remarks. (a) There is a version of Theorem 2.6 for p = s.

(b) With some extra assumptions on X in the case (b) the function u

is Hölder continuous.

2.2.5. The case X = Rn and µ = m

Let Ω be an open set in Rn. There are many different ways to characterize

the classical first order Sobolev space W 1,p(Ω), 1 ≤ p ≤ ∞.

(A) u ∈ W 1,p(Ω) iff (definition) u ∈ Lp(Ω) (Lebesgue measure) and

there are functions g1, . . . , gn ∈ Lp(Ω) (the distributional derivatives of u)

such that
∫

Ω

giϕdm = −
∫

Ω

u∂iϕdm

for every ϕ ∈ C1
0 (Ω) (integration by parts).

(B) u ∈ W 1,p(Ω) iff (equivalent definition) u ∈ Lp(Ω) and there is a

sequence of functions uj ∈ C1(Ω) such that

uj → u in Lp(Ω),

(∂iuj) is a Cauchy sequence in Lp(Ω) for each i = 1, . . . , n.

The space W 1,p(Ω) is equipped with the norm

‖u‖W 1,p(Ω) = ‖u‖Lp + ‖|∇u|‖Lp,

∇u = (g1, . . . , gn).

If Ω = Rn, then the Haj lasz space M1,p(Rn), p > 1, µ = m, is exactly

the space W 1,p(Rn); this is not true for an arbitrary open set Ω ⊂ Rn. For

the proof of Theorem 2.7 see [H].

Theorem 2.7. Let 1 < p <∞.

(a) If u ∈W 1,p(Rn), then

|u(x) − u(y)| ≤ C|x− y|(M(|∇u|)(x) +M(|∇u|)(y))
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for a.e. x, y ∈ Rn. Here

M(|∇u|)(x) = sup
r>0

∫
−

B(x,n)

|∇u|dm

is the Hardy–Littlewood maximal function of |∇u| (note that for

p > 1, M(v) ∈ Lp(Rn) if v ∈ Lp(Rn) and ‖M(v)‖Lp ≤ C‖v‖Lp ;

C = C(n, p)).

(b) If u ∈M1,p(Rn), then u ∈W 1,p(Rn) and u has g ∈ D(u) with

‖g‖Lp ≤ C(n, p)‖|∇u|‖Lp .

Remark. In fact W 1,p(Rn) = M1,p(Rn) for all 1 ≤ p < ∞ but the

“pointwise” inequality in (a) does not give the information needed.

If u ∈ C1(Ω), then ∇u = 0 in each open set V ⊂ Ω where u = const.

More generally, if u ∈ W 1,p(Ω), then |∇u| = 0 a.e. in the set where u =

const. This does not hold in the space M1,p(X). Because of this I have

not yet seen any serious development for the Potential Theory in the space

M1,p(X). However, for many fractal sets X of Rn the space M1,p(X)

with a natural Hausdorff measure is a natural space to study minimizers of

variational integrals and it would be interesting to know if a potential theory

similar to the theory based on the Newtonian space can be constructed on

M1,p(X).

2.3. Newtonian space N1,p(X)

This is the second choice to form a function space in X similar to the

classical first order Sobolev space W 1,p. In some sense it is closer to the

classical Sobolev space W 1,p than M1,p.

2.3.1. Line integrals

Let (X, d) be a metric space. A path γ : [a, b] → X is a continuous map.

The length of the path γ is

l(γ) = sup

n∑

i=1

d(γ(ti), γ(ti+1))

where the supremum is taken over all sequences

a = t1 ≤ t2 ≤ . . . ≤ tn+1 = b.
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A curve is rectifiable if l(γ) < ∞. In the sequel we assume that all paths

are non–degenerate, i.e. γ([a, b]) is not a point, unless otherwise stated.

Two important concepts are associated with a rectifiable path γ: the

length function Sγ : [a, b] → R and parametrization by arc length. The

function Sγ is defined as

Sγ(t) = l(γ|[a, t]), a ≤ t ≤ b,

and the path γ̃ : [0, l(γ)] → X is the unique 1–lipschitz continuous map

such that

γ = γ̃ ◦ Sγ .

In particular, l(γ̃|[0, t]) = t, 0 ≤ t ≤ l(γ), and γ̃ is obtained from γ by an

increasing change of parameter. The path γ̃ is called the parametrization

of γ by arc length.

If γ : [a, b] → X is a path, then the set

|γ| = {γ(t) : t ∈ [a, b]}

is called a (closed) curve. We shall not distinguish paths and curves. In

general, this is dangerous.

If γ is a rectifiable curve in X , then the line integral over γ of a Borel

function ρ : X → [0,∞] is

∫

γ

ρds =

∫

γ

ρ|dx| =

l(γ)∫

0

ρ(γ̃(t))dt.

The geometric meaning of the line integral is that it represents the total

area of the fence whose height is ρ(γ(t)) at the point t. Note that if γ

travels back and forth on |γ|, then the area is computed accordingly.

Remark. If X = Rn and if γ : [a, b] → Rn is absolutely continuous (each

coordinate function γi of γ is absolutely continuous), then

∫

γ

ρds =

b∫

a

ρ(γ(t))|γ′(t)|dt,

γ′(t) = (γ′1(t), . . . , γ′n(t)).
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2.3.2. p-modulus

We assume in the rest of this chapter that µ is a regular (each µ–measurable

set is contained in a Borel set of equal measure) Borel measure in X . For

a given curve family Γ in X and p ≥ 1 we define the p–modulus of Γ by

Mp(Γ) = inf

∫

X

ρpdµ

where the infimum is taken over all Borel functions ρ : X → [0,∞] such

that
∫

γ

ρds ≥ 1 (2.6)

for all (rectifiable) curves γ ∈ Γ. Functions ρ that satisfy (2.6) are called

admissible functions for the family Γ.

By definition, the modulus of all curves in X that are not rectifiable is

zero. If Γ contains a constant curve, then there are no admissible functions

and hence the modulus is +∞. The following properties are easily verified:

Mp(∅) = 0, (2.7)

Mp(Γ1) ≤Mp(Γ2), if Γ1 ⊂ Γ2, (2.8)

Mp(

∞⋃

i=1

Γi) ≤
∞∑

i=1

Mp(Γi), (2.9)

Mp(Γ) ≤Mp(Γ0) (2.10)

if each curve γ ∈ Γ has a subcurve γ0 ∈ Γ0.

These properties show that Mp is an outer measure on the set of all

rectifiable curves in X .

Observe that ρ needs to be a Borel function since otherwise the line

integral (2.6) may be undefined. However, the situation can be corrected

in many cases because of the following lemma (the proof is based on the

Borel regularity of µ):

Lemma 2.2. Let ρ : X → [0,∞] be a µ–measurable function. Then there

is a Borel function ρ∗ : X → [0,∞] such that ρ∗(x) ≥ ρ(x) for all x ∈ X

and ρ∗ = ρ µ–a.e.

In general, it is difficult to compute Mp(Γ) for a given curve family Γ.

Upper bounds for Mp(Γ) are (usually) easy to obtain.
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Lemma 2.3. Suppose that the curves γ of a family Γ lie in a Borel set

A ⊂ X and that l(γ) ≥ r > 0 for each γ ∈ Γ. Then Mp(Γ) ≤ µ(A)/rp.

Proof. Put ρ(x) = 1/r for x ∈ A and ρ(x) = 0 for x ∈ X \A. Then ρ is

admissible for Γ and the inequality follows. �

Example. Let Γ be the family of curves in a Borel cylinder G of Rn which

join the bases of the cylinder,

G = {x ∈ Rn : (x1, . . . , xn−1) ∈ E, 0 ≤ xn ≤ h}

where E ⊂ Rn−1 is a Borel set. In Rn we use the Lebesgue measure m.

Now

Mp(Γ) =
mn−1(E)

hp−1
=
m(G)

hp
.

To see this note that Mp(Γ) ≤ m(G)/hp follows from Lemma 2.3. For the

opposite inequality let ρ be an arbitrary admissible function for Γ. For each

y ∈ E let γy : [0, h] → Rn be the vertical segment γy(t) = y + ten. Then

γy ∈ Γ and assuming p > 1 we obtain from the Hölder inequality

1 ≤
(∫

γy

ρds
)p

≤ hp−1

h∫

0

ρ(y + ten)pdt.

Integration over y ∈ E yields by the Fubini theorem

mn−1(E) ≤ hp−1

∫

E

dmn−1

h∫

0

ρ(y + ten)pdt

= hp−1

∫

G

ρpdm ≤ hp−1

n∫

R

ρpdm.

Since this holds for every admissible ρ, Mp(Γ) ≥ mn−1(E)/hp−1 as

required. The case p = 1 is similar.

Lemma 2.4. Let γ : [a, b] → R, γ(t) = t, and Γ = {γ}. Then Mp(Γ) =

1/(b− a)p−1 (in R the Lebesgue measure is used),

Proof. This easily follows from the previous method. �

A comprehensive treatment of the p–modulus in euclidean spaces can

be found in [V].
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Note that if a family Γ of paths lies in a set E with µ(E) = 0, then

Mp(Γ) = 0. Thus Mp({γ}) > 0 holds in a few cases only, the situation in

Lemma 2.4 being a typical example. A more general example than R is a

graph.

2.3.3. Upper gradient and ACCp functions

A C1–function u in a domain Ω of Rn satisfies

u(x) − u(y) =

∫

γ

∇u · ds =

l(γ)∫

0

∇u(γ̃(s)) · γ̃′(s)ds

where γ is any rectifiable path in Ω with endpoints x and y. This leads to

|u(x) − u(y)| ≤
∫

γ

|∇u|dx.

We will now see that this inequality is almost as useful as the previous

equality. We extend the latter inequality to a metric space (X, d).

A Borel function g = gu : X → [0,∞] is said to be an upper gradient of

u : X → R if

|u(x) − u(y)| ≤
∫

γ

gds (2.11)

for each rectifiable path γ joining x and y in X .

Every function has an upper gradient, namely g ≡ ∞, and upper gra-

dients are never unique. Each L–lipschitz function has an upper gradient

g ≡ L but this is rarely an optimal choice. The constant function has an

upper gradient = 0.

A function u : X → [−∞,∞] is said to be ACCp, p ≥ 1, if u ◦ γ̃ is

absolutely continuous on [0, l(γ)] for p–almost every rectifiable curve γ in

X (this means that the property holds for all (rectifiable) paths except

possibly for a family Γ0 with Mp(Γ0) = 0).

Definition. Let u : X → [−∞,∞] and let g : X → [0,∞] be a Borel

function. If there exists a family Γ of paths such that Mp(Γ) = 0 and the

inequality (2.11) is true for all (rectifiable) paths γ 6∈ Γ, then g is said to

be a p–weak upper gradient of u.

The exponent p ≥ 1 is usually fixed and we simply call g a weak upper

gradient of u.
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2.3.4. Newtonian space N1,p(X)

Let Ñ1,p(X) = Ñ1,p(X, d, µ) is the set of all functions u : X → R which

belong to Lp(X), p ≥ 1, and have a p–weak upper gradient g ∈ Lp(X).

The space Ñ1,p = Ñ1,p(X) is called a prenewtonian space. It is a vector

space, since if α, β ∈ R and u1, u2 ∈ Ñ1,p with weak upper gradients g1
and g2, then |α|g1 + |β|g2 is an upper gradient for αu1 +αu2. For u ∈ Ñ1,p

we let

‖u‖N1,p = ‖u‖Lp(X) + inf
g
‖g‖Lp(X)

where the infimum is taken over all weak upper gradients of u. It is easy

to see that ‖u‖N1,p satisfies the triangle inequality.

If u, v ∈ Ñ1,p let

u ≈ v ⇔ ‖u− v‖N1,p = 0.

Then ≈ is an equivalence relation in Ñ1,p, partitioning Ñ1,p into equivalence

classes. The collection of equivalence classes, under the ‖u‖N1,p–norm, is a

normed vector space

N1,p(X) = Ñ1,p(X)/ ≈

called the Newtonian space corresponding to the exponent p, 1 ≤ p <∞.

Example. If X contains no rectifiable paths, then N1,p(X) = Lp(X).

Lemma 2.5. If u ∈ Ñ1,p, then u is ACCp.

Proof. Since u ∈ Ñ1,p, u has a weak upper gradient g ∈ Lp(X). Let Γ

be the collection of all paths for which (3.6) does not hold; then Mp(Γ) = 0.

Let Γ1 be the collection of paths that have some subpath belonging to Γ.

Then

Mp(Γ1) ≤Mp(Γ) = 0.

Let Γ2 be the family of paths γ such that
∫
γ

gds = ∞. As g ∈ Lp, Mp(Γ2) =

0 and hence

Mp(Γ1 ∪ Γ2) = 0.

If γ 6∈ Γ1 ∪ Γ2, then γ has no subpath in Γ and hence for all x, y ∈ |γ|

|u(x) − u(y)| ≤
∫

γxy

gds <∞.
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Hence if (ai, bi), i = 1, 2, . . . , n, are disjoint intervals in [0, l(γ)], then

∑
|u(γ̃(bi)) − u(γ̃(ai))| ≤

∫

⋃
i

(ai,bi)

g(γ̃(s))ds

and this shows that u ◦ γ̃ is absolutely continuous on [0, l(γ)] as required.�

Note that the above lemma remains valid if the function u is required

only to have a weak upper gradient in Lp.

Remark. The above proof reveals the following: If u is a function with a

weak upper gradient g ∈ Lp, then there is a family Γ of paths such that

Mp(Γ) = 0 and for all rectifiable paths γ 6∈ Γ, u satisfies

|u(x) − u(y)| ≤
∫

γ′

gds

for each subpath γ′ of γ.

Remarks. (a) Lemma 2.5 has a converse: If u ∈ Lp and there is a Borel

function g ∈ Lp such that for p–almost every path γ in X the function

s
f7→ u(γ̃(s)) is absolutely continuous on [0, l(γ)] and |f ′(s)| ≤ g(γ̃(s)) a.e.

in [0, l(γ)], then u ∈ Ñ1,p.

(b) Observe also that if u has a weak upper gradient g ∈ Lp, then for

p–almost every path γ in X

|f ′(s)| ≤ g(γ̃(s)) a.e. in [0, l(γ)].

These observations are useful in proving the following lattice property

of Ñ1,p (and N1,p):

Lemma 2.6. If u, v ∈ Ñ1,p, λ ≥ 0, then the functions

(a) min(u, λ)

(b) |u|
(c) min(u, v)

(d) max(u, v)

belong to Ñ1,p.

Remark. As a byproduct of the proofs of the above statements one obtains

the following important fact: if gu and gv are weak upper gradients of u
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and v, then max(u, v) has a weak upper gradient g such that

g(x) =




gu(x), if u(x) ≥ v(x)

gv(x), if v(x) > u(x)

µ− a.e. in X . Note that the function on the right hand side need not be a

Borel function, however, the situation can be corrected, see Lemma 2.2.

Theorem 2.8. N1,p is a Banach space.

For the proof see [Sh] (the proof is not trivial). The proof uses the concept

of p–capacity of a set E ⊂ X . This is defined as

CappE = inf
u

‖u‖N1,p

where the infimum is taken over all u ∈ Ñ1,p such that u ≥ 1 on E. Then

CappE ∈ [0,∞] and CappE = ∞ if there is no u ∈ Ñ1,p with u ≥ 1 on E.

The proof for Theorem 2.8 reveals the following

Lemma 2.7. If E ⊂ X, CappE = 0 and u ∈ N1,p(X \ E), then u has a

uniquely determined extension u∗ to E such that u∗ ∈ N1,p(X).

As a corollary from the proof of Theorem 2.8 one obtains:

Corollary 2.1. If (ui) is a Cauchy sequence in N1,p, then it has a subse-

quence which converges pointwise outside a set of p–capacity zero. More-

over, this subsequence can be chosen so that it converges uniformly off a set

of arbitrary small p–capacity.

Remarks. (a) A function u is called p–quasicontinuous if for each ε > 0

there is a set E ⊂ X such that u|X \ E is continuous and Capp(E) < ε.

Corollary 2.1 makes it possible to study p–quasicontinuity properties of

functions in N1,p(X).

(b) Lemma 2.7 can also be used to show that if u, v ∈ Ñ1,p(X) and

u = v µ− a.e., then u ≈ v.

The following property is important in applications. The proof is based

on the strict convexity of the Lp–norm, p > 1.

Lemma 2.8. If u ∈ Ñ1,p, p > 1, then u has a minimal weak upper gradient

g ∈ Lp in the sense that if g̃ is another weak upper gradient for u, then g ≤ g̃

µ− a.e..
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2.3.5. Doubling measure and Poincaré inequality

A measure µ in X is said to be doubling if

µ(2B) ≤ Cµ(B)

for all balls B in X ; this usually includes the assumption 0 < µ(B) < ∞.

If µ is a doubling measure, then

µ(B(z, r))/µ(B(z,R)) ≥ C′(r/R)Q

where C′ and Q depend on C only. The number Q can be viewed as a kind

of dimension of X .

If a metric space does not contain rectifiable paths, then N1,p(X) =

Lp(X). The existence of rectifiable paths is guaranteed by the Poincaré

inequality.

The space X is said to support a weak (1, q)–Poincaré inequality if there

are constants c <∞ and τ ≥ 1 such that
∫
−

B(z,r)

|u− uB(x,r)|dµ ≤ cr(

∫
−

B(z,τr)

gqdµ)1/q (2.12)

wherever u ∈ L1(B(a, τr)) and g is a q–weak upper gradient of u. Observe

that (2.12) is assumed to hold for all balls B(z, r) in X . The word weak

refers to the possibility that τ > 1; for τ = 1 the inequality is called a

(1, q)–Poincaré inequality.

If µ is doubling and if X satisfies some natural topological assumptions,

see Section 5, then (2.12) implies a weak (t, q)–inequality for some t > q

(

∫
−

B(z,r)

|u− uB(z,r)|tdµ)1/t ≤ C′c(
∫
−

B(z,τ ′r)

gqdµ)1/q.

Thus, if µ is doubling and X supports a weak (1, p)–inequality, then

under natural topological assumptions X supports a weak (p, p)–Poincaré

inequality

(

∫
−

B(z,r)

|u− uB(z,r)|pdµ)1/p ≤ cr(

∫
−

B(z,τr)

gpdµ)1/p ; (2.13)

this follows from the Hölder–inequality. Also it follows from the Hölder

inequality that if X supports a weak (1, q)–Poincaré inequality for some

1 < q < p, then it supports a weak (1, p)–Poincaré inequality. Hence a

reasonable assumption is a weak (1, q)–Poincaré inequality 1 < q < p. For

a treatment of the Poincaré inequality see [HK].
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Remark. If µ is a doubling measure andX supports a weak (1, p)–Poincaré

inequality, 1 < p < ∞, then N1,p(X) = M1,p(X) and the norms are

equivalent. Lipschitz functions are dense in N1,p(X) in this case.

If X = Ω an open set in Rn, d(x, y) = |x− y| and µ = m, then N1,p(X)

is the classical Sobolev space and the norms are equivalent (note that m

need not be doubling in Ω). For the result see [Sh].

2.4. Zero boundary values and local Newtonian spaces

In order to be able to compare the boundary values of functions in N1,p we

need the concept of Sobolev spaces with zero boundary values in a metric

measure space.

Remark. If Ω ⊂ Rn is open, then the classical Sobolev space W 1,p
0 (Ω)

with zero boundary values is the closure of the space C1
0 (Ω) in the norm

‖u‖Lp + ‖|∇u|‖Lp.

Let E be an arbitrary subset of X . The set Ñ1,p
0 (E) is the set of all

functions u : E → [−∞.∞] for which there is a function ũ ∈ Ñ1,p(X) s.t.

ũ = u µ− a.e. in E and

Cp([x ∈ X \ E : ũ(x) 6= 0}) = 0.

Then N1,p
0 (E) = Ñ1,p

0 (E)/ ∼ where u ∼ v means that u = v µ− a.e. in E.

The norm in N1,p
0 (E) is defined as

‖u‖N1,p
0 (E) = ‖ũ‖Ñ1,p(X).

The space N1,p
0 (E) is called the space with zero boundary values.

We are mainly interested in local properties of minimizers of variational

integrals. Thus we need the notation of a local Newton space.

Let Ω be an open set in X . We say that a subset A of Ω is compactly

contained in Ω if A is a compact subset of Ω, abbreviated A ⊂⊂ Ω (in many

cases it suffices that A is bounded and d(A,X \ Ω) > 0).

We say that u belongs to the local Newtonian space N1,p
loc (Ω) if u ∈

N1,p(A) for every measurable set A ⊂⊂ Ω.

Note that for 1 < p < ∞ each function u ∈ N1,p
loc (Ω) has a minimal

p–weak upper gradient g = gu in Ω in the following sense: If Ω′ ⊂⊂ Ω is

an open set and g is the minimal upper gradient of u in Ω′, then g = gu
µ− a.e. in Ω′.

Remark. Suppose that X is proper (closed and bounded subsets of X

are compact), µ is doubling and X supports a (1, p)–Poincaré inequality.
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If E ⊂ X is given, then each function u ∈ N1,p
0 (E) can be approximated

in N1,p
0 (E) by lipschitz functions which vanish in X \ E. Moreover, the

functions can be chosen to have compact support in E.

The following inequality is sometimes called a Sobolev–Poincaré inequal-

ity. The above discussion shows that it holds with the exponent p in both

sides. This is the most useful inequality for functions u in N1,p
0 (Ω) when

µ(X \Ω) > 0 and Ω is bounded. Then u is = 0 in the large subset of X \Ω.

Theorem 2.9. Let X be a doubling metric space supporting a weak (t, q)–

Poincaré inequality for some 1 < q < p and t > 1. Suppose that u ∈
N1,p(X) and let A = {y ∈ B(x,R) : |u(y)| > 0}. If µ(A) ≤ γµ(B(x,R))

for some γ with 0 < γ < 1, then there is a constant c > 0 so that

( ∫
−

B(x,R)

|u|tdµ
)1/t

≤ cR
( ∫

−
B(x,τ ′R)

gqudµ)
)1/q

.

The constant c is independent of u.

Proof. By the Minkowski inequality and by the weak (t, q)–Poincaré in-

equality we have

( ∫
−

B(x,R)

|u|tdµ
)
≤
( ∫

−
B(x,R)

|u− uB(x,R)|tdµ
)1/t

+ |uB(x,R)|

≤ cR
( ∫

−
B(x,τ ′R)

gqudµ
)1/q

+ |uB(x,R)|.

The Hölder inequality implies that

|uB(x,R)| ≤
( µ(A)

µ(B(x,R))

)1−1/t( ∫
−

B(x,R)

|u|tdµ
)1/t

≤ γ1−1/t
( ∫

−
B(x,R)

|u|tdµ
)1/t

.

Hence we obtain

(1 − γ1−1/t)
( ∫

−
B(x,R)

|u|tdµ
)1/t

≤ cR
( ∫

−
B(x.τ ′R)

gqudµ
)1/q

,

from which the claim follows since 0 < γ < 1. �
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From Theorem 2.9 we obtain

Corollary 2.2. Suppose that Ω ⊂ X is bounded and µ(X \ Ω) > 0. Then
∫

Ω

|u|pdµ ≤ c

∫

Ω

gpudµ

for every function u ∈ N1,p
0 (Ω). The constant c is independent of u.

2.5. Minimizers and quasiminimizers in Newtonian spaces

2.5.1. The obstacle problem

The obstacle method is the most important method in the nonlinear po-

tential theory.

Let 1 < p <∞ and let Ω ⊂ X be an open set. Suppose that θ ∈ N1,p(Ω)

and ψ : Ω → [−∞,∞]. Write

Kψ,θ = Kψ,θ(Ω) = {v ∈ N1,p(Ω) : v − θ ∈ N1,p
0 (Ω), v ≥ ψ µ− a.e. in Ω}

A function u ∈ Kψ,θ is a solution to the Kψ.θ–obstacle problem (with the

obstacle ψ and boundary values θ) if
∫

Ω

gpudµ ≤
∫

Ω

gpvdµ, ∀v ∈ Kψ,θ.

Here gu and gv are the minimal upper gradients of u and v in Ω. If ψ ≡
−∞, then the obstacle has no effect, and a solution of the K−∞,θ–obstacle

problem is said to be the minimizer (with boundary values θ) in Ω.

The Kψ,θ(Ω)–obstacle problem can be studied on an arbitrary µ–

measurable set Ω ⊂ X .

Let K ≥ 1 and θ ∈ N1,p(Ω). A function u ∈ N1,p(Ω) is called a K–

quasiminimizer with the boundary values θ if

(a) u− θ ∈ N1,p
0 (A)

(b)
∫
A

gpudµ ≤ K
∫
A

gpvdµ

holds for all open (measurable) A ⊂ Ω and all v ∈ N1,p(Ω) such that

u− v ∈ N1,p
0 (A). Then u is a minimizer in Ω iff u is a 1–quasiminimizer in

Ω.

From now on we make the following standard assumptions and keep the

exponent p, 1 < p <∞, fixed.
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(i) µ is a doubling regular Borel measure such that µ(Ω) > 0 if ∅ 6= Ω

is open and µ(Ω) <∞ if Ω is bounded,

(ii) closed and bounded sets are compact,

(iii) X supports a weak (1, q)–Poincaré inequality for some q ∈ (1, p)

(too strong in most cases but needed to pass from the weak (1, q)–

Poincaré inequality to the weak (p, p)–Poincaré inequality).

Theorem 2.10. Let Ω ⊂ X be a bounded open set with µ(X \ Ω) > 0.

If Kψ,θ(Ω) 6= ∅, then there is a unique solution to the Kψ,θ(Ω)–obstacle

problem.

Proof. Set

I = inf
v

∫

Ω

gpvdµ, v ∈ Kψ,θ.

Now 0 ≤ I < ∞ and let ui ∈ Kψ,θ, i = 1, 2, . . ., be a minimizing sequence.

This implies that the sequence gui is bounded in Lp(Ω). Since Ω is bounded

and µ(X \ Ω) > 0, we have
∫

Ω

|ui − θ|pdµ ≤ C

∫

Ω

gpui−θdµ

where we have used Corollary 2.2. This yields
∫

Ω

|ui − θ|pdµ ≤ C

∫

Ω

gpui
+ C

∫

Ω

gpθdµ

and hence the sequence (ui − θ) is uniformly bounded in N1,p
0 (Ω). Then

there is a subsequence (uij ) and u ∈ N1,p(Ω) such that u − θ ∈ N1,p
0 (Ω),

uij → u weakly in Lp(Ω) and
∫

Ω

gpudµ ≤ lim inf
j→∞

∫

Ω

gpuij
dµ ≤ I.

(this requires some work). Hence u has the minimizing property.

Next we show that u ∈ Kψ,θ. It suffices to show that u ≥ ψ µ − a.e.

The Mazur lemma implies that a sequence (vj) of convex combinations of

uij converges to u in Lp(Ω), and hence passing to a subsequence we may

assume that vj → u µ − a.e. Since uij ≥ ψ, vj ≥ ψ µ − a.e. as well and

consequently u ≥ ψ µ− a.e.

To prove the uniqueness is more difficult than in the classical case since

derivation is not a linear operation: If u1, u2 ∈ Kψ,θ(Ω) are solutions such
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that gu1 6= gu2 on a set of positive measure, then v = (u1 + u2)/2 ∈ Kψ,θ
and by the strict convexity

∫

Ω

gpvdµ <
1

2

∫

Ω

gpu1
dµ+

1

2

∫

Ω

gpu2
dµ = I,

a contradiction. Hence gu1 = gu2 and it remains to show that u1 = u2.

To this end suppose that u1 6= u2. We may now assume that the set

V = {x ∈ Ω : u2(x) > u1(x)} has positive measure. Set g = gu1 = gu2 in

Ω and write W = {x ∈ V : g > 0}. If µ(W ) > 0, then for some constant c

the set W1 = {x ∈W : u1(x) < c < u2(x)} satisfies µ(W1) > 0. Define v in

Ω as follows

v(x) =





u1(x), u1(x) ≤ c,

c, u1(x) < c < u2(x),

u2(x), u2(x) ≥ c.

Now v ∈ Kψ,θ(Ω) and the function gv = 0 in W1 and gv = g in Ω \W1

belongs to D(v). Thus
∫

Ω

gpdµ ≤
∫

Ω

gpvdµ <

∫

Ω

gpdµ

is a contradiction since µ(W1) > 0 and g > 0 in W1.

Hence µ(W ) = 0 and this implies that either u1(x) = u2(x) or g(x) = 0

for µ−a.e. x ∈ Ω. In the set u1 = u2 we can take gu2−u1 = 0 and since g = 0

in the set u2 6= u1, we also conclude that gu2−u1 = 0 in this set because

gu2−u1 ≤ gu2 + gu1 there. Hence gu2−u1 = 0 and we obtain, as in the

beginning of the proof, using the Sobolev–Poincaré inequality (Corollary

19) that u1 = u2 in Ω; note that u1 − u2 ∈ N1,p
0 (Ω). This completes the

proof. �

We are mostly interested in local properties of solutions of the obstacle

problem and hence solutions should be defined without boundary values in

Ω.

A function u ∈ N1,p
loc (Ω) is a minimizer in Ω, if u satisfies (b) for K = 1

in every open (measurable) A ⊂⊂ Ω. Similarly, u is a K–quasiminimizer if

(b) holds true for given K.

A function u ∈ N1,p
loc (Ω) is a superminimizer in Ω if u is a solution to

the Ku,u(Ω′)–obstacle problem for each open Ω′ ⊂⊂ Ω.

A solution of the Kψ,θ(Ω)–obstacle problem is always a superminimizer

in Ω. If u and −u are superminimizers, then u is a minimizer (exercise).
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A connection to the classical superharmonic case is as follows: Let Ω ⊂
Rn open and u : Ω → R ∪ {∞} superharmonic in the classical sense, i.e.

u 6≡ ∞ in any component of Ω and

(A) u is lower semicontinuous

(B) u(x0) ≥
∫
−

B(x0,r)

udm for each ball B(x0, r) ⊂⊂ Ω.

If u : Ω → R is superharmonic and locally bounded, then u is a supermini-

mizer for the integral
∫

|∇u|2dm.

See [HKM] for details,

Lemma 2.9. If u1 and u2 are superminimizers in Ω, then min(u1, u2) is

a superminimizer in Ω.

Proof. Somewhat tricky but simple, see [KM2]. �

Remark. There exists an interesting class of K–superquasiminimizers: A

function u ∈ N1,p
loc (Ω) is called a K–superquasiminimizer in Ω if (b) holds

for all v such that v − u ∈ N1,p
0 (A), A ⊂⊂ Ω open and v ≥ u µ − a.e.

Lemma 21 holds for Ki–superquasiminimizers ui, i = 1, 2, in the form that

min(u1, u2) is a min(K1K2,K1 +K2)–superquasiminimizer.

2.5.2. Regularity theory for minimizers and superminimiz-

ers

This is a technical part. Here the celebrated De Giorgi method plays an

essential role.

A function u ∈ N1,p
loc (Ω) belongs to the De Giorgi class DGp(Ω, k0),

k0 ∈ R, if there is a constant c < ∞ such that for all k ≥ k0, z ∈ Ω and

0 < ρ < R for which B(z.R) ⊂⊂ Ω the function u satisfies the Caccioppoli

type estimate
∫

Az(k,ρ)

gpudµ ≤ c(R − ρ)−p
∫

Az(k,R)

(u− k)pdµ (∗)

where

Az(k, r) = {x ∈ B(z, r) : u(x) > k}.
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If (∗) holds for all k ∈ R, then we simply write u ∈ DGp(Ω).

The following lemma is not difficult to prove [KM2], [KS]:

Lemma 2.10. (a) If u is a superminimizer in Ω then −u ∈ DGp(Ω) (corol-

lary: a minimizer belongs to DGp(Ω)).

(b) If k0 = ess supΩ ψ <∞, then the solution u to the Kψ,θ(Ω)–obstacle

problem belongs to DGp(Ω, k0).

The De Giorgi method was developed in order to prove the following result,

see [G].

Lemma 2.11. If u ∈ DGp(Ω), then u is locally Hölder continuous in Ω.

More precisely,

osc(u,B(z, ρ)) ≤ c(
ρ

R
)αosc(u,B(z,R))

whenever 0 < ρ ≤ R and B(z, 2R) ⊂⊂ Ω; c and α > 0 depend on data but

not on u.

Remark. The proof in [G] is in Rn but with minor modifications it can be

extended to the Newtonian case.

The De Giorgi method also provides the following results:

(I) If u is a superminimizer in Ω, and u− = −min(u, 0), then

ess inf
B(z,R)

u ≥ −c
( ∫

−
B(z,2R)

up−dµ
)1/p

whenever B(z, 3R) ⊂⊂ Ω. In particular, u is locally bounded be-

low.

(II) If u is a superminimizer, u ≥ 0, then

( ∫
−

B(z,R)

uσdµ
)1/σ

≤ c ess inf
B(z,3R)

u

whenever B(z, 5R) ⊂⊂ Ω; σ > 0 depends on data. This is some-

times called a weak Harnack inequality.

(III) If u is a solution of the Kψ,θ(Ω)–obstacle problem, k0 = ess supΩ ψ

and k ≥ k0. then

ess sup
B(z,R/2)

u ≤ k + c
( ∫

−
B(z,R)

(u− k)p+dµ
)1/p

.
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These results imply that a superminimizer is locally bounded below (it

need not be locally bounded above unless p > Q). If the obstacle is locally

bounded from above, then (III) implies that a solution of the Kψ,θ–obstacle

problem is also locally bounded above.

The property (I) can be used to prove

Theorem 2.11. Let u be a superminimizer in Ω. Then the function

u∗(x) = ess lim
y→x

inf u(y) = lim
r→0

ess inf
B(x,r)

u

is lower semicontinuous (this is automatically true) in Ω and u∗ ≈ u in

Ñ1,p
loc (Ω) (more difficult to prove).

This result shows that the lower semicontinuity assumption for a superhar-

monic functions is a natural assumption.

The De Giorgi method can also be used to prove that minimizers satisfy

the Harnack inequality. This is an idea of Di Benedetto–Trudinger [DT] and

the proof in this setup is rather complicated, see [KS]; the proof employs

the Krylov–Safonov covering argument in metric spaces with a doubling

measure.

Theorem 2.12. Suppose that u ≥ 0 is a minimizer. Then there is a con-

stant c <∞ such that

sup
B(x,R)

u ≤ c inf
B(x,R)

u (2.14)

for every ball B(x,R) with B(x, 5R) ⊂ Ω (the constant c is independent of

B(x,R) and u).

Remark. Theorems 2.12 and 2.11 remain true for K–quasiminimizers and

K–superquasiminimizers, respectively, see [KM2] and [KS]. A consequence

of this is, for example, that the integral condition in the definition for a

K–quasiminimizer, K > 1, does not have a local character only because it

is easy to give examples of local K–quasiminimizers for any K > 1 that do

not satisfy the “global” Harnack inequality (2.14).

Since every solution to the Kψ,θ(Ω)–obstacle problem is a supermini-

mizer, the above theory (with some extra work, see [KM2]) leads to

Theorem 2.13. Suppose that ψ : Ω → (−∞,∞) is continuous. Then the

solution u of the Kψ.θ(Ω)–obstacle problem is continuous.
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2.5.3. Comments on superharmonic functions in the metric

setup

In addition to the supermeanvalue property of classical superharmonic func-

tions there are several other equivalent definitions for superharmonicity:

Let Ω ⊂ Rn be domain and u : Ω → (−∞,∞] a lower semicontinuous func-

tion, u 6≡ ∞. Then u is superharmonic (in the classical sense) iff u satisfies

one of the conditions:

(a) For each open set D ⊂⊂ Ω u satisfies the comparison principle: If

h ∈ C(D) and h is harmonic in D with u ≥ h on ∂D, then u ≥ h

in D.

(b) u is the limit of an increasing sequence of superminimizers (for the

integral
∫

|∇u|2dm).

Both these approaches can be used in the nonlinear potential theory see

[HKM] but metric spaces offer topological and analytic difficulties. A sub-

stitute for (a) in the metric setup is the following: Let Ω ⊂ X be open. A

function u : Ω → (−∞,+∞] is called (p−) superharmonic in Ω if

(∗) u is lower semicontinuous and not identically +∞ in any component

of Ω,

(∗∗) for every open Ω′ ⊂⊂ Ω the following comparison principle holds:

if v ∈ C(Ω
′
) ∩ N1,p(Ω′) and v ≤ u on ∂Ω′, then the minimizer

h = h(v) with boundary values v in ∂Ω′ satisfies h ≤ v in Ω′.

The condition (∗∗) is stronger than (a). In [KM2] it is then proved that (∗)

and (∗∗) imply (b) in the metric setup.

Many potential theoretic problems remain open in metric spaces. For

example: Characterize the set E ⊂ X where a superharmonic function

u : X → (−∞,+∞] takes the value +∞.

2.6. Graphs

Potential Theory on graphs has been intensively studied recently. We indi-

cate a connection to the theory developed in the previous chapters.

A graph G consists of a set V (the vertex set) and a neighborhood

relation x ∼ y; we say that x and y are neighbors. The metric on G

is obtained as follows: If x and y are vertices, then d(x, z) denotes the
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smallest number of vertices x = x0, x1, . . . , xn−1, xn = y needed so that

xi ∼ xi+1. If U is a subset of G. then the measure #U of U is simply the

number of vertices in U . This measure is doubling if

#B(x, 2r) ≤ c#B(x, r)

with the constant c < ∞ independent of x ∈ V and r > 0. The (1, p)–

Poincaré inequality takes the following form

1

#B

∑

x∈B
|u(x) − uB| ≤ c diam (B)(

1

#B

∑

x∈B,y∼x
|u(x) − u(y)|p)1/p

whenever u : V → R.

Let U ⊂ V . We denote by ∂U the (outer) boundary of U , i.e. the set of

all vertices x ∈ V \ U which have at least one neighbor in U .

For a function u : U∪∂U → R, U ⊂ V , the p–th power of the “gradient”

at x ∈ V and the p–Dirichlet sum (integral) over a set U ⊂ V are defined

as

|Du(x)|p =
∑

y∼x
|u(y) − u(x)|p,

Ip(u, U) =
∑

x∈U
|Du(x)|p.

As in the previous sections a function u is a p–harmonic in U (U finite) if

u is a minimizer of Ip(u, U) among all functions in U ∪ ∂U with the same

values in ∂U . In other words, if

Ip(u, U) ≤ Ip(v, U)

whenever v : U ∪ ∂U → R with v = u in ∂U .

In this case there is an Euler equation for p–harmonic functions, see [HS].

A function u is p–harmonic in U iff

∆pu(x) =
∑

y∼x
|u(y) − u(x)|p−2(u(y) − u(x)) = 0 (2.15)

for every x ∈ U ∪ ∂U . Note that for p = 2 this leads to

∆2u(x) =
∑

y∼x
(u(y) − u(x)) = 0 ∀x ∈ U ∪ ∂U

which is the mean value property at x.

The “weak” formulation for (2.15) is
∑

x∈U,y∼x
|u(y) − u(x)|p−2(u(y) − u(x))(w(y) − w(x)) = 0 (2.16)
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for every function w : V → R with finite support in U ∪ ∂U (finite support

means: zero except at a finite set).

Note that (2.16) corresponds to the Euler equation of the variational

integral
∫

U

|∇u|pdm→ min

in the weak formulation:∫

U

|∇u|p−2∇u · ∇wdm = 0

for all w ∈ W 1,p
0 (U) (= N1,p

0 (U)).

In [HS] it was shown that if the graph is doubling and supports a (1, p)–

Poincaré inequality, then p–harmonic functions satisfy the Harnack inequal-

ity and, in particular, such graphs do not carry positive non–constant p–

harmonic functions. The proofs require rather extensive computation. It is

possible, however, to take a continuous approach.

Associate to G “a connected graph” G0 as follows: If x ∼ y, then

connect x and y by a closed interval I of unit length. Associate a measure

µ on G0 as

µ(U) =
∑

I

length (I ∩ U), U ⊂ G0

where the sum is extended over all intervals I in G0.

Now one can study absolutely continuous functions u on the intervals

I and use |∇u| = |u′| as an upper gradient, but u′ = ∇u can also be used

as an “ordinary” derivative. Observe that there is no need to consider the

derivation, or the upper gradient, at the vertices since they represent a set

of linear measure zero on each curve in G0. The following lemma is not

difficult, see [KS].

Lemma 2.12. Suppose that G has a doubling measure and supports the

(1, p)–Poincaré inequality. Then the measure µ on G0 is doubling and G0

supports an ordinary Poincaré inequality
∫
−
B

|u− uB|dµ ≤ cr
(∫

B

|∇u|pdµ
)1/p

, B = B(x, r).

The next step is to prove that if u is p–harmonic in the sense of (2.16) (or

(2.15)), then the linear extension u0 of u to G0 satisfies the weak Euler
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equation ∫

U0

|∇u0|p−2∇u0 · ∇wdµ = 0 (2.17)

for every lipschitz function w with finite support in U . The linear extension

u0 of u is defined as follows: u0(x) = u(x) for each vertex x ∈ V and on

the unit interval I connecting x to y (x ∼ y) we have

u0(t) = (u(y) − u(x))t + u(x)

(this is a piecewise linear extension of u).

Theorem 2.14. Suppose that U is connected (every vertex in U can be

connected to every other vertex in U by a finite sequence of vertex “neigh-

borhoods”). Let u be p–harmonic in U . Then the “linear” extension u0 of

u is p–harmonic in the sense of (2.17) in U0 (U0 is obtained from U as G0

is obtained from G).

Proof. Let u (or u0) satisfy (2.16). Let w be a lipschitz function with

finite support in U . Associate with w the function w1 on G0 so that for

each vertex x we have w1(x) = w(x) and w1 is “linear” on each edge I.

Then w2 = w−w1 is lipschitz and vanishes on the vertex set V . By (2.16)

0 =
∑

x∈U,x∼y
|u(y) − u(x)|p−2(u(y) − u(x))(w(y) − w(x))

=

∫

U0

|∇u0|p−2∇u0 · ∇w1dµ. (2.18)

Since the linear extension u0 of u is p–harmonic on each edge I of U0 and

w2 vanishes at the end points of I, we have∫

I

|∇u0|p−2∇u0 · ∇w2dµ = 0

(this is simply
∫
I

|u′0(t)|p−2u′0(t)w′
2(t)dt.) Thus

∑

I

∫

I

|∇µ0|p−2∇u0 · ∇w2dµ = 0

where the sum is taken over all edges I with one endpoint in U . But this,

together with (2.18), means that∫

U0

|∇u0|p−2∇u0 · ∇wdµ = 0

as required. �
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Remark. In this discrete setup the distances between vertices are = 1.

Arbitrary distances can also be considered. I have not seen any “deep” use

of the modulus of a family of curves in graphs although it is clear that this

concept has an influence in the potential theory on graphs. Note that this

method has been applied to Riemann surfaces.
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3.1. Introduction

This paper is a slightly extended version of the five hours course that I

delivered in the summer of 2003 for the Minicorsi di Analisi Matematica

at the University of Padova. Those lectures were conceived as a brief and

elementary introduction to classical solutions to mean curvature flow of

boundaries. The present paper, which is far from being a complete survey

on the subject, illustrates some of the many ideas that have been developed

in this field of research in the last few years. Beside the pioneering book of

Brakke [27], other references on this topic are for instance [65], [78], [5], [47],

63
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[16], [85], [34], where the reader can find more informations on geometric

evolution problems, weak solutions and regularity.

The content of the paper is the following. In Section 3.2 we give the

main notation used in the sequel. In Section 3.3 we recall some of the

properties of the signed distance function d from the boundary ∂E of a

smooth open set E, and its relations with the second fundamental form

of ∂E. In particular, in Theorem 3.3 we recall the expansion of the Hes-

sian of d in a tubular neighbourhood of ∂E. Remark 3.4 is concerned with

the square distance function from ∂E, and is related with the discussion

in Section 3.11 concerning mean curvature flow in arbitrary codimension.

More details on the contents of Section 3.3 can be found in [5, Section 4].

In Section 3.4 we define smooth mean curvature flow of boundaries. Af-

ter some preliminaries, in Definition 3.4 we define mean curvature flow of

boundaries using the signed distance function. Mean curvature flow using

level sets and mean curvature flow of graphs are considered in Examples

3.2 and 3.3, respectively. The short time existence and uniqueness theo-

rem is briefly described in Subsection 3.5, where we follow the approach

of [41]. In Section 3.6 we illustrate some special solutions to the flow, such

as self-similar solutions. The comparison principle between smooth com-

pact mean curvature flows is discussed in some detail in Section 3.7. As

an application of the comparison principle, following [38] and [50] we show

how to derive estimates from above and below on the lifespan of a classical

solution (Theorem 3.7). In Section 3.8 we illustrate Huisken monotonicity

formula [56], see Theorem 3.8. In Section 3.9 we derive the gradient es-

timate of Ecker-Huisken for mean curvature evolution of graphs [35], see

Theorem 3.9. Section 3.10 is devoted to the description of an example of

Grayson [53] of singularity of the mean curvature flow of a surface. Follow-

ing [32], in Section 3.11 we briefly recall the definition of mean curvature

flow in arbitrary codimension, using the square distance function. A more

detailed discussion on the contents of Section 3.11 can be found in [8], [5].

We conclude the paper with Section 3.12, where we give some references

on weak solutions for geometric evolution problems and on regularity.

3.2. List of notations

If x ∈ Rn and ρ > 0, we let Bρ(x) := {y ∈ Rn : |y − x| < ρ}.

〈·, ·〉 is the scalar product in Rn. If a, b ∈ Rn, a = (a1, . . . , an), b =

(b1, . . . , bn), a⊗ b is the matrix whose (i, j)-entry is aibj . Id = (δij) is the

identity matrix in Rn.
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If F ⊆ Rn and x ∈ Rn, we let dist(x, F ) := inf{|y − x| : y ∈ F}. |F | is the

Lebesgue measure of F .

Hα is the α-dimensional Hausdorff measure in Rn, α ∈ [0, n].

∇ (resp. ∇2, ∆) is the gradient (resp. the Hessian, the Laplacian) in Rn.

If i ∈ {1, . . . , n} we indicate by ei the canonical basis of Rn and by ∇i the

partial derivative with respect to xi. Hence ∇2 = (∇ij).

In the sequel the symbol E denotes an open subset of Rn with boundary

∂E of class C∞,

dE(x) := dist(x,E) − dist(x,Rn \ E), x ∈ Rn (3.1)

is the signed distance function from ∂E negative inside E. Whenever no

confusion is possible, the function dE will be denoted by d. Moreover, when

integrating a function f on ∂E we omit the symbol dHn−1, thus writing∫
∂E f in place

∫
∂E f dHn−1.

νE is the unit normal vector to ∂E = {d = 0} pointing outward of E.

If f (resp. X) is a function (resp. a vector field) which is smooth in

a neighbourhood of ∂E and x ∈ ∂E, ∇τf(x) (resp. divτX(x)) is the

tangential gradient of f (resp. the tangential divergence of X) at x, i.e.,

∇τf(x) :=
(
Id − νE(x) ⊗ νE(x)

)
∇f(x) (3.2)

(
resp. divτX(x) := tr

((
Id − νE(x) ⊗ νE(x)

)
∇X(x)

) )
. (3.3)

If the function f (resp. the vector field X) is defined only on ∂E, then

∇τf (resp. divτX) is defined by replacing ∇f (resp. ∇X) in (3.2) (resp.

in (3.3)) by ∇f (resp. ∇X), where f (resp. X) is an arbitrary smooth

extension of f (resp. of X) on a neighbourhood of ∂E.

∆τf is the Laplace-Beltrami operator on ∂E, i.e., ∆τf := divτ (∇τf).

We will adopt the convention of implicit summation over repeated indices.

If x ∈ ∂E, we denote by Tx(∂E) (resp. Nx(∂E)) the tangent (resp. the

normal) space to ∂E at x.

We denote by κE1 , . . . , κ
E
n−1 the principal curvatures of ∂E (positive for

convex sets), and by HE the mean curvature vector of ∂E, i.e.,

HE = −
n−1∑

i=1

κEi νE = −divτν
E νE on ∂E.

With our conventions, HE points inside E if ∂E is a sphere. We set

HE :=

n−1∑

i=1

κEi . (3.4)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

66 G. Bellettini

Remark 3.1. If E = {u < 0} and ∂E = {u = 0}, where u : Rn →
R is a function which is smooth in a neighbourhood U of {u = 0}, and

u2 + |∇u|2 > 0 in U , then

HE = −div

( ∇u
|∇u|

) ∇u
|∇u| (3.5)

= − 1

|∇u|tr
((

Id − ∇u⊗∇u
|∇u|2

)
∇2u

) ∇u
|∇u| on {u = 0}.

Notice that the application Id − ∇u⊗∇u
|∇u|2 is, on {u = 0}, the orthogonal

projection on the tangent space to {u = 0}. Notice also that multiplying

u by a nonzero scalar factor does not change the set {u = 0}, and this

is reflected by the zero homogeneity of the right hand side of (3.5) with

respect to u. Using the rotation and translation invariance of the right

hand side of (3.5), if we assume that x = 0 ∈ {u = 0} and ∇u(0) = en,

then (3.5) becomes HE(0) = −en
n−1∑

i=1

∇iiu(0). If in addition |∇u|2 = 1 in

a neighbourhood of 0, then HE(0) = −en∆u(0).

We recall the integration by parts formula on ∂E:
∫

∂E

divτX = −
∫

∂E

〈X,HE〉 X ∈ C1
c (Rn; Rn), (3.6)

see for instance [72], [6]. In particular
∫

∂E

φ∆τψ =

∫

∂E

ψ∆τφ φ, ψ ∈ C2
c (Rn). (3.7)

One of the motivations for studying mean curvature flow is given by the

following classical result, which is the computation of the first variation

of area. As a consequence, mean curvature flow can be interpreted as the

gradient flow of the area functional: the sense in which one has to take the

gradient flow is made rigorous in the paper [1].

Theorem 3.1. Let ψ ∈ C∞(Rn+1; Rn) and set ψλ(x) := ψ(λ, x) for λ ∈ R

and x ∈ Rn. Assume

(i) ψ0 = Id on Rn;

(ii) ψλ = Id out of a compact set of Rn, for |λ| small enough.

Define Eλ := ψλ(E). Then ∂Eλ is smooth for |λ| small enough, and

d

dλ
Hn−1(∂Eλ)|λ=0 = −

∫

∂E

〈X,HE〉, (3.8)
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where X(·) := ∂ψλ

∂λ (·)|λ=0.

3.3. The distance function

We briefly list the main properties of the distance function from a smooth

compact boundary needed in the sequel. Recall that ∂E is smooth and that

the function dE in (3.1) is also denoted by d.

Theorem 3.2. Assume that ∂E is compact. Then there exists ρ > 0 such

that, setting U := {y ∈ Rn : |d(y)| < ρ}, the following properties hold:

(i) d ∈ C∞(U) and satisfies the eikonal equation

|∇d|2 = 1 in U. (3.9)

(ii) If y ∈ U , the point pr(y) := y − d(y)∇d(y) belongs to ∂E and is

the unique solution of

min {|x− y| : x ∈ ∂E} ,
i.e. pr(y) is the orthogonal projection of y on ∂E. Moreover

∇d(y) = ∇d(pr(y)). (3.10)

Proof. See [5], [51, Appendix B]. 2

Remark 3.2. Observe that

(i) from (3.9) it follows ∇d = νE on ∂E and, by differentiation,

∇d ∈ ker(∇2d) on U. (3.11)

Hence ∇d is a unit zero eigenvector of ∇2d, and therefore, given

x ∈ ∂E, we can choose an orthonormal basis {v1, . . . , vn} of Rn

which diagonalizes ∇2d(x) and such that vn = ∇d(x).

(ii) From (3.11) it follows that

divτ (∇d) = div(∇d) = ∆d on ∂E, (3.12)

hence

∆d = HE and − ∆d∇d = HE on ∂E. (3.13)

(iii) Differentiating twice identity (3.9) we get

∇ijkd∇kd = −∇jkd∇ikd on U, (3.14)

for any i, j, k ∈ {1, . . . , n}.
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The following result describes the expansion of the eigenvalues of ∇2d

on the whole of U .

Theorem 3.3. Let E, U and d be as in Theorem 3.2. Let y ∈ U and let

x := pr(y) be the orthogonal projection of y on ∂E. Fix an orthonormal

basis {v1, . . . , vn} of Rn in which ∇2d(x) is diagonal, such that vn = ∇d(x)

and

∇2d(x)vi = κEi (x)vi, i = 1, . . . , n, (3.15)

where κEn (x) := 0. Then vn ∈ Ker(∇2d(y)), the basis {v1, . . . , vn} diago-

nalizes ∇2d(y), and if we denote by µi(y) the eigenvalue corresponding to

vi for i = 1, . . . , n, then

µi(y) =
κEi (pr(y))

1 + d(y)κEi (pr(y))
. (3.16)

Proof. We follow [5, Theorem 3]. Define

B(s) := ∇2d (x+ s∇d(x))

for |s| small enough in such a way that x+ s∇d(x) ∈ U . Observe that

B(0) =

n∑

l=1

κEl (x)vl ⊗ vl. (3.17)

Fix i, j ∈ {1, . . . , n}. Consider the (i, j)-th entry Bij(s) of B(s). Then,

using (3.14) we get

B′
ij(s) = ∇ijkd(x+ s∇d(x))∇kd(x) = −(B2(s))ij , (3.18)

hence B′(s) = −B2(s). The solution of this system of ODEs with initial

condition (3.17) is B(s) =
∑n

l=1
κE

l (x)

1+sκE
l (x)

vl ⊗ vl. 2

Remark 3.3. In the statement of Theorem 3.2 the number ρ > 0 is small

enough in such a way that, in particular, 1 + d(y)κEi (pr(y)) > 0 for any

y ∈ U .

Remark 3.4. Let E and U be as in Theorem 3.3, and set η := d2/2. Then

η ∈ C∞(U), η = 0 on ∂E, and

∇η = d∇d = 0 on ∂E. (3.19)

Moreover, if i, j ∈ {1, . . . , n} we have ∇ijη = ∇id∇jd + d∇ijd on U , so

that

∇2η = ∇d⊗∇d on ∂E. (3.20)
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Hence ∇2η(x) is the orthogonal projection on Nx(∂E) at x ∈ ∂E. Finally,

if i, j, k ∈ {1, . . . , n} we have

∇ijkη = ∇id∇jkd+ ∇jd∇ikd+ ∇kd∇ijd+ d∇ijkd (3.21)

on U . Therefore, recalling (3.11), we find

∆∇η = ∆d∇d = −HE on ∂E. (3.22)

Remark 3.5. Observe that

(i) from (3.16) we obtain

κEi (pr(y)) =
µi(y)

1 − d(y)µi(y)
i = 1, . . . , n. (3.23)

(ii) For any i = 1, . . . , n we have µi(y)
1−d(y)µi(y)

≤ µi(y) in U ∩ E, hence

n∑

i=1

µi(y)

1 − d(y)µi(y)
≤

n∑

i=1

µi(y) in U ∩ {d ≤ 0}.

Similarly µi(y)
1−d(y)µi(y)

≥ µi(y) in U ∩ (Rn \ E), hence

n∑

i=1

µi(y)

1 − d(y)µi(y)
≥

n∑

i=1

µi(y) in U ∩ {d ≥ 0}.

3.4. Smooth mean curvature flows

Let us recall the definition of smooth flow and of normal velocity, see for

instance [5, Section 5]. We begin by looking at the flow as a smooth family

of smooth immersions of a given boundary.

Definition 3.1. Assume that ∂E is connected and compact. Let T > 0

and let Γ(t) be a subset of Rn for any t ∈ [0, T ]. We say that (Γ(t))t∈[0,T ]

is a smooth flow on [0, T ] starting from ∂E = ∂E(0) if there exists a map

φ : ∂E × [0, T ] → Rn of class C∞ such that

(i) φ(y, 0) = y for any y ∈ ∂E;

(ii) φ(·, t) is a bijection between ∂E and Γ(t) for any t ∈ [0, T ];

(iii) the (n−1)-dimensional tangential Jacobian Jyφ(y, t) [5] is not zero

for any y ∈ ∂E and any t ∈ [0, T ].
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Observe that Γ(t) is a smooth, compact, connected hypersurface without

boundary.

Definition 3.2. Let y ∈ ∂E, t ∈ [0, T ] and set x := φ(y, t) ∈ Γ(t). The

normal velocity V(y, t) of Γ(t) at x is defined as the orthogonal projection

of ∂φ
∂t (y, t) on the normal space Nx(Γ(t)) to Γ(t) at x.

The normal velocity V(y, t) depends only on the set Γ(t) and not on the

way Γ(t) is parameterized, since reparameterizations add only tangential

components to the velocity.

Definition 3.3. If E(t) is a family of subsets of Rn parameterized by t ∈
[0, T ] we let

dE(t)(x) := dist(x,E(t))−dist(x,Rn \E(t)), t ∈ [0, T ], x ∈ Rn (3.24)

the signed distance function negative inside E(t). Whenever no confusion

is possible, the function dE(t)(x) will be denoted by d(x, t).

The symbols ∇d and ∆d stand for the gradient and the Laplacian of d

with respect to x. By ∇τ (resp. divτ , ∆τ ) on ∂E(t) we mean the tangential

gradient (resp. the tangential divergence, the Laplace-Beltrami operator)

on ∂E(t).

The following result shows the connection between the normal velocity

and the gradient of the function d(x, t).

Theorem 3.4. Let (∂E(t))[0,T ] be a smooth flow on [0, T ] starting from

∂E = ∂E(0). Then there exists an open set A such that A ⊃ ∂E(t) for any

t ∈ [0, T ] and d ∈ C∞(A× [0, T ]), and

∂d

∂t
(x, t) ∇d(x, t) = −V(y, t), x := φ(y, t) ∈ ∂E(t) (3.25)

for any y ∈ ∂E and any t ∈ [0, T ].

Sketch of proof. We prove only (3.25). We know that d(φ(y, t), t) = 0

for any y ∈ ∂E and any t ∈ [0, T ]. Hence, differentiating with respect to t

and setting x := φ(y, t), we get

∂d

∂t
(x, t) + 〈∇d(x, t),

∂φ

∂t
(y, t)〉 = 0. (3.26)

Then, using the definition of normal velocity and (3.26) we get

V(y, t) = 〈∇d(x, t),
∂φ

∂t
(y, t)〉∇d(x, t) = −∂d

∂t
(x, t)∇d(x, t),
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i.e. (3.25). 2

We are now in a position to define classical mean curvature flow of

boundaries using the signed distance function d defined in (3.24).

Definition 3.4. We say that (E(t))t∈[0,T ] is a smooth mean curvature flow

on [0, T ] starting from E = E(0) if

(i) there exists an open set A such that A ⊃ ∂E(t) for any t ∈ [0, T ]

and d ∈ C∞(A× [0, T ]);

(ii) we have

∂d

∂t
(x, t)∇d(x, t) = ∆d(x, t)∇d(x, t), t ∈ [0, T ], x ∈ ∂E(t).

(3.27)

Sometimes we will also say that (∂E(t))t∈[0,T ] is a smooth mean curva-

ture flow on [0, T ] starting from ∂E = ∂E(0). Note that (3.27) means that

V(y, t) = HE(t)(x), for x := φ(y, t) ∈ ∂E(t).

Remark 3.6. If ∂E is compact, then the open set A in Definition 3.4 can

be taken as a suitable tubular neighbourhood of ∂E.

Remark 3.7. The system in (3.27) is equivalent to

∂d

∂t
(x, t) = ∆d(x, t), t ∈ [0, T ], x ∈ ∂E(t) (3.28)

which, in turn, is equivalent to the system





∂d

∂t
= ∆d,

d(·, t) = 0,

t ∈ [0, T ]. (3.29)

Remark 3.8. If we define η(x, t) := 1
2d(x, t)2, then recalling (3.22), we

have that (3.27) can be written also as

∂∇η
∂t

(x, t) = ∆∇η(x, t), t ∈ [0, T ], x ∈ ∂E(t). (3.30)

Example 3.1. Let R0 > 0; the mean curvature flow starting from the

sphere BR0(0) is the sphere BR(t)(0), where

R(t) =
√
R2

0 − 2(n− 1)t, t ∈
[
0, t†

[
, t† :=

R2
0

2(n− 1)
.
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Indeed dBR(t)(x0)(x) = d(x, t) = |x| −R(t), hence ∂d
∂t (x, t) = −Ṙ(t), and

∇d(x, t) =
x

|x| , ∇2d(x, t) =
1

|x|

(
Id − x

|x| ⊗
x

|x|

)
, ∆d(x, t) =

n− 1

|x| .

Hence (3.28) becomes

Ṙ(t) = −n− 1

R(t)
.

Coupled with R(0) = R0, the solution is R(t) =
√
R2

0 − 2(n− 1)t.

Example 3.2. Assume that E(t) = {x ∈ Rn : u(x, t) < 0} and ∂E(t) =

{x ∈ Rn : u(x, t) = 0}, where u : Rn × [0, T ] → R is a function which is

smooth in A × [0, T ], where A is an open set containing {u(·, t) = 0} for

any t ∈ [0, T ], and such that u2 + |∇u|2 > 0 in A × [0, T ]. Then, letting

ut := ∂u
∂t , (3.27) can be written as

ut
|∇u|

∇u
|∇u| = div

( ∇u
|∇u|

) ∇u
|∇u| on {u(·, t) = 0}, (3.31)

which is usually rewritten in the equivalent scalar form as

ut = |∇u|div

( ∇u
|∇u|

)
= ∆u − ∇iu∇ju∇iju

|∇u|2 on {u(·, t) = 0}. (3.32)

Indeed, since u(φ(y, t), t) = 0, differentiating with respect to t yields

∂u

∂t
(x, t) + 〈∇u(x, t),

∂φ

∂t
(y, t)〉 = 0, x := φ(y, t).

Hence the normal velocity V(y, t) of x ∈ {u(·, t) = 0} is given by

− ut(x,t)
|∇u(x,t)|

∇u(x,t)
|∇u(x,t)| , so that (3.31) follows from (3.5).

Remark 3.9. If |∇u|2 = 1 in a neighbourhood of {(x, t) : u(x, t) = 0} then

problem (3.32) reduces to




∂u

∂t
= ∆u,

u(·, t) = 0,
(3.33)

i.e., (3.29).

The partial differential equation

ut = |∇u|div

( ∇u
|∇u|

)
(3.34)

is fully nonlinear parabolic, and is degenerate where |∇u| = 0. It has been

extensively studied, in particular in the framewok of viscosity solutions, see
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for instance [40], [42], [43], [30], [49]. If u is a solution to (3.34) which is

smooth in a space time region around one of its level sets {u(·, t) = λ},

then this level set flows smoothly by mean curvature.

Example 3.3. Assume that E(t) = {(x′, xn) ∈ Rn−1 × R : xn > f(x′, t)}
for a smooth function f : Rn−1 × [0, T ] → R. Then ∂E(t) = {(x′, xn) :

u(x′, xn, t) := f(x′, t) − xn = 0}, hence by (3.5) it follows

HE = −div

(
∇f√

1 + |∇f |2

)
(∇f,−1)√
1 + |∇f |2

(3.35)

Since the flow can be parameterized as (x′, t) → (x′, f(x′, t)), we have
∂φ
∂t = (0, ∂f∂t ), which is in the “vertical” direction en and not in normal

direction. The normal velocity is then

V = 〈∂φ
∂t
, νE(t)〉νE(t) =

ft
1 + |∇f |2 (−∇f, 1). (3.36)

The mean curvature flow of the graph of f therefore reads as

ft =
√

1 + |∇f |2 div

(
∇f√

1 + |∇f |2

)
(3.37)

on Rn−1 × [0, T ].

Equation (3.37) is a quasilinear parabolic equation, and has been studied

in [35], [36].

Remark 3.10. As a consequence of (3.8), (3.25) and (3.27), we have

d

dt
Hn−1(∂E(t)) = −

∫

∂E(t)

(∆d)2, (3.38)

which shows how the area of ∂E(t) is decreasing along the flow.

Example 3.4. Assume that ∂E ⊂ R3 is the rotation around the x-axis

of the graph of a smooth function f = f(x) : R → ]0,+∞[, precisely

E = {(x, y, z) ∈ R3 : y2 + z2 < f2(x)}. Define u(x, y, z) := y2 + z2 − f2(x),

for (x, y, z) ∈ R3. Then {u = 0} = ∂E and {u < 0} = E, and ∇u =

2(−f(x)f ′(x), y, z). Hence a direct computation gives

HE = div

( ∇u
|∇u|

)
= − f ′′

(1 + f ′2)3/2
+

1

f(1 + f ′2)1/2
on ∂E. (3.39)
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3.5. Short time existence

Short time existence and uniqueness of the solution to (3.28), starting from

a compact smooth initial datum ∂E(0), is a consequence of a general theo-

rem proved in [46]. A proof using the signed distance function was originally

given in [41] (see also [66]). In order to illustrate briefly the approach of [41]

we need the following lemma.

Lemma 3.1. Let d, A and T be as in Definition 3.4. Let z ∈ A and

t ∈ [0, T ]. Let x ∈ ∂E(t) be the projection point on ∂E(t) of z ∈ A. Then

∂d

∂t
(x, t) =

∂d

∂t
(w, t), (3.40)

for any w belonging to the closed segment connecting x with z.

Proof. We follow [5]. Let s ∈ R be such that |s| is small enough, in such

a way that ys(x, t) := x+ s∇d(x, t) ∈ A× [0, T ]. Using (3.9) we have

|∇d(ys(x, t), t)|2 = 1. (3.41)

Differentiating (3.41) with respect to t yields

0 = 〈∇∂d

∂t
(ys(x, t), t),∇d(ys(x, t), t)〉 (3.42)

+ s〈∇2d(ys(x, t), t)∇∂d

∂t
(ys(x, t), t),∇d(ys(x, t), t)〉.

Using (3.11) we have 〈∇2d∇∂d
∂t ,∇d〉 = 〈∇∂d

∂t ,∇2d∇d〉 = 0 at the point

(ys(x, t), t). Therefore, from (3.42) we deduce

0 = 〈∇∂d

∂t
(ys(x, t), t),∇d(ys(x, t), t)〉. (3.43)

Define now

b(s) :=
∂d

∂t
(ys(x, t), t).

By (3.10) and (3.43) we deduce

b′(s) = 〈∇∂d

∂t
(ys(x, t), t),∇d(x, t)〉

= 〈∇∂d

∂t
(ys(x, t), t),∇d(ys(x, t), t)〉 = 0.

Hence b is constant, and this concludes the proof. 2
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In view of Lemma 3.1 and (3.23), we have that (3.28) is equivalent to a

single equation on the fixed set A× [0, T ], which reads as

∂d

∂t
=

n∑

i=1

µi
1 − dµi

in A× [0, T ]. (3.44)

Given a smooth set E = E(0) with compact boundary, the idea of [41]

is therefore to prove local existence and uniqueness of the solution v (in

appropriate functional spaces) to the problem




∂v

∂t
:= F (∇2v, v) in A× ]0, T [,

v(x, 0) = dE(x) x ∈ A,

|∇v|2 = 1 on ∂A× [0, T ],

(3.45)

where F (R, z) := tr(R(Id− zR)−1) for a symmetric matrix R and a vector

z, and to show that v satisfies the eikonal equation |∇v|2 = 1 in the whole

of A × [0, T ]. Once this is proved, the authors recover the (unique local)

classical mean curvature flow starting from E as ∂E(t) := {x ∈ A : v(x, t) =

0} for any t ∈ [0, T ].

Remark 3.11. Thanks to (3.44) and (ii) of Remark 3.5, we have




∂d

∂t
− ∆d ≤ 0 in A ∩ {d ≤ 0},

∂d

∂t
− ∆d ≥ 0 in A ∩ {d ≥ 0}.

(3.46)

Inequalities (3.46) are useful when studying mean curvature flow with the

level set method (using viscosity solutions) and with the reaction-diffusion

equations, see for instance [39], [76] and references therein.

Let us show how to find the evolution law of the normal vector field [55]

using the signed distance function.

Lemma 3.2. Assume that ∂E = ∂E(0) is compact. Let (E(t))t∈[0,T ] be the

smooth mean curvature flow on [0, T ] starting from E. Then

∂

∂t
∇d = ∇τ∆d on ∂E(t). (3.47)

Proof. Let A be the open set in Definition 3.4. Define G(x, t) := (Id −
d(x, t)∇2d(x, t))−1 for (x, t) ∈ Rn × [0, T ]. Recalling (3.44), we have

∂d

∂t
= tr(G ∇2d) in A× [0, T ]. (3.48)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

76 G. Bellettini

Let Gij(x, t) be the (i, j)-th entry of G(x, t) and let k ∈ {1, . . . , n}. Observe

that

Gij = δij + d∇ijd+ o(d), ∇kGij = ∇kd∇ijd+O(d), (3.49)

in A × [0, T ]. Differentiating (3.48) with respect to xk and using (3.49)

yields, in A× [0, T ],

∇k
∂d

∂t
=

∂

∂t
∇kd = ∇k(Gij∇jid) = ∇kGij∇jid+Gij∇ijkd

= ∇ijkd δij + ∇kd∇ijd∇jid+O(d) = ∇iikd+ ∇kd|∇2d|2 +O(d)

= ∇k∆d+ ∇kd |∇2d|2 +O(d),

where |∇2d|2 := tr(∇2d∇2d) is the square of the length of the second

fundamental form. Observe that (3.14) (applied with i = j) implies

−|∇2d|2 = 〈∇d,∇∆d〉. Hence

∇∂d

∂t
= ∇∆d− 〈∇∆d,∇d〉∇d +O(d)

in A× [0, T ], and (3.47) follows. 2

Remark 3.12. In general, the evolution equations satisfied by geometric

quantities, such as the mean curvature or the square of the second funda-

mental form, is crucial to derive informations on the flow. See for instance

the papers [46], [52] for the evolution of curves, the paper [55] for evolution

of boundaries of convex sets.

Curvature flow of curves, called also curves-shortening, was studied in [45],

[46] under convexity assumptions, and in [52] in the general case. See also

the papers [11], [12], [13] and references therein. In [52] Grayson was able

to prove a global result, i.e., if ∂E(0) is compact then the curvature flow

(∂E(t))t∈[0,t†[ starting from ∂E(0) is smooth on a maximal time interval

[0, t†[, the curves ∂E(t) eventually become convex and contract, as t ↑ t†, to

a point. The time t† is called the extinction time. Another global result in

higher dimension was proved in [55]: if E(0) ⊂ Rn is bounded and convex,

then the mean curvature flow (∂E(t))t∈[0,t†[ starting from ∂E(0) is smooth

on a maximal time interval [0, t†[, the sets E(t) are strictly convex for

t ∈ ]0, t†[, and converges to a point as t ↑ t†. Moreover, when appropriately

rescaled, the hypersurfaces ∂E(t) converge to a sphere as t ↑ t†. Other

global results can be proved when ∂E is the graph of a function f satisfying

suitable properties [35] (see also [17]): the mean curvature flow of graphs

will be considered in Section 3.9.
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3.6. Special solutions to mean curvature flow

Beside the shrinking sphere (Example 3.1) there are other interesting ex-

amples of classical mean curvature flow, see also [34].

Example 3.5. Let h ∈ {1, . . . , n − 1} and R0 > 0; the mean curvature

evolution of the cylinder {(z, w) ∈ Rn−h × Rh : |z| < R0} is the cylinder

{(z, w) ∈ Rn−h × Rh : |z| < R(t)}, where R(t) =
√
R2

0 − 2(n− h− 1)t,

t ∈ [0, R2
0/(2(n− h− 1))[.

Example 3.6. Assume that HE ≡ 0. Then ∂E is a minimal surface, hence

is a stationary solution to (3.28).

Let us define self-similar contracting solutions to mean curvature flow.

Definition 3.5. We say that E gives raise to a self-similar contracting

solution to mean curvature flow if there exists T > 0 such that

E(t) = α(t)E, t ∈ [0, T [, α(t) :=

√
1 − t

T
, (3.50)

where (E(t))t∈[0,T [ is the mean curvature flow starting from E = E(0).

Sets E giving raise to self-similar contracting solutions have a boundary that

must satisfy a suitable elliptic partial differential equation. More precisely,

the following result holds.

Lemma 3.3. The set E gives raise to a self-similar contracting solution to

mean curvature flow if and only if

∆d(x) =
1

2T
〈∇d(x), x〉, x ∈ ∂E. (3.51)

Proof. Assume that E gives raise to a self-similar contracting solution

to mean curvature flow. Let x ∈ Rn. We have

dist (x, α(t)E) = inf
y∈α(t)E

|y − x| = α(t) inf
y/α(t)∈E

|y/α(t) − x/α(t)|

= α(t)dist(x/α(t), E).

Hence, if dE(t)(x) (resp. d) is the function defined in (3.24) (resp. in (3.1)),

we have dE(t)(x) = α(t)d(x/α(t)), so that ∇dE(t)(x) = ∇d(x/α(t)),

∆dE(t)(x) =
1

α(t)
∆d(x/α(t)), (3.52)

∂

∂t
dE(t)(x) = α′(t)d(x/α(t)) − α′(t)

α(t)
〈∇d(x/α(t)), x〉. (3.53)
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Since ∂E(t) = {x : dE(t)(x) = 0} = {x : d(x/α(t)) = 0}, from (3.53) we

deduce

∂

∂t
dE(t)(x) = −α′(t)〈∇d(x/α(t)), x/α(t)〉, x ∈ ∂E(t). (3.54)

Using (3.52), (3.54) and ∂E(t) = α(t)∂E, the equation (3.28) expressing

mean curvature flow of ∂E(t) becomes an equation for the function d on

∂E which reads as

−α′(t)〈∇d(x/α(t)), x/α(t)〉 =
1

α(t)
∆d(x/α(t)), x/α(t) ∈ ∂E,

i.e.,

∆d(z) = −α′(t)α(t)〈∇d(z), z〉, z ∈ ∂E. (3.55)

Since α′(t)α(t) = − 1
2T , equation (3.51) follows.

Conversely, if there exists T > 0 such that equation (3.51) holds, the family

(E(t))t∈[0,T [ defined in (3.50) is the mean curvature flow in [0, T [ starting

from E. 2

An interesting problem is to classify all solutions ∂E to (3.51), see [57] for

results in this direction.

Remark 3.13. Observe that (3.51) is the Euler-Lagrange equation of the

functional

E →
∫

∂E

e−
|x|2

4T .

Indeed, using the notation of Theorem 3.1, recalling (3.6) and setting

a(x) := e−
|x|2

4T , we have (see also formula (3.83) below)

d

dλ

∫

∂Eλ

e−
|x|2

4T |λ=0 =

∫

∂E

(
〈X,∇d〉∆d a+ 〈X,∇a−∇τa〉

)
. (3.56)

Since

∇a−∇τa = 〈∇a,∇d〉∇d = − 1

2T
e−

|x|2

4T 〈x,∇d〉∇d on ∂E,

from (3.56) we deduce

d

dλ

∫

∂Eλ

e−
|x|2

4T |λ=0 =

∫

∂E

〈X,∇d〉
(

∆d− 1

2T
〈x,∇d〉

)
e−

|x|2

4T .
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Example 3.7. We look for a special solution to (3.37) of the form f(x, t) =

g(x) + t, for some real valued function g to be determined. The function g

must satisfy

√
1 + |∇g|2 div

(
∇g√

1 + |∇g|2

)
= 1. (3.57)

Assume n = 2. Then (3.57) reads as

gxx
1 + g2

x

= (arctg(gx))x = 1. (3.58)

A solution to (3.58) is given by g(x) = − log(cosx) for x ∈ ] − π
2 ,

π
2 [. The

corresponding solution f(x, t) = − log(cosx) + t, for x ∈ ] − π
2 ,

π
2 [ and

t ∈ [0,+∞[ (called grim reaper) is said to be a translating solution to

curvature flow.

3.7. The comparison principle between smooth compact

flows

Let us recall the following form of the maximum principle.

Lemma 3.4. Let A and B be two open sets with smooth boundary, and

assume that there exist x ∈ Rn and ρ > 0 with the following properties:

x ∈ ∂A ∩ ∂B, A ∩Bρ(x) ⊆ B ∩Bρ(x).

Then HA(x) ≥ HB(x).

Proof. Since the mean curvature is rotationally invariant, we can assume

that νA(x) = νB(x) = −en, x is the origin of the coordinates, ∂A∩Bρ(x) =

graph(f), ∂B∩Bρ(x) = graph(g), where f and g are two smooth functions

defined on an open set of Rn−1 = span{e1, . . . , en−1} such that f ≥ g locally

around 0. Then f−g has a local minimum at 0, so that ∇f(0) = ∇g(0) = 0

and ∆f(0) ≥ ∆g(0), see Figure 3.1. Then

HA(x) = ∆f(0) ≥ ∆g(0) = HB(x).2

The maximum principle is at the basis of the comparison principle for

smooth compact mean curvature flows, which reads as follows.

Theorem 3.5. Let E = E(0) and F = F (0) be two open sets with smooth

compact boundary, and assume that

E(0) ⊆ F (0).



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

80 G. Bellettini

A
B

Bρ( )X

X

Figure 3.1. Locally around the point x ∈ ∂A ∩ ∂B, the set A is contained in the
set B. The tangent space to ∂A at x equals the tangent space to ∂B at x, and is
horizontal. The mean curvature of ∂A at x is greater than or equal to the mean
curvature of ∂B at x.

Let (E(t))t∈[0,T ] and (F (t))t∈[0,T ] be the two smooth mean curvature flows

in a common time interval [0, T ] starting from E(0) and F (0) respectively.

Then the function

δ(t) := dist(E(t),Rn \ F (t)), t ∈ [0, T ], (3.59)

is nondecreasing. In particular

E(t) ⊆ F (t), t ∈ [0, T ]. (3.60)

Sketch of proof. Let M := ∂E(0) × ∂F (0). We divide the proof

into three steps.

Step 1. Let u : M × [0, T ] → R be a smooth function. Define, for t ∈ [0, T ],

m(t) := min
x∈M

u(x, t), C(t) := {x ∈M : u(x, t) = m(t)}. (3.61)

Then for any t ∈ [0, T [ there exists limτ→0+
1
τ (m(t+ τ) −m(t)) and

lim
τ→0+

1

τ
(m(t+ τ) −m(t)) = min

{
∂u

∂t
(x, t) : x ∈ C(t)

}
.

For any t ∈ [0, T [, x ∈ C(t), τ > 0 small enough, we have

m(t+ τ) ≤ u(x, t+ τ) = u(x, t) + τ
∂u

∂t
(x, t) + o(τ)

= m(t) + τ
∂u

∂t
(x, t) + o(τ).

Therefore lim sup
τ→0+

1

τ
(m(t+ τ) −m(t)) ≤ ∂u

∂t
(x, t), which implies

lim sup
τ→0+

1

τ
(m(t+ τ) −m(t)) ≤ min

x∈C(t)

∂u

∂t
(x, t). (3.62)
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Fix ǫ > 0 and define Cǫ(t) := {x ∈M : u(x, t) < m(t) + ǫ}. Then Cǫ(t) is a

neighbourhood of C(t). Let L := supt∈]0,T [ ‖∂u∂t ‖L∞(M). For any t ∈ [0, T [,

x ∈ Cǫ(t) and τ > 0 small enough, we have

u(x, t+ τ) = u(x, t) + τ
∂u

∂t
(x, t) + o(τ)

≥ m(t) + τ inf
y∈Cǫ(t)

∂u

∂t
(y, t) + o(τ), (3.63)

while if x ∈M \ Cǫ(t) we have

u(x, t+ τ) ≥ m(t) + ǫ+ τ
∂u

∂t
(x, t) + o(τ)

≥ m(t) + ǫ− τL+ o(τ). (3.64)

For τ < ǫ
3L the right hand side of (3.63) is smaller than the right hand side

of (3.64). We deduce

u(x, t+ τ) ≥ m(t) + τ inf
y∈Cǫ(t)

∂u

∂t
(y, t) + o(τ)

for any x ∈M and τ < ǫ
3L . It follows

m(t+ τ) ≥ m(t) + τ inf
y∈Cǫ(t)

∂u

∂t
(y, t) + o(τ), τ <

ǫ

3L
.

Hence

lim inf
τ→0+

1

τ
(m(t+ τ) −m(t)) ≥ inf

y∈Cǫ(t)

∂u

∂t
(y, t),

which implies

lim inf
τ→0+

1

τ
(m(t+ τ) −m(t)) ≥ sup

ǫ
inf

y∈Cǫ(t)

∂u

∂t
(y, t) = min

x∈C(t)

∂u

∂t
(x, t),

where the last equality follows from the continuity of the function ∂u
∂t (·, t).

The proof of step 1 is concluded.

Since E(t) (resp. F (t)) is a smooth flow on [0, T ], there exists a map

E : ∂E × [0, T ] → Rn (resp. F : ∂F × [0, T ] → Rn) having the properties

(i)-(iii) of the map φ in Definition 3.1. Observe that

δ(t) = min {u(s, σ, t) : (s, σ) ∈M} , t ∈ [0, T ], (3.65)

where u : M → [0,+∞[ is defined as

u(s, σ, t) := |E(s, t) −F(σ, t)|. (3.66)
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Let 0 ≤ t1 ≤ t2 < T . We have to prove that δ(t1) ≤ δ(t2). Assume for

simplicity t1 = 0. Assume also

δ(0) > 0. (3.67)

Thanks to the smoothness of the flows, there exists a ∈ ]0, T [ such that

δ(t) > 0 in [0, a]. In particular, the function u defined in (3.66) is smooth

on M × [0, a].

Step 2. We have

lim
τ→0+

1

τ
(δ(t+ τ) − δ(t)) ≥ 0 t ∈ [0, a[. (3.68)

From step 1, applied with m := δ and T := a, we get

lim
τ→0+

δ(t+ τ) − δ(t)

τ
(3.69)

= min
(s,σ)∈M

{
∂u

∂t
(s, σ, t) : u(s, σ, t) = δ(t)

}
, t ∈ [0, a[.

At fixed t ∈ [0, a[, let (s, σ) ∈M be two minimizing parameters for the right

hand side of (3.69). Set z := E(s, t) ∈ ∂E(t) and w := F(σ, t) ∈ ∂F (t), see

Figure 3.2.

E(t)
F (t )

F(0)

E(0)

z

w

σ

ν

ν −

−s

Figure 3.2. The bold curves denote ∂E(0) and ∂F (0). The outward unit normals
to ∂E(t) at z and to ∂F (t) at w are parallel (and denoted by ν), since |z − w| =
δ(t).

Then
∂u

∂t
(s, σ, t) = 〈 w − z

|w − z| ,
∂F
∂t

(σ, t) − ∂E
∂t

(s, t)〉. (3.70)
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As δ(t) = |w − z| > 0, we have

w − z

|w − z| = νE(t)(z) = νF (t)(w) =: ν. (3.71)

Observe also that

〈ν, ∂F(σ, t)

∂t
〉ν = VF , 〈ν, ∂E(s, t)

∂t
〉ν = VE , (3.72)

where VF (resp. VE) is the normal velocity of ∂F (t) at w (resp. of ∂E(t)

at z), and

〈ν, ∂F(σ, t)

∂t
〉 = −HF (t)(w), 〈ν, ∂E(s, t)

∂t
〉 = −HE(t)(z). (3.73)

From (3.70), (3.71) and (3.73) we get

lim
τ→0+

1

τ
(δ(t+ τ) − δ(t)) = −HF (t)(w) +HE(t)(z). (3.74)

Observe now that, being δ(t) = |w − z|, if we consider the translated set

Etr(t) := E(t) + δ(t)ν, then Etr(t) ⊆ F (t), and w ∈ ∂(Etr(t)) ∩ ∂F (t).

Hence, by Lemma 3.4, HEtr(t)(w) ≥ HF (t)(w). Since HEtr(t)(w) =

HE(t)(z), from (3.74) we then get (3.68). The proof of step 2 is concluded.

Step 3. Assume (3.67). Then the function δ is nondecreasing in [0, a].

Assume by contradiction that there exist 0 ≤ t1 < t2 ≤ a such that δ(t2) <

δ(t1). Assume for simplicity that t1 = 0. Let P (s) be a linear decreasing

function such that P (0) = δ(0) and P (t2) > δ(t2). Let

t∗ := sup{t ∈ [0, a] : δ(t) ≤ P (t)}.
Then P (t∗) = δ(t∗), t∗ < a, and

lim
τ→0+

1

τ
(δ(t∗ + τ) − δ(t∗)) < P ′(t∗) < 0,

a contradiction with step 2.

Once we assume (3.67), we get that δ is nondecreasing in [0, a], hence

the argument can be repeated also for times larger than a. Removing

assumption (3.67) requires an approximation argument which is omitted.

2

The following theorem is proved in [41].

Theorem 3.6. Let (E(t))t∈[0,T ] and (F (t))t∈[0,T ] be two smooth mean cur-

vature flows in [0, T ] starting from E(0) and F (0) respectively. Assume

∂E(0) and ∂F (0) connected, and

E(0) ⊆ F (0), E(0) 6= F (0).
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Then

E(t) ⊂ F (t) and ∂E(t) ∩ ∂F (t) = ∅ t ∈ ]0, T ]. (3.75)

3.7.1. Estimates of the extinction time

We begin with the following result, which is a consequence of the compari-

son principle.

Lemma 3.5.

Let ∂E be compact. Assume that the mean curvature flow starting from

E is smooth up to the extinction time t†. Then

t† ≤ (diam(E))2

2(n− 1)
. (3.76)

Proof. Denote by (E(t))t∈[0,t†[ the smooth mean curvature flow starting

from E = E(0). Let R0 := diam(E). We have E ⊆ BR(p) for some point

p ∈ Rn. Therefore, by the comparison principle between smooth flows

(Theorem 3.5) and Example 3.1 we have

E(t) ⊆ BR(t)(p), R(t) =
√
R2

0 − 2(n− 1)t, t ∈
[
0,

R2
0

2(n− 1)

[
.

Hence t† ≤ R2
0

2(n−1) . 2

The following theorem gives an estimate from above and from below of the

extinction time for a smooth compact mean curvature flow. We refer to the

papers [38], [50], [42] for all details.

Theorem 3.7. Let ∂E be compact. Assume that the mean curvature flow

starting from E is smooth up to the extinction time t†. Then

2|E|2
(Hn−1(∂E))

2 ≤ t† ≤ C
(
Hn−1(∂E)

)2/(n−1)
, (3.77)

where C > 0 is a constant depending only on the dimension.

Proof. Denote by (E(t))t∈[0,t†[ the smooth mean curvature flow starting

from E = E(0). To prove the estimate on the right hand side of (3.77) we

follow [38]. We recall the following inequality (see for instance [68, 1.4.1]):

if φ ∈ C∞
c (Rn), then

(∫

∂E

|φ|n−1
n−2

)n−2
n−1

≤ c

∫

∂E

[
|∇τφ| + |HE ||φ|

]
, (3.78)
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where c = (n−1)4(n−1)

(n−2)ω
1/(n−1)
n−1

and ωn−1 := |{x ∈ Rn−1 : |x| < 1}|. Applying

(3.78) with φ ≡ 1 in a neighbourhood of ∂E yields

(
Hn−1(∂E)

) n−2
n−1 ≤ c

∫

∂E

|HE ||φ|

≤ c

(∫

∂E

|HE |2
)1/2 (

Hn−1(∂E)
)1/2

. (3.79)

Since n−2
n−1 − 1

2 = n−3
2(n−1) , from (3.79) we get

(
Hn−1(∂E)

)n−3
n−1 ≤ c

∫

∂E

|HE |2. (3.80)

Recalling (3.38) and applying (3.80) with E(t) in place of E we deduce

d

dt
Hn−1(∂E(t)) = −

∫

∂E(t)

|HE(t)|2 ≤ −C
(
Hn−1(∂E(t))

)(n−3)/(n−1)
,

(3.81)

and integrating we have

(
Hn−1(∂E(t))

)2/(n−1) −
(
Hn−1(∂E(0))

)2/(n−1) ≤ −Ct,

where C denotes (possibly different) constants depending only on the di-

mension. Letting t ↑ t† we deduce t† ≤ C
(
Hn−1(∂E)

)2/(n−1)
.

Let us prove the left inequality in (3.77). We follow [50]. Set

v(t) := |E(t)|, a(t) := Hn−1(∂E(t)).

Recalling also (3.38) we find

−v′(t) =

∫

∂E(t)

HE(t) ≤
(∫

∂E(t)

|HE(t)|2
)1/2 (

Hn−1(∂E(t))
)1/2

= (−a′(t)a(t))
1/2

=

(
− (a2(t))′

2

)1/2

,

where ′ denotes the derivative with respect to t. Using Jensen’s inequality,

it follows

v(0) − v(t†) ≤
∫ t†

0

(
− (a2(t))′

2

)1/2

dt ≤ t†
1/2

(∫ t†

0

− (a2(t))′

2
dt

)1/2

= t†
1/2
(
a2(0)

2
− a2(t†)

2

)1/2

.
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Recalling a(t†) = v(t†) = 0, we get |E| ≤
(
t†

(Hn−1(∂E))2

2

)1/2

. 2

Remark 3.14. To show estimates on the lifespan of weak solutions requires

refined tools, such as the clearing out lemma, see [27], [42].

3.8. Huisken monotonicity formula

Concerning the arguments of this section, we refer to [56], [57], [34] for a

much wider discussion. Let us begin with the following result.

Lemma 3.6. Assume that ∂E is compact. Let (E(t))t∈[0,T ] be the smooth

mean curvature flow on [0, T ] starting from E = E(0). Let ψ ∈ C∞(Rn ×
[0, T ]). Then

d

dt

∫

∂E(t)

ψ(x, t) =

∫

∂E(t)

(
−ψ(∆d)2 − 〈∇ψ,∇d〉∆d +

∂ψ

∂t

)
. (3.82)

Proof. We recall that

d

dt

∫

∂E(t)

ψ(x, t) =

∫

∂E(t)

(
ψ divτX + 〈∇ψ,X〉 +

∂ψ

∂t

)
, (3.83)

where X := −∆d∇d is the velocity field of ∂E(t). Observe that on ∂E(t)

we have

−divτX = 〈∇τ∆d,∇d〉 + ∆d divτ∇d = ∆d divτ∇d = (∆d)2,

where the last equality follows from (3.12). Then (3.82) follows. 2

Remark 3.15. By the integration by parts formula (3.6) we have

∫

∂E(t)

divτ∇ψ =

∫

∂E(t)

〈∇ψ,∇d〉∆d.

Hence (3.82) can be rewritten, for a test function ψ > 0, as

d

dt

∫

∂E(t)

ψ(x, t) = −
∫

∂E(t)

ψ

(
∆d+

1

ψ
〈∇ψ,∇d〉

)2

(3.84)

+

∫

∂E(t)

(
1

ψ
〈∇ψ,∇d〉2 +

∂ψ

∂t
+ divτ∇ψ

)
.

Observe that, in the particular case ψ ≡ 1, (3.84) coincides with (3.38).
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Remark 3.16. Formula (3.83) is at the basis of Brakke’s definition of weak

motion by mean curvature, see [27].

The following result is Huisken’s monotonicity formula [56]: it describes

how the area of ∂E(t) changes when weighted with a backward heat kernel

in the ambient space. It is a parabolic version of the monotonicity formula

for minimal surfaces, and is an important tool for the analysis of singu-

larities in mean curvature flow (see for instance [56], [57]). We will use a

similar monotonicity formula in Section 3.9.

Theorem 3.8. Let x0 ∈ Rn, t0 ∈ [0, T ] and set

ρ(x, t) = ρ(x0,t0)(x, t) :=
e
− |x−x0|2

4(t0−t)

(4π(t0 − t))
n−1

2

, x ∈ Rn, t < t0. (3.85)

We have

d

dt

∫

∂E(t)

ρ = −
∫

∂E(t)

ρ

(
∆d+

1

ρ
〈∇ρ,∇d〉

)2

≤ 0. (3.86)

Proof. Since ρ is positive, we can use formula (3.84) with ψ = ρ. Then

the equality in (3.86) will follow if we prove that

1

ρ
〈∇ρ,∇d〉2 +

∂ρ

∂t
+ divτ∇ρ = 0. (3.87)

Assume for simplicity that x0 = 0 and t0 = 0. Then

ρ(x, t) =
1

(−4πt)
n−1

2

e
|x|2

4t , x ∈ Rn, t < 0.

Therefore ∇ρ =
ρ

2t
x,

∂ρ

∂t
=

(−|x|2
4t2

− n− 1

2t

)
ρ, (3.88)

∇2ρ =

(
1

4t2
x⊗ x+

1

2t
Id

)
ρ,

divτ∇ρ = tr((Id −∇d⊗∇d)∇2ρ) (3.89)

=

( |x|2
4t2

− 〈x,∇d〉2
4t2

+
n− 1

2t

)
ρ.

Since 1
ρ 〈∇ρ,∇d〉2 = 1

4t2 〈x,∇d〉2ρ, from (3.88) and (3.89) we deduce (3.87).

2
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3.9. The gradient estimate of Ecker-Huisken

Let f0 : Rn−1 → R be a smooth Lipschitz function. It is possible to prove

that, under suitable growth assumptions at infinity on the graph of f , there

exist T > 0 and a unique smooth function f : Rn−1× ]0, T [, satisfying (3.37)

in Rn−1× ]0, T [, such that limt→0+ f(x, t) = f0(x) for any x ∈ Rn−1, and

sup
x∈Rn−1

|∇f(x, t)| < +∞, t ∈ ]0, T [. (3.90)

One of the results proved by Ecker-Huisken in [35] is the following.

Theorem 3.9. We have

sup
x∈Rn−1

|∇f(x, t)| ≤ sup
x∈Rn−1

|∇f0(x)|, t ∈ ]0, T [. (3.91)

Once (3.91) is established, the authors are able to prove the following

global result for mean curvature evolution of Lipschitz graphs (see the orig-

inal paper [35] for more details and estimates on derivatives of the normal

vector to the graph of f(·, t)).

Theorem 3.10. Let f0 : Rn−1 → R be a Lipschitz function. Then there

exists a unique smooth function f : Rn−1× ]0,+∞[→ R satisfying (3.37)

in Rn−1× ]0,+∞[, such that limt→0+ f(x′, t) = f0(x′) for any x′ ∈ Rn−1,

and

sup
x′∈Rn−1

|∇f(x′, t)| ≤ sup
x′∈Rn−1

|∇f0(x′)|, t ∈ ]0,+∞[. (3.92)

Sketch of the proof of Theorem 3.9. Set ν = (ν1, . . . , νn) =
1√

1+|∇f |2
(−∇f, 1), where ν is evaluated at the points of graph(f(·, t)). We

are interested in the last component

νn(x′, f(x′, t)) =
1√

1 + |∇f(x′, t)|2
, x′ ∈ Rn−1, t ∈ [0, T ].

Indeed, estimating the gradient of f is equivalent to estimating

w :=
1

νn
=
√

1 + |∇f |2.

For notational simplicity set

δ := ∇τ = ∇− 〈∇, ν〉ν
the tangential differential operator on the graph of f(·, t), see [69], [68], [51],

[70]. Observe that

δhw = −w2δhνn. (3.93)
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We divide the proof into four steps.

Step 1. We have

∂w

∂t
= −w2 ∂νn

∂t
= −w2δn∆d. (3.94)

This follows as in the proof of (3.47) (applied with E(t) replaced by the

subgraph of f(·, t)).
Step 2. We have

−w2∆τνn = ∆τw − 2w−1|δw|2. (3.95)

From (3.93) it follows |δw|2 = w4δhνnδhνn. Hence

∆τw = δhδhw = δh(−w2δhνn) = −w2∆τνn − 2wδhwδhνn

= −w2∆τνn + 2w3δhνnδhνn = −w2∆τνn + 2w−1|δw|2,

and step 2 follows.

Step 3. We have

w2δn∆d = w2∆τνn + w|A|2, (3.96)

where |A|2 := δhνjδhνj is the square of the length of the second fundamental

form.

Recall (see for instance [68]) that, given h, k ∈ {1, . . . , n}, the following

commutation rule holds:

δhδk − δkδh = (νhδkνj − νkδhνj)δj . (3.97)

Recalling (3.12) and applying (3.97) with k = n we get

δn∆d = δnδhνh = δhδnνn − νhδnνjδjνh + νnδhνjδjνh

= δhδnνn + νnδjνhδjνh = δhδnνn + νn|A|2

= δhδhνn + νn|A|2 = ∆τνn +
1

w
|A|2, (3.98)

because νhδjνh = 0 and (δiνj) is symmetric. Then (3.96) follows by multi-

plying (3.98) by |w|2.

Before passing to the next step we observe that from steps 2,3 we deduce

−w2δn∆d = ∆τw − 2w−1|δw|2 − w|A|2.

Hence, from (3.94) we get

∂w

∂t
− ∆τw = −2w−1|δw|2 − w|A|2 ≤ 0 on graph(f(·, t)). (3.99)
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The following step is a weighted monotonicity formula (compare (3.86)) on

unbounded boundaries. Recall that ρ = ρ(x0,t0) is defined in (3.85).

Step 4. Let φ ∈ C∞(Rn× [0, T ]) and t < t0. Assume that φ satisfies proper

growth conditions at infinity that ensure that all integrals that follow are

finite. Then [35]

d

dt

∫

graph(f(·,t))
φρ = −

∫

graph(f(·,t))
ρφ

(
∆d+

1

ρ
〈∇ρ,∇d〉

)2

(3.100)

+

∫

graph(f(·,t))
ρ

(
∂φ

∂t
− 〈∆d∇d,∇φ〉 − ∆τφ

)
.

In particular, if for such a φ we have also

φ ≥ 0,
∂φ

∂t
− 〈∆d∇d,∇φ〉 − ∆τφ ≤ 0 on graph(f(·, t)), (3.101)

then

d

dt

∫

graph(f(·,t))
φρ ≤ 0. (3.102)

Assume for simplicity that (x0, t0) = (0, 0). Recalling (3.83) we have

d

dt

∫

graph(f(·,t))
φρ =

∫

graph(f(·,t))

[
ρ

(
∂φ

∂t
− 〈∆d∇d,∇φ〉

)

+ φ

(
∂ρ

∂t
− 〈∆d∇d,∇ρ〉

)
− (∆d)2φρ

]
.

Now, adding and subtracting
∫
∂E(t) ρ∆τφ and using (3.7), we can write

∫

graph(f(·,t))
ρ

(
∂φ

∂t
− 〈∆d∇d,∇φ〉

)

=

∫

graph(f(·,t))

[
ρ

(
∂φ

∂t
− 〈∆d∇d,∇φ〉 − ∆τφ

)
+ φ∆τρ

]
.

Hence

d

dt

∫

∂E(t)

ρφ =

∫

graph(f(·,t))
ρ

(
∂φ

∂t
− 〈∆d∇d,∇φ〉 − ∆τφ

)

+

∫

graph(f(·,t))
φ

(
∂ρ

∂t
− 〈∆d∇d,∇ρ〉 + ∆τρ− (∆ρ)2ρ

)
.

Therefore, to prove (3.100) it remains to show

∂ρ

∂t
− 〈∆d∇d,∇ρ〉 + ∆τρ− (∆ρ)2ρ = −ρ

(
∆d+

1

ρ
〈∇ρ,∇d〉

)2

. (3.103)
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Let us compute ∂ρ
∂t − 〈∆d∇d,∇ρ〉 + ∆τρ. Using (3.87) and the equality

divτ∇ρ = ∆τρ+ 〈∇ρ,∇d〉∆d, we have

∂ρ

∂t
− 〈∆d∇d,∇ρ〉 + ∆τρ = −2〈∇d,∇ρ〉∆d− 1

ρ
〈∇ρ,∇d〉2,

and (3.103) follows. The proof of step 4 is concluded.

Let us now conclude the proof. Define L := supx′∈Rn−1 w(x′, 0) < +∞.

Let p > 2 and define

ψ := g(w), g(s) := [max(s, L) − L]
p
.

Observe that g is convex and of class C2(R). Using (3.99) it is possible to

prove that

∂ψ

∂t
− 〈∆d∇d,∇ψ〉 − ∆τψ ≤ 0 on graph(f(·, t)). (3.104)

Applying (3.102) with φ := ψ ≥ 0 we deduce

d

dt

∫

graph(f(·,t))
ψρ ≤ 0 t ∈ ]0, T [. (3.105)

Since
∫
∂E(0)

ψρ = 0 and
∫
∂E(t)

ψρ ≥ 0, from (3.105) it necessarily follows∫
∂E(t) ψρ = 0 in ]0, T [. Hence ψ ≡ 0 in ]0, T [, which is equivalent to (3.91).

2

3.10. Formation of singularities: the example of Grayson

We have seen that the sphere of radius R0 shrinks to a point in the finite

time R2
0/(2(n−1)). This behaviour can be interpretated as a singularity of

the flow; in this section we show a more interesting example of singularity,

which is due to Grayson in [53].

Let r and l be two positive numbers such that

2l− πr > 0. (3.106)

Let g : R → ]0,+∞[ be a function whose graph has the shape depicted in

Figure 3.3. Let us rotate the graph of g around the x-axis, and denote by

D ⊂ R3 the solid set inside the rotated graph, see Figure 3.4.

It is possible to choose the function g smooth enough and such that

the mean curvature of ∂D is nonnegative everywhere. Choose now a real

number R with

R2 >
8lr2

2l− πr
, (3.107)
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graph(g)

xll−

r

Figure 3.3. Qualitative shape of g : R → R.

graph(g)

ll−

r

q p

D

BR (q ) BR(p)

x

Figure 3.4. The set D, which is the interior of the rotation of the graph of g,
contains the union of the two balls. The function g is chosen in such a way that
the mean curvature of ∂D is nonnegative.

and two points p, q inside D far enough from the origin so that BR(q) ∪
BR(p) ⊂ D as in Figure 3.4. The result of Grayson is the following.

Theorem 3.11. Let l, r, R satisfy (3.106) and (3.107). Assume that the

mean curvature of ∂D is nonnegative everywhere. Let E ⊂ R3 be a bounded

connected open set with smooth boundary, and assume

BR(q) ∪BR(p) ⊂ E ⊂ D. (3.108)

Then the mean curvature flow starting from ∂E develops a singularity before

its extinction time.

Proof. Take a (comparison) surface Σ generated by the rotation of a

smooth periodic graph y = y(x) : R → ]0,+∞[ around the x-axis such that

Σ ⊂ D, int(Σ) ⊃ E, (3.109)
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graph(g)

ll−

r

q p

E

Figure 3.5. The initial set E contains the union of the two balls and must be
connected and contained in D.

see Figure 3.6. Here int(Σ) denotes the rotation around the x-axis of the

open subgraph of y.

−q p

D

Σ
E

Figure 3.6. The surface of revolution Σ is in between ∂E and ∂D. It is not
compact, but is periodic.

Since Σ is a surface of revolution, its mean curvature HΣ is

HΣ =
yxx

(1 + y2
x)3/2

− 1

y(1 + y2
x)1/2

,

recall Example 3.4. It follows that the mean curvature flow Σ(t) of Σ is the

rotationally symmetric graph, obtained by rotating around the x-axis the

graph of the smooth periodic function y(·, t), with y : R × [0, T ] → [0,+∞[

solving

∂y

∂t
=

yxx
1 + y2

x

− 1

y
, (3.110)
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(recall Example 3.2), for some T > 0. It is possible to prove that y(x, t)

remains smooth till y > 0, i.e. the only way for Σ(t) to singularize is when

it intersects the x-axis. By the comparison principle (observe that Σ(t) is

unbounded, but periodic)

BR(t)(q) ∪BR(t)(p) ⊂ E(t) ⊂ int(Σ(t)) ⊂ ∂D, (3.111)

where R(t) =
√
R2 − 4t and int(Σ(t)) denotes the rotation around the x-

axis of the open subgraph of y(·, t). The last inclusion in (3.111) follows

because the mean curvature of ∂D is nonnegative everywhere. From (3.111)

it follows that the extinction time t†(E) of E satisfies

t†(E) ≥ R2/4. (3.112)

Define now

A(t) :=

∫ l

−l
y(x, t) dx.

By (3.110) we have

A′(t) =

∫ 1

−1

∂y

∂t
(x, t) dx =

∫ l

−l

(
yxx

1 + y2
x

− 1

y

)
dx

=

∫

graph(y(·,t))
κ−

∫ l

−l

1

y
dx,

where κ indicates the curvature of the plane curve graph(y(·, t)). Hence

A′(t) ≤ π −
∫ l

−l

1

y
dx. (3.113)

From (3.111) we have y(x, t) ≤ r for any x ∈ [−l, l] so that −1/y(x, t) ≤
−1/r, and therefore from (3.113) we deduce A′(t) ≤ π−2l/r. Since A(0) ≤
2lr, we find

A(t) ≤ (π − 2l/r)t+A(0) ≤ (π − 2l/r)t+ 2rl. (3.114)

The right hand side at (3.114) vanishes for t = 2lr2

2l−πr which, in view of

(3.107), is strictly less than R2/4. Hence, at time t∗ = R2/4 (which is

smaller than the exinction time of E thanks to (3.112)) we have A(t∗) = 0,

so that Σ(t) must shrink around the x-axis for some time t less than or

equal to t∗. The assertion of the theorem then follows by the comparison

principle. 2
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3.11. Manifolds with arbitrary codimension

Following the ideas in [31], [32], in this section we briefly show how to define

mean curvature flow in arbitrary codimension using the square distance

function (see also [8]). In the sequel Γ denotes a k-dimensional embedded

compact connected manifold of class C∞ without boundary in Rn, k ∈
{1, . . . , n− 1}, and

ηΓ(x) :=
1

2
dist(x,Γ)2, x ∈ Rn.

If x ∈ Γ we let NxΓ (resp. TxΓ) be the normal (resp. tangent) space to Γ at

x. Concerning the following result, we refer to [5, Section 4] for the proof

and the expansion of ∇2ηΓ out of Γ. We refer to [7], [67], [37] for more

details on the relations between the derivatives of ∇2ηΓ and the second

fundamental form of Γ.

Theorem 3.12. There exists ρ > 0 such that, setting U := {x ∈ Rn :

dist(x,Γ) < ρ}, the following properties hold:

(i) ηΓ ∈ C∞(U) and |∇ηΓ|2 = 2ηΓ in U ;

(ii) if y ∈ U the point pr(y) := y − ∇η(y) belongs to Γ and is the

unique solution of min{|y − x| : x ∈ Γ}. Moreover, for any x ∈ Γ,

the matrix ∇2ηΓ(x) is the orthogonal projection on Nx(Γ);

(iii) −∆∇ηΓ is, on Γ, the mean curvature of Γ.

In (iii), ∆∇ηΓ is the row vector whose i-th component is the Laplacian of
∂
∂xi

ηΓ.

Remark 3.17. If we define ζ(y) := 1
2 |y|2 − ηΓ(y), then ∇ζ(y) gives the

projection pr(y) of y on Γ and ∇2ηΓ(x) is the orthogonal projection on

Tx(Γ). Observe also that, when k = n− 1, (ii) (resp. (iii)) of Theorem 3.12

is expressed by (ii) of Theorem 3.2 and (3.20) (resp. (3.22)).

Also in arbitrary codimension, one of the motivations of studying mean

curvature flow is given by the first variation of area.

Theorem 3.13. Let ψ and X be as in Theorem 3.1. Let Γλ := ψλ(Γ).

Then Γλ is smooth for small |λ|, and

d

dλ
Hk(Γλ)|λ=0 =

∫

∂Γ

〈X,∆∇ηΓ〉 dHk.
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If Γ(t) is a family of subsets of Rn parameterized by t ∈ [0, T ] we let

ηΓ(t)(x) :=
1

2
dist(x,Γ(t))2, x ∈ Rn, t ∈ [0, T ]. (3.115)

Since no confusion is possible, the function ηΓ(t)(x) will be denoted by

η(x, t); ∇η (resp. ∇2η) stands for the gradient (resp. the Hessian) of η

with respect to x.

The definition of smooth flow in arbitrary codimension is the one in Defini-

tion 3.1 replacing ∂E with Γ = Γ(0), and where in (iii) we take k in place of

n−1. The definition of velocity is given in Definition 3.2. In order to define

mean curvature flow using the function η we need some preliminaries.

Theorem 3.14. Let (Γ(t))t∈[0,T ] be a smooth flow on [0, T ] starting from

Γ = Γ(0). Then there exists an open set A such that A ⊃ Γ(t) for any

t ∈ [0, T ] and η ∈ C∞(A× [0, T ]), and

∂

∂t
∇η(x, t) = −V(y, t), x := φ(y, t) ∈ ∂Γ(t). (3.116)

Sketch of proof. We prove only (3.116). Let k ∈ {1, . . . , n}. From

the equality ∇kη(φ(y, t), t) = 0 for any y ∈ Γ and t ∈ [0, T ] we get, for

x := φ(y, t),

∇k
∂η

∂t
(x, t) + 〈∇∇kη(x, t),

∂φ

∂t
(y, t)〉 = 0.

Recalling that ∇2η(x, t) is the orthogonal projection on Nx(Γ(t)), formula

(3.116) follows. 2

Definition 3.6. We say that (Γ(t))t∈[0,T ] is a smooth k-dimensional mean

curvature flow in [0, T ] starting from Γ = Γ(0) if the following conditions

hold:

(i) there exists an open set A ⊂ Rn containing Γ(t) for any t ∈ [0, T ]

such that η ∈ C∞(A× [0, T ]
)

and rank
(
∇2η(x, t)

)
= n− k for any

t ∈ [0, T ] and any x ∈ Γ(t);

(ii) we have

∂

∂t
∇η(x, t) = ∆∇η(x, t), t ∈ [0, T ], x ∈ Γ(t). (3.117)

Condition (i) implies that Γ(t) is a smooth embedded compact con-

nected k-dimensional manifold without boundary, smoothly evolving in

time [32], [8], [5]. Condition (ii) implies that the normal velocity at each

point x of Γ(t) equals the mean curvature of Γ(t) at x.
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Remark 3.18. The proof of a short time existence and uniqueness theorem

for mean curvature flow in arbitrary codimension follows from [46].

Mean curvature flow in arbitrary codimension has been the subject of sev-

eral papers, starting from the work of Brakke [27], see for instance [2],

[4], [65], [20], [81], [80], [73]. Interesting connections between the gradient

flow of the Ginzburg-Landau functionals and motion by mean curvature in

higher codimension have been proved in [9], [26].

3.12. Final comments

The discussion in Section 3.10 is the motivation for studying global solutions

to mean curvature flow, defined beyond singularities. There are several

notions of weak solutions present in the literature, which may differ after

the onset of singularities. In addition, the mutual relations between these

solutions are not yet completely classified. We refer to [27], [40], [30], [74],

[64], [62], [63], [65], [31], [32], [1] and to the bibliographies of [5] and [19]

for a (possibly incomplete) list of papers in this direction.

Related to the previous comment, one natural issue is studying the qual-

itative behaviour of the evolving manifold at the singularity time and, in

general, the regularity of weak solutions. In this respect we refer to [27],

[18], [3], [35], [56], [71], [57], [75], [23], [15], [24], [33], [44], [59], [60], [82], [14],

[83], [84], [34] and references therein (again the present list of references is

far from being complete).

We conclude the paper by recalling that mean curvature flow is an ex-

ample of geometric evolution of manifolds. Other interesting examples

are for instance the Ricci flow [54], the evolution of harmonic maps [77],

the anisotropic mean curvature flow [25], the crystalline mean curvature

flow [79], [29], [48], [22], the curvature flow of networks [28], the inverse

mean curvature flow [58], the Gauss mean curvature flow [10], and the flow

of the Willmore functional [61].
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4.1. Preface

These notes present three basic methods of the modern Bifurcation The-

ory. The topic was lectured by the author at Dipartimenti di Matematica
∗This research has been supported by the Grant Agency of the Czech Republic, no.
201/03/0671.
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Pura ed Applicata e Metodi e Modelli Matematici per le Scienze Applicate,

Università di Padova, Italy, during June 11–15, 2001, in the framework of

“Minicorsi di Analisi Matematica”.

The material of these notes is also a part of the syllabus of the course

“Modern Mathematical Methods”

at the Faculty of Applied Sciences, University of West Bohemia in Pilsen,

Czech Republic.

This text was published as a textbook for the students of the University

of West Bohemia in Pilsen, in 2002. The author is grateful to this institution

for permitting republication.

The reader should keep in mind that this is just an introduction to

the subject, only basic results are presented while many other methods are

ignored here. For instance, the important and very interesting notion of

the Hopf Bifurcation is not mentioned in these notes at all! However, if the

reader wants to understand the present “state of the art” of the Bifurcation

Theory, then s/he should master the methods mentioned in these notes.

I would like to thank Professor Massimo Lanza de Cristoforis for his

kind invitation to Padova and to my young colleagues RNDr. Jǐŕı Benedikt,

Mgr. Marie Benediktová, Ing. Petr Girg, Ph.D., Ing. Gabriela Holubová,

Ph.D., Ing. Aleš Matas, Ph.D., Ing. Petr Nečesal, Ph.D. and Lenka Stuch-

lová who all helped me to give the text this present form.

Padova – Pilsen, June 2001 – December 2003

4.2. Introduction, basic notation

The Bifurcation Theory is nowadays one of the most developing parts of

the modern nonlinear analysis. Even if some related results in the finite

dimension go back to the 19th century, modern methods dealing with the in-

finite dimension were developed in the second half of the 20th century. The

Bifurcation Theory combines deep results of the linear functional analysis

(especially the Spectral Theory of linear compact operators are often used

here) and sophisticated methods of the nonlinear functional analysis (such

as the Implicit Function Theorem, the Degree Theory, Variational Princi-

ples, etc.). There are numerous results in the literature which deal with

(or refer to) the Bifurcation Theory. One of the main impulses to develop
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this theory were open problems in various fields of differential equations.

That is why, besides of some motivation in the finite dimension, we apply

abstract results to boundary value problems. We choose ordinary differen-

tial equations only in order to avoid necessary technical assumptions which

would have to be done if we dealt with partial differential equations. How-

ever, it is clear that abstract results apply to more dimensional boundary

value problems as well.

These notes actually follow selected parts of the text [8] by Stará and

John which is available only in Czech. We want to concentrate here exclu-

sively on three basic methods used in the Bifurcation Theory. On the other

hand, to make the exposition brief and clear we cannot define every notion

used here, and we have to assume that the reader is acquainted with some

knowledge from both the linear and the nonlinear functional analysis. For

the reader’s convenience, we list the most important notions used in these

notes and present the most frequent notation as well. It is assumed that

the reader will be able to master the notions presented below from other

sources. In order to keep the exposition as smooth as possible, we decided

to postpone some important facts and proofs to appendices at the end of

these notes.

Basic notions (the order is determined by the exposition in Sections 4.3–

4.7)

• normed linear space, Banach space, Hilbert space, metric space

• linear operator

• eigenvalue, eigenvector

• Fréchet differential of the nonlinear operator, partial Fréchet deri-

vative

• isomorphism

• spectrum of the linear operator (point spectrum)

• compact linear (nonlinear) operator

• regular (symmetric) matrix

• positive definite (semidefinite) matrix

• Fredholm operator (mapping), kernel and range (image) of the lin-

ear operator, index of the Fredholm operator

• co-dimension of the linear subspace

• linear projection

• expressions which are of order o(ε) when ε→ 0

• Fredholm Alternative (for linear operators)
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• Brouwer degree of the mapping

• Brouwer Fixed Point Theorem

• Leray–Schauder degree of the mapping

• Leray–Schauder index of the point (with respect to a given map-

ping), Leray–Schauder Index Formula

• algebraic and geometric multiplicity of the eigenvalue of the linear

operator

• strong and weak convergence in the Banach (Hilbert) space

• Lebesgue space (Sobolev space) of functions on a given interval

• spaces of continuous and smooth functions

• continuity and compactness of the embedding

• derivatives in the distributional sense

• potential operator

• Riesz Representation Theorem

• Lagrange Multiplier Method

• saddle point

• initial value problem for the ordinary differential equation with

values in the Hilbert space, existence and uniqueness of the solution

• Courant–Weinstein Variational Principle

Notation (the order is determined by the exposition in Sections 4.3–4.7)

• Rn (R) n-dimensional Euclidean space (n = 1)

• x finite dimensional vector

• A finite dimensional matrix

• o zero element of the Banach space X

• o zero element (origin) of Rn

• X × R Cartesian product of the spaces X and R

• ∂F

∂x
,
∂2F

∂x∂λ
, . . . partial derivatives (in the finite dimension)

• F ′
x (F ′

1), F ′
xy (F ′

1,2) partial Fréchet derivatives (in the infinite

dimension)

• σ(T ) spectrum of the linear operator T

• N set of all natural numbers (1, 2, 3, . . . )

• Cp class of functions (operators, functionals), the derivatives of

which are continuous up to the order p

• S solution set of the equation F (x, λ) = o

• det A determinant of the matrix A

• F ′(o) (F ′′(o)) the first (second) differential of F at o
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• Ker f ′(o) kernel of the linear operator f ′(o)
• Imf ′(o) image (range) of the linear operator f ′(o)
• dimX1 dimension of the linear space X1

• codimY2 co-dimension of the linear subspace Y2

• Qf ′(o)|X2 restriction of the operator Qf ′(o) onto the subspace

X2

• y∗(y0) value of the continuous linear functional y∗ at the element

y0
• Lin{x1, . . . , xn} linear hull of the elements x1, . . . , xn
• x̃′(s)|s=0 derivative of x̃ with respect to s at the point s = 0

• deg [f ;D, p] Leray–Schauder (L.–S.) degree of the mapping f

with respect to the set D and the point p

• i(x0) Leray–Schauder index of the point x0

• B(x0; ε) ball centred at x0, with the radius ε

• D closure of the set D
• ∂D boundary of the set D
• Pσ(T ) point spectrum of the operator T

• xn → x sequence {xn} converges strongly to the element x

• xn ⇀ x sequence {xn} converges weakly to the element x

• L1(0, π), W 1,2
0 (0, π) usual Lebesgue, Sobolev space of functions

on (0, π)

• C[0, π], C2[0, π] usual spaces of continuous functions and func-

tions which have continuous second derivatives in [0, π]

• X ⊂≻ Y continuous embedding of X into Y

• X ⊂≻⊂≻ Y compact embedding of X into Y

• 〈·, ·〉 scalar product in the Hilbert space

• (·, ·) scalar product in Rn

• S(o; r) (= ∂B(o; r)) sphere centred at o, with the radius r

4.3. Motivation, examples

Many mathematical models are expressed in the form of the operator equa-

tion

F (x, λ) = o. (4.1)

Here x is unknown (function, point in Rn, . . . ) and λ is a parameter (real,

complex) which characterizes the problem. The operator F is, in general,

a nonlinear mapping.

We shall restrict our attention to problems where x is an element of
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some Banach space X ,a and λ is a real parameter. The operator F will be

a mapping from X × R into another Banach space Y :

F : X × R → Y.

By a solution set S of (4.1) we mean the set of all couples (x, λ) ∈ X × R

which verify (4.1). The structure of the solution set of (4.1) may be very

complicated in general. Actually, for every closed set S ⊂ X × R there

exists a continuous operator F such that S is the solution set of (4.1). For

this reason it is impossible to say much about S without any additional

specifications of F .

Set

Sλ ≔ {x ∈ X : F (x, λ) = o}.
Our aim is to study qualitative properties of the set Sλ depending on the

parameter λ. We concentrate on the values of the parameter λ in the neigh-

bourhoods of which Sλ essentially changes its character. This is possible to

illustrate in a special case when F is a linear operator.

Example 4.1. Let X = Y = Rn, A be a real matrix n× n,

F (x, λ) = λx − Ax, x ∈ Rn, λ ∈ R.

It is easy to describe the set Sλ in this case:

• let λ be not an eigenvalue of A, then x = o is the only solution of

(4.1), and so Sλ = {o};

• let λ be an eigenvalue of A and u be a corresponding (normalized)

eigenvector, then for any t ∈ R, x = tu is a solution of (4.1), and

so

Sλ = {tu : t ∈ R, u is an eigenvector associated with λ}.

The solution set S of (4.1) contains then the line

{(o, λ) : λ ∈ R}
of trivial solutions from which the “branches”

{(tu, λ0) : t ∈ R \ {0}, λ0 is an eigenvalue

and u a corresponding eigenvector of A}
of nontrivial solutions “bifurcate” at the eigenvalues λ0 (see Figure 4.1).

It is then natural to say that the eigenvalues of A are “the points of

bifurcation” of F (x, λ) = o.
aIn what follows all the linear spaces are assumed to be real.



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Introduction to bifurcation theory 109

0

-
λ1

0 λ2
0

Rn

λ. . .

Figure 4.1.

Definition 4.1. Let F (o, λ) = o for any λ ∈ R. The point λ0 ∈ R is

then called a point of bifurcation, or a bifurcation point (of the solution

set S subject to the line {(o, λ) : λ ∈ R}, or shortly of (4.1)) if for any

neighbourhood U of the point (o, λ0) (in X × R) there exists at least one

(x, λ) ∈ U , x 6= o such that F (x, λ) = o (i.e. (x, λ) ∈ S).

Example 4.2. Let X = Y = R and

F (x, λ) = x(λ− x2). (4.2)

Then the solution set S is sketched in Figure 4.2, and λ0 = 0 is a point of

bifurcation of F (x, λ) = 0.

Let us look at the point of bifurcation λ0 = 0 from the following point

of view:

“In any neighbourhood of (0, λ0) the solution set S
cannot be expressed as a graph of a function of the variable λ.”

If we confront this fact with the Implicit Function Theorem then we imme-

diately get that the only “suspicious” points (to be bifurcation points) are

those values of λ where

∂F

∂x
(0, λ) = 0.
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0

-

λ

6

-�
1 solution 3 solutions

λ > 0λ < 0

x

F (x, λ) = 0

0

λ

Figure 4.2.

In our case of F given by (4.2), we have

∂F

∂x
(x, λ) = λ− 3x2, i.e.

∂F

∂x
(0, λ) = λ.

Hence the only “suspicious” point is λ = 0 in this case.

In the general case F : X × R → Y where X and Y are Banach spaces,

the condition ∂F
∂x 6= 0 is substituted by the condition

F ′
x(o, λ0) is an isomorphism of X onto Y. (4.3)

Thus we have the following general necessary condition.

Lemma 4.1. Let F be continuously differentiable in some neighbourhood

of (o, λ0), F (o, λ) = o for any λ ∈ R. Let λ0 be a point of bifurcation of

F (x, λ) = o. Then F ′
x(o, λ0) is not an isomorphism of X onto Y .

Let us consider the special case X = Y and

F (x, λ) = λx − f(x).

Then

F ′
x(o, λ0) = λ0I − f ′(o)
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and the condition (4.3) does not hold if λ0 belongs to the spectrum of the

operator f ′(o). If, moreover, f ′(o) is compact, then the points of bifurcation

may be only eigenvalues of the linear operator f ′(o) and λ = 0. On the

other hand, if f is a compact linear operator, then every real point of its

spectrum is a bifurcation point as well.

Theorem 4.1. Let X be a real Banach space, T : X → X a compact linear

operator,

F (x, λ) = λx − Tx, λ ∈ R, x ∈ X.

Then λ0 is a point of bifurcation of F (x, λ) = o if and only if

λ0 ∈ σ(T ) ∩ R.

Proof. It follows from Lemma 4.1 that if λ0 is a point of bifurcation,

then necessarily λ0 ∈ σ(T ) ∩ R.

Let us suppose now that λ0 ∈ σ(T )∩R, and prove that λ0 is a point of

bifurcation of F (x, λ) = o. The fact λ0 ∈ σ(T )∩R implies that either λ0 is

an eigenvalue of T , or λ0 = 0 and there is a sequence {λn} of eigenvalues

of T approaching 0. Assume first that λ0 is an eigenvalue, and denote by u

a corresponding eigenvector. For arbitrarily small neighbourhood U of the

point (o, λ0) there exists t 6= 0 (sufficiently small) such that

(tu, λ0) ∈ U and F (tu, λ0) = t(λ0u− Tu) = o.

Hence λ0 is a point of bifurcation.

Let now 0 = λ0 = lim
n→∞

λn, λn be eigenvalues of T and un be corre-

sponding eigenvectors. Let us fix some neighbourhood U of (o, λ0). Then

there exists n0 ∈ N such that for all n ≥ n0 we have (o, λn) ∈ U . Since U
is an open set, we obtain tn ∈ R, tn 6= 0, such that

(tnun, λn) ∈ U and F (tnun, λn) = o.

Hence λ0 = 0 is a bifurcation point. �

Let us give examples which illustrate that the fact that T was a linear

operator was essential in Theorem 4.1 (i.e. that σ(T ) cannot be replaced

by σ(T ′(o)) for T nonlinear).

Example 4.3. Let f : R2 → R2 be defined by

f(x1, x2) = (x1 + x3
2, x2 − x3

1)

and

F (x, λ) = (λI − f)(x), x = (x1, x2) ∈ R2.
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Then

f ′(z)x = (x1 + 3z2
2x2, x2 − 3z2

1x1), i.e. f ′(o)x = (x1, x2).

Hence f ′(o) = I, and λ0 = 1 is its eigenvalue of multiplicity 2.

On the other hand, any solution (x, λ) of the equation F (x, λ) = o

satisfies

(λ− 1)x1 − x3
2 = 0,

(λ− 1)x2 + x3
1 = 0.

Multiplying the first equation by x2, the second by x1, and subtracting we

get

x4
1 + x4

2 = 0, i.e. x1 = x2 = 0.

Hence there is no bifurcation point of F (x, λ) = o. This example shows

that even if λ = 1 is an eigenvalue of f ′(o) (of even multiplicity), it is not

a point of bifurcation.

Example 4.4. Let f : R2 → R2 be defined by

f(x1, x2) = (2x1 + 4x3
1, 2x2 + 4x3

2),

and set

F (x, λ) = (λI − f)(x), x = (x1, x2) ∈ R2.

Similarly as above we show that λ0 = 2 is an eigenvalue of f ′(o) and its

multiplicity is again 2.

Let us investigate now the solution set of F (x, λ) = o. The point (x, λ)

solves F (x, λ) = o if and only if

xi(λ− 2 − 4x2
i ) = 0, i = 1, 2,

i.e.

xi = 0 or xi = ±1

2

√
λ− 2 for λ ≥ 2, i = 1, 2.

Hence λ0 = 2 is a point of bifurcation of F (x, λ) = o (see Figure 4.3). Let

us point out that f = Φ′ where

Φ(x1, x2) = x2
1 + x2

2 + x4
1 + x4

2.

This was not the case in the previous example.
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6

0

-

xi

λ2

Figure 4.3.

The examples above illustrate the following general scheme for

F (x, λ) = λx− f(x)

where f is compact and differentiable at o:

• f is linear — points of bifurcation coincide with σ(f ′(o))∩R (The-

orem 4.1),

• f is nonlinear — every eigenvalue of f ′(o) with odd algebraic mul-

tiplicity is a point of bifurcation,

— an eigenvalue of f ′(o) with even multiplicity need not be a point

of bifurcation (Example 4.3),

• f is nonlinear and potential (i.e., there is Φ: X → R such that Φ′ =

f) — every nonzero eigenvalue of f ′(o) is a point of bifurcation

(Example 4.4).

In the following sections we shall prove the latter two assertions in spaces

of the infinite dimension.
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4.4. Crandall–Rabinowitz Bifurcation Theorem

In this section we concentrate on a bifurcation result based on the Implicit

Function Theorem. Let

F : Rm → R, m ∈ N,

be a function which is defined in some neighbourhood of the origin, and is

of the class Cp (p > 2). Assume that F (o) = 0 and o is a critical point of

F , i.e. F ′(o) = o. Then we have (see Appendix H)

F (x) =
1

2
(F ′′(o)x,x) + o(‖x‖2), ‖x‖ → 0.

If F ′′(o) is a regular m×m matrix, then there is a neighbourhood of the

origin in which the only critical point of F is o.

The following Morse Lemma says that in such a neighbourhood we can

find a (nonlinear) transformation of variables x 7→ ξ for which

F (x) =
1

2
(F ′′(o)ξ, ξ),

i.e., the graph of F is a “quadratic manifold” in the new variables.

Lemma 4.2 (A. P. Morse). Let F : Rm → R (m ∈ N) be a function

defined in some neighbourhood of the origin, F ∈ Cp, p > 2. Let

F (o) = 0, F ′(o) = o, F ′′(o) be a regular m×m matrix.

Then there exists ξ : Rm → Rm defined in some (smaller) neighbourhood of

the origin, ξ ∈ Cp−2, and such that

ξ(o) = o, ξ′(o) = I,

F (x) =
1

2

(
F ′′(o)ξ(x), ξ(x)

)
.

The proof of this assertion is based on the Implicit Function Theorem

(see Appendix A), and we shall omit it here (see Appendix B). We concen-

trate now on the description of the solution set of the equation

G(x) = 0, x = (x1, x2) (4.4)

where G(x) = (Ax,x) and A is a regular symmetric matrix 2 × 2. Then

(4.4) reads as

a11x
2
1 + 2a12x1x2 + a22x

2
2 = 0. (4.5)
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If a11 6= 0, then we can factorize the left hand side of (4.5) as follows
(
a11x1 +

(
a12 −

√
D
)
x2

)(
a11x1 +

(
a12 +

√
D
)
x2

)
= 0

where

D = a2
12 − a11a22.

If A is positive (negative) definite (D < 0), the solution set S of (4.4)

consists of one point:

S = {(0, 0)}.

For D = 0 (A is semidefinite) we have that

S = {(x1, x2) ∈ R2 : a11x1 + a12x2 = 0}.

The most interesting structure of S we have if A is an indefinite matrix

(D > 0). In this case,

S is a union of two lines which intersect at the origin.

These facts combined with the Morse Lemma yield the following assertion.

Theorem 4.2. Let U be some neighbourhood of (0, 0) ∈ R2, F : R2 → R

is of the class Cp(U), p > 2. Assume that

F (o) = 0, F ′(o) = o, (4.6)

the symmetric matrix F ′′(o) is regular and indefinite. (4.7)

Then the solution set S of F (x) = 0 in some (smaller) neighbourhood of

(0, 0) is a union of two Cp−2 curves Γ1, Γ2 which intersect transversallyb

just at the origin.

Proof. It follows from Lemma 4.2 that there exists ξ = (ξ1, ξ2) : R2 → R2

of the class Cp−2 such that

ξ(o) = o, ξ′(o) = I, (4.8)

F (x) =

(
1

2
F ′′(o)ξ(x), ξ(x)

)

for x from some neighbourhood of (0, 0). Denote

A =
1

2
F ′′(o).

bi.e., there are tangent lines of Γ1, Γ2 at (0, 0) which intersect with a nonzero angle.
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If a11 6= 0, the equation (Aξ, ξ) = 0 is equivalent to
(
a11ξ1 +

(
a12 −

√
D
)
ξ2

)(
a11ξ1 +

(
a12 +

√
D
)
ξ2

)
= 0. (4.9)

Indefiniteness of A yields

0 > det A = −D.

The solutions of (4.9) form then two lines

p1 =
{

(ξ1, ξ2) : a11ξ1 +
(
a12 −

√
D
)
ξ2 = 0

}
,

p2 =
{

(ξ1, ξ2) : a11ξ1 +
(
a12 +

√
D
)
ξ2 = 0

}

which intersect at (0, 0) with a nonzero angle α 6= 0.

It follows now from (4.8) that the solution set of F (x) = 0 (in some

neighbourhood of the origin) is formed by two curves

Γ1 =
{

(x1, x2) : a11ξ1(x) +
(
a12 −

√
D
)
ξ2(x) = 0

}
,

Γ2 =
{

(x1, x2) : a11ξ1(x) +
(
a12 +

√
D
)
ξ2(x) = 0

}
.

These curves are of the class Cp−2, and their tangents in (0, 0) are p1 and

p2 (see Figure 4.4).

6 6

0 0

- -

k k
α α

ξ1 x1

ξ2 x2

p1 p1

p2 p2

+
ξ

Γ1

Γ2

Figure 4.4.
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The proof for a11 = 0 is similar (we would use (2a12ξ1 + a22ξ2)ξ2 = 0

instead of (4.9)). �

Corollary 4.1. Let f = f(x, λ) : R×R → R, f ∈ Cp(U), p > 2, U is some

neighbourhood of (0, 0) ∈ R2. Let

f(0, 0) =
∂f

∂x
(0, 0) =

∂f

∂λ
(0, 0) = 0, (4.10)

∂2f

∂λ2
(0, 0) = 0,

∂2f

∂x∂λ
(0, 0) 6= 0. (4.11)

Then the solution set of f(x, λ) = 0 in some (smaller) neighbourhood of

(0, 0) consists of two curves

Γ1 = {(x, λ) : x = x̂(λ), λ ∈ (−ε, ε)}, x̂(0) = x̂′(0) = 0, (4.12)

Γ2 = {(x, λ) : λ = λ̂(x), x ∈ (−ε, ε)}, λ̂(0) = 0 (4.13)

where Γi ∈ Cp−2, i = 1, 2 (see Figure 4.5).

6

0

-

x

λ

x = x̂(λ)

λ = λ̂(x)

Figure 4.5.

Proof. The function f satisfies the assumptions of Theorem 4.2. Indeed,

(4.6) follows from (4.10), and due to (4.11) we have that the determinant
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of the matrix

f ′′(0, 0) =




∂2f

∂x2
(0, 0)

∂2f

∂x∂λ
(0, 0)

∂2f

∂λ∂x
(0, 0)

∂2f

∂λ2
(0, 0)




is

det f ′′(0, 0) = −
[
∂2f

∂x∂λ
(0, 0)

]2
< 0.

Assume first ∂2f
∂x2 (0, 0) 6= 0. By the same reason as in the proof of

Theorem 4.2 the set of all zero points of f in some neighbourhood of (0, 0)

is the union of the curves

Γ1 = {(x, λ) : ξ1(x, λ) = 0}

and

Γ2 =

{
(x, λ) :

∂2f

∂x2
(0, 0)ξ1(x, λ) + 2

∂2f

∂x∂λ
(0, 0)ξ2(x, λ) = 0

}
.

It follows from the Implicit Function Theorem that we can parametrize

them as in (4.12) and (4.13).

If ∂2f
∂x2 (0, 0) = 0, then the equation

(
1

2
f ′′(0, 0)ξ(x, λ), ξ(x, λ)

)
= 0

takes the form

∂2f

∂x∂λ
(0, 0)ξ1(x, λ)ξ2(x, λ) = 0,

and the set of all zero points is formed by

Γ1 = {(x, λ) : ξ1(x, λ) = 0} and Γ2 = {(x, λ) : ξ2(x, λ) = 0}.

Applying the Implicit Function Theorem, we arrive again at (4.12),

(4.13). �

The following assertion is a simple one-dimensional version of the

Crandall–Rabinowitz Bifurcation Theorem.
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Corollary 4.2. Let f = f(x, λ) : R × R → R be of the class Cp, p > 2, in

some neighbourhood U of the point (0, λ0). Let

f(0, λ) = 0 ∀λ ∈ R, (4.14)

∂f

∂x
(0, λ0) = 0, (4.15)

∂2f

∂x∂λ
(0, λ0) 6= 0. (4.16)

Then λ0 is a point of bifurcation of f(x, λ) = 0. In some (smaller) neigh-

bourhood of (0, λ0) nonzero solutions form the set Γ \ {(0, λ0)} where

Γ = {(x, λ) : λ = λ̂(x), x ∈ (−ε, ε)},

Γ ∈ Cp−2, and λ̂(0) = λ0 (see Figure 4.6).

6

0
-

x

λλ0

λ = λ̂(x)

Γ2

Γ1

Figure 4.6.

Proof. We can assume, without loss of generality, that λ0 = 0. Thanks

to (4.14) we have

∂f

∂λ
(0, 0) =

∂2f

∂λ2
(0, 0) = 0.
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Hence (4.10), (4.11) are fulfilled. In this case, however,

Γ1 = {(x, λ) : x = 0}.
The nonzero points of the other curve Γ2 = Γ are the only nontrivial solu-

tions of f(x, λ) = 0 in some neighbourhood of (0, 0). �

Remark 4.1. The set Γ \ {(0, λ0)} will be called a branch of nontrivial

solutions of f(x, λ) = 0.

Remark 4.2. In particular, the condition (4.16) guarantees that Γ1 and

Γ2 intersect transversally. It follows from here that if Γ1 is formed by

trivial solutions, the set Γ2 \ {(0, λ0)} is a branch of nontrivial solutions of

f(x, λ) = 0 in some neighbourhood of (0, λ0).

Exercise 4.3. In the following cases decide if λ0 = 0 is a point of bifurcation

of f(x, λ) = 0:

(1) f(x, λ) = x3 − λx,

(2) f(x, λ) = x3 − λx − sinλx,

(3) f(x, λ) = x3 − λx + sinλx,

(4) f(x, λ) = x3 − λ2x.

In the following exposition we shall present the so called Lyapunov–

-Schmidt Reduction which is one of the main tools used to study nonlinear

equations and boundary value problems.

Let f : X → Y , X and Y be Banach spaces, and f(o) = o. Let us look

for all solutions of the equation

f(x) = o (4.17)

in some neighbourhood U of x = o. Assume that f ∈ Cp(U), p ∈ N. Let us

denote

X1 = Ker f ′(o), Y1 = Imf ′(o),

and assume that f ′(o) is a Fredholm operator, i.e.,

(1) dimX1 = d <∞,

(2) Y1 is a closed subspace of Y ,

(3) codimY1 = m <∞.

It follows from 1–3 that there are closed subspaces X2 ⊂ X , Y2 ⊂ Y ,

dimY2 = m <∞, such that X = X1 ⊕X2, Y = Y1 ⊕ Y2. Let

P : X → X1, Q : Y → Y1
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be the projections of X and Y onto X1 and Y1, respectively (see Figure 4.7).

o o

� �

s

s

f

f ′(o)
x f(x)

X2

X1

Y2

Y1

x2 = (I − P )x y2 = (I −Q)f(x)

x1 = Px

X1 = Ker f ′(o)

y1 = Qf(x)

Y1 = Imf ′(o)

� �

Figure 4.7.

Set x1 = Px, x2 = (I − P )x, i.e. x = x1 + x2. The equation (4.17) is

equivalent to the system of equations

Qf(x1 + x2) = o, (4.18)

(I −Q)f(x1 + x2) = o. (4.19)

Let us denote G(x1, x2) = Qf(x1 + x2). Then G : X1 × X2 → Y1 and

G ∈ Cp(U) where U is some neighbourhood of the zero element in X1×X2,

and G(o, o) = o. Moreover, G′
2(o, o) = Qf ′(o)|X2 is an isomorphism of X2

and Y1.

Now it follows from the Implicit Function Theorem that there are

neighbourhoods W1 of o in X1, W2 of o in X2 and a unique mapping

x̂2 : W1 → W2 such that x̂2(o) = o and

G(x1, x̂2(x1)) = o ∀x1 ∈ W1.

We thus reduced the equation (4.17) to

(I −Q)f(x1 + x̂2(x1)) = o (4.20)

on W1 ⊂ X1.

We can formulate now the following assertion.
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Theorem 4.4. Solutions x of (4.17) in some neighbourhood of o in X

and solutions x1 of (4.20) in the corresponding neighbourhood of o in X1

are in one to one correspondence:

x = x1 + x̂2(x1).

Remark 4.3. The equation (4.20) will be called a guiding equation for

(4.17). Under the assumptions 1–3 this is a finite dimensional equation

because

H(x1) ≔ (I −Q)f(x1 + x̂2(x1))

maps X1 (dimX1 = d < ∞) into Y2 (dimY2 = m < ∞). From this point

of view, (4.20) is simpler than (4.17). At the same time, the reader should

bear in mind that the solution set of the equation

H(x1) = o for H : Rd → Rm

might be rather complicated even for m = 1!

The following assertion provides more information about the mapping

x2 = x̂2(x1).

Lemma 4.3. Let x2 = x̂2(x1) : W1 → W2 be as above. Then

x̂′2(o) = o.

Proof. Due to the Implicit Function Theorem

x̂′2(o) = −[G′
2(o, o)]−1 ◦G′

1(o, o) where G′
1(o, o) = Qf ′(o)|X1 .

Since X1 = Ker f ′(o), the mapping f ′(o)|X1 is the zero mapping. The

mapping G′
2(o, o) is an isomorphism, and so the assertion is proved. �

Remark 4.4. The Lyapunov–Schmidt Reduction (Method) can be ge-

neralized also for the equation

f(x, λ) = o, x ∈ X, λ ∈ R (4.21)

where f : X × R → Y , f(o, λ) = o for all λ ∈ R. We investigate (4.21) in

some neighbourhood of (x, λ) = (o, 0). The only difference consists in the

fact that instead of X1 we shall consider X1 × R. The Implicit Function

Theorem applied on

Qf(x, λ) = o

then yields a Cp-function x2 = x̂2(x1, λ) such that

Qf(x1 + x̂2(x1, λ), λ) = o ∀(x1, λ) ∈ W1 × Λ
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where W1 is a neighbourhood of o in Ker f ′
1(o, 0), and Λ is a neighbourhood

of 0 in R.

In what follows we shall assume that X and Y are Banach spaces,

f : X × R → Y

is a map of the class Cp(U), p > 2, where U is some neighbourhood of (o, 0)

in X × R, f(o, 0) = o. We assume that f ′
1(o, 0) ∈ L (X,Y ) is a Fredholm

operator. Denote

X1 = Ker f ′
1(o, 0), Y1 = Imf ′

1(o, 0).

Let X2 ⊂ X , Y2 ⊂ Y be complements of X1, Y1 such that

X = X1 ⊕X2, Y = Y1 ⊕ Y2.

Assume that

(1) dimX1 = 1, X1 = Lin{x0},

(2) codimY1 = 1.

Since dim Y2 = 1 (by 2), there exists y0 /∈ Y1 such that Y2 = Lin{y0} (see

Figure 4.8), and there exists a continuous linear functional y∗ ∈ Y ∗ such

thatc

y∗(y0) = 1, y∗(y) = 0 ∀y ∈ Y1.

From the identity

y = Qy + (I −Q)y

then follows

(I −Q)y = y∗(y)y0, Y1 = Ker y∗. (4.22)

Theorem 4.5 (Crandall–Rabinowitz). In addition to dimX1 = 1,

codimY1 = 1, assume that

f(o, λ) = o ∀λ ∈ R, (4.23)

f ′′
1,2(o, 0)x0 /∈ Y1. (4.24)

cThe functional y∗ is easily constructed as a linear function on Y2 extended to Y with
the kernel equal to Y1.
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Figure 4.8.

Then λ0 = 0 is a point of bifurcation of f(x, λ) = o. The nontrivial

solutions emanating from the point (o, λ0) form (in some neighbourhood of

this point) a Cp−2-branch

{(x, λ) : x = sx0 + x̃2(s), λ = λ̂(s), s ∈ (−ε, ε)} \ {(o, λ0)} (4.25)

where

x̃2(0) = o, x̃′2(0) = o, λ̂(0) = λ0 = 0. (4.26)

Proof. Let us derive the guiding equation for f(x, λ) = o. We identify

X1 with R using the following isomorphism:

(sx0 = ) x1 7→ s.

It follows from Remark 4.4 that there exists a Cp-function x2 = x̂2(s, λ)

which maps some neighbourhood of the zero in R×R into some neighbour-

hood of the zero element in X2, such that

x̂2(0, λ) = o ∀λ ∈ R, (4.27)

Qf(sx0 + x̂2(s, λ), λ) = o (4.28)

for all (s, λ) from the neighbourhood of zero in R × R. Lemma 4.3 then

yields

∂x̂2

∂s
(0, 0) = o. (4.29)
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Figure 4.9.

The guiding equation for f(x, λ) = o can be then written (see (4.22)) as

F (s, λ) = y∗
(
f(sx0 + x̂2(s, λ), λ)

)
= 0. (4.30)

Now we apply Corollary 4.2 to F (s, λ) with λ0 = 0. It follows from (4.23)

and (4.27) that

F (0, λ) = 0 ∀λ ∈ R.

Hence (4.14) holds true. Further, we have

∂F

∂s
(s, λ) = y∗

(
f ′
1(sx0 + x̂2(s, λ), λ)

(
x0 +

∂x̂2

∂s
(s, λ)

))
, (4.31)

and so

∂F

∂s
(0, 0) = y∗(f ′

1(o, 0)x0) = 0

(cf. (4.29)). Hence also (4.15) is verified. It follows from (4.31) that

∂2F

∂s∂λ
(0, 0) = lim

λ→0

∂F
∂s (0, λ)

λ
= y∗

(
lim
λ→0

f ′
1(o, λ)(x0 + ∂x̂2

∂s (0, λ))

λ

)
=

= y∗(f ′′
1,2(o, 0)x0) + y∗

(
f ′
1(o, 0)

∂2x̂2

∂s∂λ
(0, 0)

)
.

(4.32)
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We have f ′
1(o, 0)h ∈ Y1 for all h ∈ X , i.e.

y∗(f ′
1(o, 0)h) = 0

for all h ∈ X . Hence the second term in (4.32) is equal to 0. The first term

in (4.32) is different from zero. Otherwise we should have f ′′
1,2(o, 0)x0 ∈ Y1

which contradicts (4.24). Hence

∂2F

∂s∂λ
(0, 0) 6= 0

which verifies (4.16).

It follows from Corollary 4.2 that nontrivial solutions of F (s, λ) = 0

form (in some neighbourhood of zero) a Cp−2-branch

{(s, λ) : λ = λ̂(s), s ∈ (−ε, ε)} \ {(0, 0)} (4.33)

where λ̂(0) = 0.

Now we apply an analogue of Theorem 4.4: the set of all nontrivial

solutions of f(x, λ) = o in some neighbourhood of (o, 0) ∈ X ×R forms the

set

{(x, λ) : x = sx0 + x̂2(s, λ̂(s)), λ = λ̂(s), s ∈ (−ε, ε)} \ {(o, 0)}

where λ̂(0) = 0. Set x̃2(s) = x̂2(s, λ̂(s)). Then obviously x̃2(0) = o and

x̃′2(s)|s=0 =
∂x̂2

∂s
(0, 0) +

∂x̂2

∂λ
(0, 0)λ̂′(0) = o

according to (4.27) and (4.29). This proves (4.26). �

Remark 4.5.

(1) It follows from the previous theorem that the essential information

about the bifurcation branch is contained in the space X1 × R. The

part from X2 is just a perturbation x̃2(s) which is of order o(s) as

s → 0. From this point of view, the parametrization contains all the

essential information about the branch.

(2) Assume that the function λ = λ̂(s) from (4.33) has the form

λ̂(s) = λ̂′(0)s+
1

2
λ̂′′(0)s2 + · · · ,

and assume that

λ̂(p)(0) = 0 for p = 1, 2, . . . , q − 1,

λ̂(q)(0) 6= 0.
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If q is odd, we speak about a transcritical bifurcation, if q is even and

λ̂(q)(0) > 0, we speak about a supercritical bifurcation, and finally,

if q is even and λ̂(q)(0) < 0, the bifurcation is called subcritical (see

Figure 4.10).

- --

6 66s s s

λ λ λ

transcritical supercritical subcritical

Figure 4.10.

Example 4.5. (Application of the Crandall–Rabinowitz Bifurca-

tion Theorem) We shall study bifurcation points of the periodic problem
{
u′′(x) + λu(x) + g(x, u(x), u′(x), λ) = 0 in [0, 2π],

u(0) = u(2π), u′(0) = u′(2π).
(4.34)

In this example we shall concentrate on the point λ = 0 which is an eigen-

value of the associated eigenvalue problem
{
u′′(x) + λu(x) = 0 in [0, 2π],

u(0) = u(2π), u′(0) = u′(2π)
(4.35)

of the multiplicity 1.

We shall denote

X = C2P ≔ {u : R → R : u is 2π-periodic, u ∈ C2(R)},
Y = CP ≔ {u : R → R : u is 2π-periodic, u ∈ C(R)}.

Then Y and X equipped with the norms

‖u‖Y = max {|u(x)| : x ∈ [0, 2π]}, ‖u‖X = ‖u‖Y + ‖u′‖Y + ‖u′′‖Y ,
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respectively, are Banach spaces.

Let us define F : X × R → Y by

F (u, λ)(x) = u′′(x) + λu(x) + g(x, u(x), u′(x), λ)

where the function

g = g(x, τ, t, λ)

satisfies the following hypotheses:

(1) g is 2π-periodic in x and continuous with respect to all four variables

(as a function from R4 into R);

(2) the derivatives of g with respect to τ , t, λ up to the order p (p > 2) are

continuous functions from R4 into R;

(3) g(x, 0, 0, λ) = 0 for all x, λ ∈ R;

(4) g′τ (x, 0, 0, λ) = g′t(x, 0, 0, λ) = 0 for all x, λ ∈ R.

It follows from 3 that F (o, λ) = o for all λ ∈ R. Moreover, thanks to 4

we have

F ′
u(o, λ)w = w′′ + λw,

and so we conclude

dimKer F ′
u(o, 0) = 1.

It follows from 2 that F ∈ Cp. The Fredholm Alternative (for linear oper-

ators) yields

Y1 = ImF ′
u(o, 0) =

{
w̃ ∈ Y :

∫ 2π

0

w̃(x) dx = 0

}
.

Hence ImF ′
u(o, 0) is a closed subspace of Y of the co-dimension 1. Set

x0 = 1, X1 = Lin{1}, X2 =

{
ũ ∈ X :

∫ 2π

0

ũ(x) dx = 0

}
.

Since

F ′′
uλ(o, 0)1 = 1 and 1 /∈ ImF ′

u(o, 0),

the transversality condition (4.24) is verified, too.

It follows from the Crandall–Rabinowitz Bifurcation Theorem (Theo-

rem 4.5) that λ = 0 is a point of bifurcation of (4.34). In particular, the

point (o, 0) ∈ X × R belongs to the branch of trivial solutions (o, λ), but

also to the branch

Γ = {(s+ ũ(s), λ̂(s)) : s ∈ (−ε, ε)}, ũ(0) = o, ũ′s(0) = o, λ̂(0) = 0.
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Hence for any s ∈ (−ε, ε), s 6= 0, the nontrivial solution s+ ũ(s) is the sum

of a constant function (with respect to x) and the perturbed function ũ(s)

(which depends on x) such that ũ(s) belongs to X2.

Remark 4.6. Theorem 4.5 can be generalized for the situation when

0 < dimX1 = d <∞.

The proof then requires a generalization of the Morse Lemma (Lemma 4.2)

and some other properties of Fredholm mappings (see, e.g., [9]).

4.5. Local bifurcation theorems

The basic assertion of this section is the following theorem. For the notions

“degree of the mapping” and “index” see Appendix C.

Theorem 4.6. Let X be a Banach space, Ω an open set in X × R, and

define a mapping f : Ω → X by

f(x, λ) = x− h(x, λ), (x, λ) ∈ Ω. (4.36)

Assume that

h is a compact (nonlinear) mapping from Ω into X, (4.37)

h(o, λ) = o ∀(o, λ) ∈ Ω,

(o, λ0) ∈ Ω. (4.38)

Let for all λ ∈ (λ0 − ε0, λ0 + ε0), with ε0 > 0 sufficiently small, the Leray–

Schauder index of o with respect to f(·, λ) and the point o be defined (and

we denote it by iλ(o)). Assume

iλ0+ε(o) 6= iλ0−ε(o) (4.39)

for all ε ∈ (0, ε0). Then λ0 is a point of bifurcation of

f(x, λ) = o.

Proof. We proceed via contradiction. Assume that λ0 is not a bifurcation

point. Then there exists a neighbourhood U of (o, λ0) such that the only

solutions of f(x, λ) = o belonging to U are of the form (o, λ). Take ε > 0

so small that (4.39) is satisfied, and, moreover,

B(o; ε) × [λ0 − ε, λ0 + ε] ⊂ U
(see Figure 4.11).
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o
λ(o, λ0) λ0 + ελ0 − ε

-


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B(o; ε)

X
U

Figure 4.11.

Then for any λ ∈ [λ0 − ε, λ0 + ε] and x ∈ ∂B(o; ε) we have that

f(x, λ) 6= o.

It follows from the homotopy invariance property of the Leray–Schauder

degree (Appendix C) that (thanks to (4.37))

iλ0+ε(o) = deg [f(·, λ0 + ε);B(o; ε), o] =

= deg [f(·, λ0 − ε);B(o; ε), o] = iλ0−ε(o)

which contradicts (4.39). �

The proof of the above theorem is very simple. However, the basic

question connected with its application consists in the assumption (4.39)

which may be very difficult to verify. Below we present a lemma which

states how to verify (4.39) for a special form of f = f(x, λ).

Lemma 4.4. Let X be a Banach space, Ω an open set in X ×R. Assume

T is a linear compact operator from X into X, (4.40)

G is a compact (nonlinear) operator from Ω into X, (4.41)

lim
‖x‖→0

G(x, λ)

‖x‖ = o holds uniformly with respect to λ ∈ J
for any bounded set J ⊂ R,

(4.42)

λ0 6= 0, (o, λ0) ∈ Ω. (4.43)
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Let λ0 be an eigenvalue of T of odd (algebraic) multiplicity. Set

f(x, λ) = λx − Tx+G(x, λ) = λ(x − h(x, λ))

with

h(x, λ) =
1

λ
(Tx−G(x, λ)).

Then for any ε > 0 small enough the index of o with respect to
1

λ0±εf(·, λ0 ± ε) and the point o (we denote it by iλ0±ε(o)) is well defined,

and, moreover,

iλ0+ε(o) 6= iλ0−ε(o). (4.44)

Note that λ0 6= 0 guarantees that ε > 0 can be chosen so small that

0 /∈ [λ0 − ε, λ0 + ε]. The index of o with respect to 1
λ0±εf(·, λ0 ± ε) and the

point o, and the solution set of f(x, λ± ε) = o then coincide with the index

of o with respect to I − h(·, λ0 ± ε) and the point o, and with the solution

set of x− h(x, λ± ε) = o.

Proof. [ of Lemma 4.4] We can assume, without loss of generality, that

λ0 > 0, and choose ε > 0 so small that λ0 − ε > 0 and

Pσ(T ) ∩ [λ0 − ε, λ0 + ε] = {λ0}
(here Pσ(T ) is the point of spectrum of T ). Now we apply the Leray–

Schauder Index Formula (Theorem 4.16). By (4.40) and (4.42) we have

f ′
x(o, λ)y = lim

t→0

λty − T (ty) +G(ty, λ)

t
= λy − Ty.

According to the choice of ε, the mapping 1
λf(·, λ) satisfies the assumptions

of Theorem 4.16 for any λ such that

0 < |λ− λ0| ≤ ε.

Then

iλ0+ε(o) = deg

[
1

λ0 + ε
f(·, λ0 + ε);B(o; ε), o

]
= (−1)β+

where β+ is the sum of algebraic multiplicities of all real eigenvalues µ of
1

λ0+εT which are greater than 1. However, µ is an eigenvalue of 1
λ0+ε

T if

and only if λ = µ(λ0 + ε) is an eigenvalue of T . Hence µ > 1 if and only if

λ (as an eigenvalue of T ) is greater than λ0. So

β+ =
∑

λ∈Pσ(T )∩R

λ>λ0

nλ where nλ = dim

∞⋃

k=1

Ker (λI − T )k
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(algebraic multiplicity of λ). In the same way we prove

iλ0−ε(o) = (−1)β− where β− =
∑

λ∈Pσ(T )∩R

λ≥λ0

nλ = β+ + nλ0 .

Since nλ0 is an odd number, we have

iλ0−ε(o) = (−1)β− 6= (−1)β+ = iλ0+ε(o). �

The following example shows that in the previous lemma it is neces-

sary to consider the algebraic multiplicity of λ0, and so, in particular, the

assumption that dimKer (λI − T ) is odd is not enough.

Example 4.6. Let X = R2, T =

(
1 1

0 1

)
, G : R2 → R2, G = (g1, g2) where

x = (x1, x2),

g1(x1, x2) = −x3
2, g2(x1, x2) = x3

1.

The mapping f = (f1(x, λ), f2(x, λ)) is defined as

f1(x, λ) = (λ− 1)x1 − x2 − x3
2, f2(x, λ) = (λ− 1)x2 + x3

1.

The matrix T has just one eigenvalue λ = 1,

dimKer (I − T ) = 1, dimKer (I − T )2 = 2.

The equation f(x, λ) = o has for any λ ∈ R only the trivial solution x = o.

We have also the following necessary condition for λ0 6= 0 to be a point

of bifurcation.

Lemma 4.5. Let λ0 6= 0 be a point of bifurcation of f(x, λ) = o, and

assume (4.40)–(4.43). Then λ0 is an eigenvalue of T .

Proof. If λ0 is a point of bifurcation of f(x, λ) = o, then there exists a

sequence {(xn, λn)} ⊂ Ω such that o 6= xn → o, λn → λ0, f(xn, λn) = o.

Set

vn =
xn
‖xn‖

.

Then {vn} is a bounded sequence, and the compactness of T implies that we

can select a convergent subsequence from {Tvn} (denoted again by {Tvn}).

Dividing f(xn, λn) = o by ‖xn‖ we obtain

λnvn = Tvn − G(xn, λn)

‖xn‖
. (4.45)
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Due to (4.42) and the convergence of {Tvn} we have from (4.45) that

{λnvn} converges to an element λ0v, v ∈ X (we have λ0 6= 0). Taking

the limits in (4.45), we arrive at

λ0v = Tv.

Since ‖v‖ = lim
n→∞

‖vn‖ = 1, v is an eigenvector of T associated with the

eigenvalue λ0. �

Maybe, the most important sufficient condition is the following imme-

diate consequence of Theorem 4.6 and Lemma 4.4.

Theorem 4.7 (Krasnoselski). Let X be a Banach space, Ω an open set

in X × R and let f : Ω → X be of the form

f(x, λ) = λx − Tx+G(x, λ) (4.46)

for all (x, λ) ∈ Ω. Here

T is a linear compact operator from X into X, (4.47)

G : Ω → X is a compact (nonlinear) operator, (4.48)

G(x, λ) = o(‖x‖), ‖x‖ → 0

uniformly for all λ ∈ J for any bounded set J ⊂ R,
(4.49)

(o, λ0) ∈ Ω, (4.50)

λ0 is a nonzero eigenvalue of T

with odd (algebraic) multiplicity.
(4.51)

Then λ0 is a point of bifurcation of

f(x, λ) = o.

Example 4.7. (Application of the Krasnoselski Local Non-po-

tential Bifurcation Theorem) Let us consider the Dirichlet boundary

value problem
{
u′′(x) + λu(x) + g(x, u(x), λ) = 0 in (0, π),

u(0) = u(π) = 0.
(4.52)

We shall summarize first the results about the linear problem
{
u′′(x) + λu(x) = −f(x) in (0, π),

u(0) = u(π) = 0
(4.53)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

134 P. Drábek

where f ∈ L1(0, π). By a weak solution of (4.53) we understand a function

u ∈W 1,2
0 (0, π) for which the integral identity

∫ π

0

(
u′(x)w′(x) − λu(x)w(x)

)
dx =

∫ π

0

f(x)w(x) dx

holds for all w ∈ W 1,2
0 (0, π). In Appendix D we prove that if f ∈ C[0, π],

then any weak solution u of (4.53) satisfies u ∈ C2[0, π], u(0) = u(π) = 0,

i.e., u is a classical solution.

The weak formulation of (4.53) can be restated as the operator equation

u− λBu = Bf (4.54)

where the operator B : L1(0, π) →W 1,2
0 (0, π) is defined by

〈Bu, v〉 =

∫ π

0

u(x)v(x) dx (4.55)

for any u ∈ L1(0, π), v ∈ W 1,2
0 (0, π). Here 〈·, ·〉 denotes the scalar product

in W 1,2
0 (0, π) defined by

〈u, v〉 =

∫ π

0

u′(x)v′(x) dx.

Then B : L1(0, π) → W 1,2
0 (0, π) is a continuous linear operator due to the

continuity of the embedding of W 1,2
0 (0, π) into C[0, π].

A number λ is an eigenvalue of the boundary value problem
{
u′′(x) + λu(x) = 0 in (0, π),

u(0) = u(π) = 0
(4.56)

if there is a nonzero function u ∈ C2[0, π] which solves (4.56). Since in

(4.56) we have f ≡ 0, i.e. f ∈ C[0, π], Theorem 4.17 implies that the

problem (4.56) is equivalent to the operator equation

u− λBu = o, (4.57)

and so λ is an eigenvalue of (4.56) if and only if λ 6= 0 and λ = 1
µ where µ

is an eigenvalue of B.

The operator B : W 1,2
0 (0, π) → W 1,2

0 (0, π) is compact. This follows

easily from the compact embedding of W 1,2
0 (0, π) into L1(0, π). It is easy to

verify that B is a self-adjoint operator from W 1,2
0 (0, π) into W 1,2

0 (0, π), and

that the eigenvalues µn and the corresponding normalized eigenfunctions

un = un(x) are of the form

µn =
1

n2
, un(x) =

1

n

√
2

π
sinnx, n ∈ N.
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It then follows from the Fredholm Alternative that

Im (I − λB) = W 1,2
0 (0, π) if λ 6= n2, n ∈ N,

Im (I − n2B) = {F ∈W 1,2
0 (0, π) : 〈F, sinnx〉 = 0}, n ∈ N.

Let us prove that

Ker (I − n2B)2 = Ker (I − n2B), n ∈ N. (4.58)

This would imply that the algebraic multiplicity of the eigenvalue µn = 1
n2

is 1.

Let u ∈ Ker (I − n2B)2, i.e.

(I − n2B)2u = (I − n2B)(I − n2B)u = o.

Then for some a ∈ R we have

(I − n2B)u = a sinnx.

Thus a sinnx ∈ Im (I − n2B), and so

〈a sinnx, sinnx〉 = a ‖sinnx‖2
= 0.

Since ‖ sinnx‖ 6= 0, it must be a = 0. Then (I − n2B)u = o, i.e. u ∈
Ker (I − n2B), and (4.58) is proved.

We shall transform the boundary value problem (4.52) to the form

f(u, λ) ≔ u− λBu+G(u, λ) = o.

We set X = W 1,2
0 (0, π),

G(u, λ) = BN(u, λ), N(u, λ)(x) = g(x, u(x), λ).

If g = g(x, s, λ) is a continuous function from [0, π] × R × R into R, then

G is a compact operator from W 1,2
0 (0, π) × R into W 1,2

0 (0, π). This fact

follows easily from the continuity of the Nemytski operatorN : C[0, π]×R →
C[0, π], and the embeddings W 1,2

0 (0, π) ⊂≻⊂≻ C[0, π] and C[0, π] ⊂≻ L1(0, π).

Let us assume that

g(x, s, λ) = o(|s|), |s| → 0,

uniformly with respect to x ∈ [0, π] and λ from any bounded set in R. This

assumption implies

G(u, λ) = o(‖u‖), ‖u‖ → 0,

uniformly with respect to λ from any bounded set in R. Now we apply

Theorem 4.7 to get the assertion that “λ = n2 is a point of bifurcation of

(4.52)”.
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Remark 4.7. (Comparison of the Crandall–Rabinowitz Bifurca-

tion Theorem and the Krasnoselski Local Non-potential Bifurca-

tion Theorem) Let us consider f of the form

f(x, µ) = x− µTx+G(x, µ)

where

T : X → X is a compact linear operator,

X is a Banach space,
(4.59)

G : X × R → X is a compact (nonlinear) operator, (4.60)

lim
‖x‖→0

G(x, µ)

‖x‖ = o holds uniformly with respect to µ
from any bounded set in R.

(4.61)

Let λ0 be a nonzero eigenvalue of T and

dimKer (λ0I − T ) = 1. (4.62)

Denote by v, ‖v‖ = 1, an eigenvector of T , associated with λ0, and set

µ0 = 1
λ0

.

Let us compare the assumptions of Theorems 4.5 and 4.7. One of the

essential differences consists in the smoothness assumptions: while in The-

orem 4.5 we must have G ∈ Cp, p > 2, Theorem 4.7 requires G compact

(and hence continuous) but also “small” at zero. The assumption (4.61)

guarantees that

A = f ′
1(o, µ0) = I − µ0T, f ′′

1,2(o, µ0) = −T. (4.63)

Theorem 4.5 requires

ImA = ImA, (4.64)

codim ImA = 1, (4.65)

f ′′
1,2(o, µ0)v /∈ ImA. (4.66)

The compactness of T implies that A is a Fredholm operator of index 0,

hence (4.64) holds, and also

codim ImA = dimKerA = 1,

i.e., (4.65) is true, too. The last assumption (4.66) is closely connected with

the algebraic multiplicity of λ0 as follows from the assertion below.
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The assumption (4.66) is verified if and only if

nλ0 = dim

∞⋃

k=1

KerAk = 1. (4.67)

Let us prove first (4.67) ⇒ (4.66). Assume the contrary: f ′′
1,2(o, µ0)v ∈

ImA. According to (4.63) it means −Tv ∈ ImA. Since v = µ0Tv, we

have v ∈ ImA, too. Then there exists w ∈ X such that v = Aw. But

v ∈ KerA, i.e. w ∈ KerA2. At the same time w /∈ KerA. This implies

dimKerA2 > dimKerA, i.e. nλ0 > 1,

a contradiction.

Let us prove now (4.66) ⇒ (4.67). Let w ∈ KerA2, and set u = Aw.

Then Au = A2w = o what implies u ∈ KerA. Since KerA is generated by

v, there exists a ∈ R such that u = av. At the same time u = Aw ∈ ImA.

For a 6= 0 we would have −Tv = −λ0v = −λ0

a u ∈ ImA, a contradiction

with (4.66). Hence a = 0 and u = Aw = o, i.e. w ∈ KerA. This proves

KerA2 ⊂ KerA.

Since the opposite inclusion is evident, we proved

KerA2 = KerA.

By induction we now easily prove that

KerAn+1 = KerAn

for any n ∈ N.

Exercise 4.8. Consider the boundary value problem (4.52) and formulate the

most general assumptions on g (with g depending also on u′) in such a way

that the Crandall–Rabinowitz Bifurcation Theorem will apply. Compare

then your result with the result of Example 4.7 in this section.

4.6. Global bifurcation theorems

In this section we shall write the bifurcation equation in the form

f(x, µ) ≔ x− µTx+G(x, µ) = o (4.68)

while the assumptions about T and G will be the same as in the previous

section. The following result is due to Rabinowitz [6], [7].
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Theorem 4.9 (Rabinowitz Global Bifurcation Theorem). Let X

be a Banach space, Ω an open set in X × R, (o, µ0) ∈ Ω, µ0 6= 0. Let

us assume:

T is a compact linear operator from X into X, (4.69)

G is a compact (nonlinear) operator from Ω into X, (4.70)

G(x, µ) = o(‖x‖), ‖x‖ → 0,

uniformly for µ from any bounded set in R,
(4.71)

λ0 =
1

µ0
is an eigenvalue of T of odd (algebraic) multiplicity. (4.72)

Denote by S the closure of all solutions of (4.68) with x 6= o, i.e.

S = {(x, µ) ∈ Ω : x 6= o, f(x, µ) = o},
and let C be a component of S which contains the point (o, µ0).

Then either

(1) C is not a compact set in Ω,

or

(2) C contains an even number of points (o, µ) where µ 6= 0 and λ = 1
µ is

an eigenvalue of T with odd (algebraic) multiplicity.

Proof. We shall follow the proof of Izé [4]. The idea is following. We

will assume that C is compact, and prove that it contains an even number

of points described in 2.

Since C is compact, it contains only a finite number of points (o, µ)

where µ 6= 0 and λ = 1
µ is an eigenvalue of T (see Figure 4.12): we shall

denote them by

(o, µ0), . . . , (o, µk−1).

Since C is a component of S in Ω and S is closed, there exists an open set

Ω̃ ⊂ Ω such that Ω̃ separates C from S \ C, i.e. C ⊂ Ω̃ and Ω̃ ∩ (S \ C) = ∅.

We prove that Ω̃ can be chosen in such a way that (see Figure 4.13)

(a) Ω̃ is open and bounded,

(b) C ⊂ Ω̃, S ∩ ∂Ω̃ = ∅,

(c) (o, µj) ∈ Ω̃, j = 0, . . . , k − 1, but

(o, µ) /∈ Ω̃ for µ 6= 0, λ = 1
µ ∈ Pσ(T ), µ 6= µj , j = 0, . . . , k − 1.

Indeed, let U be a δ-neighbourhood of C such that U \ C does not contain

any point (o, µ), µ 6= 0, 1
µ ∈ Pσ(T ). The set K = U ∩ S is then compact,
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-
o

X

µµ µ0 µ1 µ2 µ3

C

Figure 4.12.

and obviously C ∩ (∂U ∩ S) = ∅. Then there exist compact disjoint sets

K1,K2 ⊂ K such that

K = K1 ∪ K2, C ⊂ K1, ∂U ∩ S ⊂ K2.

Hence Ω̃ can be chosen as an ε-neighbourhood of K1 with

ε < min {dist (K1,K2), δ}.

For any r > 0 define fr : Ω̃ → X × R as follows:

fr(x, µ) = (f(x, µ), ‖x‖2 − r2). (4.73)

Then obviously

fr(x, µ) = o ⇐⇒ f(x, µ) = o and ‖x‖ = r.

(In other words, the function fr “counts” the solutions of f(x, µ) = o which

belong to the sphere ‖x‖ = r.) Then, thanks to the choice of Ω̃ and the



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

140 P. Drábek

︷ ︸︸ ︷ ︷ ︸︸ ︷

-
o

X

µ

µj

Ω̃

(o, µ)

µ ∈ Pσ(T )

µ 6= µj

(o, µ)

µ ∈ Pσ(T )

µ 6= µj

Figure 4.13.

homotopy invariance property of the degree (Appendix C), we have that

deg [fr; Ω̃, o]

is well defined and independent of r > 0.

The rest of the proof consists in the calculation of this degree for suffi-

ciently large r and for sufficiently small r.

Step 1: sufficiently large r. The boundedness of Ω̃ implies that there

exists C > 0 such that for any (x, µ) ∈ Ω̃ we have ‖x‖ < C. Then for r > C

the equation

fr(x, µ) = o

has no solution in Ω̃, and so, according to 5 of Theorem 4.15, we have

deg[fr; Ω̃, o] = 0.

Step 2: sufficiently small r. For j = 0, . . . , k − 1 set

Uj(r, ε) ≔ {(x, µ) : ‖x‖2 + |µ− µj |2 < r2 + ε2},
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and choose ε > 0 so small that the sets Uj(ε, ε) are pairwise disjoint, belong

to Ω̃, and do not contain (o, 0) (see Figure 4.14).

-
o

X

µµj

Uj(ε, ε)

C

Figure 4.14.

We prove first that there exists r > 0 (r ≤ ε) such that

x− µTx+ tG(x, µ) 6= o (4.74)

for all

t ∈ [0, 1], (x, µ) ∈ Ω̃, 0 < ‖x‖ ≤ r, |µ− µj | ≥ ε, j = 0, . . . , k − 1.

Indeed, assume via contradiction that such r > 0 does not exist. Then

there exist tn ∈ [0, 1] and (xn, µ
n) ∈ Ω̃, n ∈ N, o 6= xn → o, |µn − µj | ≥ ε,

j = 0, . . . , k − 1, not satisfying (4.74), i.e.

xn − µnTxn + tnG(xn, µ
n) = o. (4.75)

We can assume, without loss of generality, that µn → µ̃. It follows from

the construction of Ω̃ that 1
µ̃ /∈ Pσ(T ). On the other hand, it follows from
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(4.75) that (setting yn = xn

‖xn‖ )

yn − µnTyn + tn
G(xn, µ

n)

‖xn‖
= o. (4.76)

Now, the compactness of T and (4.71) imply that for some y 6= o (ynk
→ y

for some subsequence) we have

y − µ̃T y = o,

a contradiction.

We shall write Uj = Uj(r, ε) for simplicity. It follows from 2 of Theo-

rem 4.15 that

deg [fr; Ω̃, o] =

k−1∑

j=0

deg [fr;Uj , o]. (4.77)

Let µj be fixed. It follows from the choice of ε > 0 that for 0 < |µ−µj | ≤ ε

we have

1

µ
/∈ Pσ(T ).

Then for any such µ the degree

deg [I − µT ;B(o; r), o]

is well defined. Moreover, the homotopy invariance property of the degree

implies that it is locally constant with respect to µ. Denote

ij− = deg [I − (µj − ε)T ;B(o; r), o],

ij+ = deg [I − (µj + ε)T ;B(o; r), o].

It follows from Lemma 4.9 that

deg [fr;Uj , o] = ij− − ij+. (4.78)

If nj is the (algebraic) multiplicity of λj = 1
µj

, then it follows from Theo-

rem 4.16 that

ij+ = (−1)nj ij−.

Hence for nj even we obtain

deg [fr;Uj , o] = ij− − ij+ = 0, (4.79)

while for nj odd we have

deg [fr;Uj , o] = 2ij−. (4.80)
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It follows from (4.77)–(4.80) that

deg [fr; Ω̃, o] = 2

k−1∑

j=0
nj odd

ij−.

Since this degree must be equal to zero (see Step 1 of this proof), there

must be an even number of eigenvalues of odd algebraic multiplicity among

µ0, . . . , µk−1. �

Corollary 4.3. If Ω = X ×R in Theorem 4.9, then the first alternative 1

reduce to C is unbounded in X × R and 2 remains unchanged.

Proof. Let (x, µ) ∈ C. Then

x = µTx−G(x, µ).

This implies that if C is bounded in X × R, it is also relatively compact

because

A(x, µ) = µTx−G(x, µ)

is a compact operator. But C is closed in the complete space X × R, and

so it is compact. We thus proved that if C is bounded in X × R, it is also

compact. �

We shall now pay special attention to the bifurcation from simple eigen-

values. Let us assume that X is a Hilbert space and T is a self--adjoint

operator (these assumptions are technical and can be dropped). Let λ0

be an eigenvalue of T , nλ0 = 1, and let v, ‖v‖ = 1, be the eigenvector

associated with λ0. For ε ∈ (0, 1) define (see Figure 4.15)

Kε = {(x, µ) ∈ X × R : |〈x, v〉| > ε‖x‖},
K+
ε = {(x, µ) ∈ X × R : 〈x, v〉 > ε‖x‖},

K−
ε = {(x, µ) ∈ X × R : −〈x, v〉 > ε‖x‖}.

Let

S = {(x, µ) ∈ X × R : x 6= o, f(x, µ) = o},

and C be the component of S containing the point (o, µ0).

It is possible to prove that there exists t0 > 0 such that

(S \ {(o, µ0)}) ∩B((o, µ0); t0) ⊂ Kε
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3

+
(o, µ0)

v

−v

K+
ε

K−
ε

Figure 4.15.

(see Dancer [2]). For t ∈ (0, t0] define (see Figure 4.16)

D+
t = {(o, µ0)} ∪ (S ∩B((o, µ0); t) ∩ K+

ε ),

D−
t = {(o, µ0)} ∪ (S ∩B((o, µ0); t) ∩ K−

ε ).

3

+
(o, µ0)

v

−v

K+
ε

K−
ε

B((o, µ0); t)

D+
t

D−
t

Figure 4.16.
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Further, let C+
t be the component of C \ D−

t containing (o, µ0), and, simi-

larly, C−
t be the component of C \ D+

t containing (o, µ0) (see Figure 4.17).

Finally, we put

C+ =
⋃

0<t≤t0
C+
t , C− =

⋃

0<t≤t0
C−
t .

Then C+ and C− are connected sets and C+ ∪ C− ⊂ C.

3

+

v

−v

K+
ε

K−
ε

B((o, µ0); t)

C+
t

C−
t

(o, µ0)

Figure 4.17.

Theorem 4.10 (Dancer Global Bifurcation Theorem). The sets

C+ and C− are either both unbounded, or

C+ ∩ C− 6= {(o, µ0)}.

The proof of this assertion follows similar ideas as that of Theorem 4.9.

The reader can found it in [2].

Remark 4.8. The meaning of C± is the following. The sets C± describe

the branches of nontrivial solutions which bifurcate in the direction of the

eigenvectors ±v (see Figure 4.18).
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3

+
(o, µ0)

v

−v

K+
ε

K−
ε

B((o, µ0); t)

C+

C−

Figure 4.18.

Example 4.8. (Application of the Dancer Global Bifurcation The-

orem) Let us consider again the Dirichlet boundary value problemd

{
u′′(x) + λu(x) + g(x, u(x), λ) = 0 in (0, π),

u(0) = u(π) = 0,
(4.81)

and assume that g = g(x, s, λ) is a continuous function from [0, π] ×R × R

into R satisfying

g(x, s, λ) = o(|s|), |s| → 0,

uniformly with respect to x ∈ [0, π] and λ from any bounded set in R. Since

λ = n2, n ∈ N, is a simple eigenvalue of (4.56), we can apply both global

bifurcation theorems of this section.

It follows from Theorem 4.10 that there are maximal connected sets C+

and C− of solutions of (4.81) which both contain the point (o, n2), and either

both are unbounded, or C+ ∩ C− 6= {(o, n2)}. We show that the latter case

cannot occur if g = g(x, s, λ) is locally Lipschitz continuous with respect to

the variable s.

The function g is locally Lipschitz continuous with respect to s if for

any interval J ⊂ R there exists a constant k > 0 such that for any x ∈ [0, π]

and any s1, s2, λ ∈ J we have

|g(x, s1, λ) − g(x, s2, λ)| ≤ k|s1 − s2|.
dWe shall use the same notation as in Section 4.5.



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Introduction to bifurcation theory 147

This property of g implies that the initial value problem (with λ fixed)
{
u′′(x) + λu(x) + g(x, u(x), λ) = 0,

u(x0) = u0, u′(x0) = u1, x0 ∈ [0, π]
(4.82)

has a unique solution defined in [0, π]. In particular, (4.82) with u0 = u1 = 0

has only the trivial solution since g(x, 0, λ) = 0.

The regularity result (cf. Remark 4.13) implies that for any (u, λ) ∈ C±

we have u ∈ C2[0, π]. Also it follows from the Uniqueness Theorem for

(4.82) that the number of nodes of u in (0, π) is finite for any u such that

(u, λ) ∈ C± for some λ.

Let (uk, λk) ∈ C± → (u0, λ0) ∈ C± in X × R. Then it follows from the

embedding W 1,2
0 (0, π) ⊂≻ C[0, π] that uk → u0 in C2[0, π]. In particular,

this implies that the number of nodes of a nontrivial solution does not

change along the branch C±. Indeed, consider (uk, λk) ∈ C+ such that

‖uk‖ → 0, λk → n2. Then it follows from

uk − λkBuk +G(uk, λk) = o (4.83)

exactly as in the proof of Lemma 4.5 that

vk ≔
uk

‖uk‖
→ 1

n

√
2

π
sinnx in W 1,2

0 (0, π).

The embedding W 1,2
0 (0, π) ⊂≻ C[0, π] and (4.83) then implies that the above

convergence holds even in C2[0, π]. In particular, it means that for any

(u, λ) ∈ C+ we have that

(1) u has exactly n− 1 nodes in (0, π),

(2) u′(0) > 0.

Similarly, for (u, λ) ∈ C− we obtain

(1) u has exactly n− 1 nodes in (0, π),

(2) u′(0) < 0.

From here we conclude that

C+ ∩ C− = {(o, n2)}.
Hence both sets C+ and C− are unbounded in W 1,2

0 (0, π) × R.

Let us emphasize that this means that C± are unbounded either with

respect to ‖u‖, or with respect to λ (or with respect to both ‖u‖ and λ!).

Some further properties of g might provide more information about the

properties of C± (e.g., boundedness with respect to u — if there are a priori
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estimates for all solutions — and unboundedness with respect to λ; or vice

versa boundedness with respect to λ and unboundedness with respect to

‖u‖ — so called blow up of the solution for finite λ, etc.).

Exercise 4.11. Consider the boundary value problem (4.81) and apply

Theorem 4.9 to get conclusions about the bifurcation branches. Formulate

further assumptions on g which will imply unboundedness of the branches

with respect to ‖u‖ and λ, respectively.

4.7. Potential bifurcation theorems

Let us remind the definition of a potential operator.

Definition 4.2. Let Ω be a subset of a Hilbert space H , f : Ω → H . We

say that f has potential (in Ω) if there exists a functional F : Ω → R which

is Fréchet differentiable in Ω, and for any x ∈ Ω we have

f(x) = F ′(x). (4.84)

Remark 4.9. Let us explain how to interpret the equality (4.84). Fréchet

differential F ′(x) is a continuous linear mapping of H into R. It follows

from the Riesz Representation Theorem (see, e.g., [9]) that there is a unique

point z ∈ H such that

F ′(x)y = 〈y, z〉, ‖z‖ = ‖F ′(x)‖∗,

for any y ∈ H (here 〈·, ·〉 is the scalar product on H , ‖ · ‖ =
√
〈·, ·〉 is the

norm on H and ‖ · ‖∗ is the (usual) norm in the space of all continuous

linear functionals on H).

In what follows we shall identify F ′(x) with z ∈ H and we will study

points of bifurcation of the equation

λx − F ′(x) = o. (4.85)

The main objective of this section is to prove that (under the assump-

tions F (o) = o, F ′(o) = o and some assumptions about the smoothness of

F ) every nonzero eigenvalue of F ′′(o) is a point of bifurcation of (4.85).

Theorem 4.12 (Krasnoselski Potential Bifurcation Theorem).

Let F be a weakly continuous (nonlinear) functional on a Hilbert space
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H. Assume that

F is differentiable in some neighbourhood U(o)

of the origin in H,
(4.86)

F ′ is compact on U(o), (4.87)

there exists F ′′(o) = A, (4.88)

F (o) = o, F ′(o) = o. (4.89)

Then λ0 6= 0 is a point of bifurcation of

λx− F ′(x) = o (4.90)

if and only if λ0 is an eigenvalue of the operator A.

Remark 4.10. Note that the equation (4.90) is a special case of the equa-

tion

o = λx− Tx+G(x, λ)

from Section 4.4. Indeed, the left hand side of (4.90) can be written as

λx− F ′′(o)x+ [F ′′(o)x − F ′(x)]

where F ′′(o) is a compact linear operator, and

F ′′(o)x − F ′(x) = o(‖x‖), ‖x‖ → 0.

Proof. [ of Theorem 4.12] Note first that the implication

“If λ0 6= 0 is a point of bifurcation of (4.90),

then λ0 is an eigenvalue of A”

follows from Lemma 4.5.

So we shall concentrate on the proof of the reversed implication.

Roughly speaking, we know that the “linearization of (4.90)”, i.e., the equa-

tion

(λI − F ′′(o))x = o

has a nontrivial solution, and we want to show that there is also a nontrivial

solution of the “close” but nonlinear equation (4.90).

The basic idea of the proof consists in the fact that (4.90) is a necessary

condition for x to be a saddle point of F subject to the sphere

S(o; r) ≔

{
x ∈ H : J(x) =

1

2
r2
}

where J(x) =
1

2
‖x‖2.
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Here we use the fact that identity is differential of the functional J , and the

Lagrange Multiplier Method. Later we prove the existence of a sufficiently

large number of saddle points of F on S(o; r). If we restrict to spheres

with sufficiently small radius, we get saddle points converging to zero. The

last part of the proof consists of showing that the corresponding Lagrange

multipliers can be chosen close to λ0.

Let us assume that λ0 6= 0 is an eigenvalue of the operator A. The

assumptions (4.87) and (4.88) guarantee that F ′′(o) is a linear self-adjoint

operator (see [9]). We can assume, without loss of generality, that λ0 > 0.

Let us start with a geometrical interpretation of the points x ∈ S(o; r)

such that

λx = F ′(x). (4.91)

In this case the differential F ′(x) is perpendicular to the sphere S(o; r) at

x. Then x can be looked for as a limit of those points of the sphere S(o; r)

in which the tangent projections of F ′ converge to zero. More precisely we

have the following

Lemma 4.6. For z ∈ H, z 6= o, set

D(z) = F ′(z) − 〈F ′(z), z〉
〈z, z〉 z (4.92)

(D(z) is the projection of F ′(z) to the tangent space of S(o; ‖z‖) at z).

Let xn ∈ S(o; r), xn ⇀ x, F ′ be continouous in x, and

lim
n→∞

F ′(xn) = y 6= o, lim
n→∞

D(xn) = o. (4.93)

Then xn → x, y = F ′(x), x 6= o, and

λx− F ′(x) = o where λ =
1

r2
〈F ′(x), x〉. (4.94)

Proof. [of Lemma 4.6] From the weak convergence xn ⇀ x and from

(4.93) we obtain

〈F ′(xn), xn〉 → 〈y, x〉,
and hence

〈F ′(xn), xn〉
r2

xn ⇀
〈y, x〉
r2

x.

At the same time, from the definition of D(xn) and (4.93) we have

〈F ′(xn), xn〉
r2

xn = F ′(xn) −D(xn) → y.
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Hence

y =
1

r2
〈y, x〉x.

Since y 6= o, we have x 6= o, and also 〈y, x〉 6= 0. The definition of D(xn)

and D(xn) → o yields

xn = r2
F ′(xn) −D(xn)

〈F ′(xn), xn〉
→ r2

y

〈y, x〉 = x.

Continuity of F ′ at x then implies

y = F ′(x), i.e. F ′(x) =
〈y, x〉
r2

x.
�

We shall continue in the proof of Theorem 4.12 in the following way: we

will look for a curve on the sphere S(o; r) which starts at a fixed point x,

the values of F along this curve do not decrease, and after some finite time

(even if large) we shall reach “almost” saddle point of F . More precisely,

we are looking for a curve k = k(t, x), t ∈ [0,∞), x ∈ S(o; r) such that

k(0, x) = x, (4.95)

and for all t ∈ (0,∞) we require

k(t, x) ∈ S(o; r), i.e. ‖k(t, x)‖2 = r2.

The last expression implies

d

dt
‖k(t, x)‖2 = 0

what is equivalent to
〈

d

dt
k(t, x), k(t, x)

〉
= 0 (4.96)

for all t ∈ (0,∞).

The equality (4.96) states that for all t ∈ (0,∞) the element d
dtk(t, x)

is perpendicular to k(t, x). This will be satisfied if we look for the solution

of the initial value problem




d

dt
k(t, x) = D(k(t, x)), t ∈ (0,∞),

k(0, x) = x.

(4.97)

We shall skip the detailed discussion about the solvability of (4.97). We

restrict ourselves only to the statement that if the right hand side D of
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the equation in (4.97) is a bounded and Lipschitz function of k, then for

arbitrary x ∈ S(o; r) there exists a unique solution of (4.97) which is defined

on the whole interval (0,∞) (see, e.g., [3]). This would force us to assume

that F ′ is Lipschitz continuous in some neighbourhood of o. Continuity of

D with respect to k is not enough to get this result in general. However,

the special form of D and the compactness of F ′ guarantee the existence of

a solution of (4.97) which is defined on the whole interval (0,∞) and which

depends continuously on the initial condition x ∈ S(o; r) (see, e.g., [5]).

Let k be a solution of the initial value problem (4.97). Then it has the

following important properties:

(a) For any t ∈ (0,∞) we have

d

dt
F (k(t, x)) = 〈F ′(k(t, x)), D(k(t, x))〉 = ‖D(k(t, x))‖2 ≥ 0.

In other words, the values of the functional F do not decrease along k

regardless the choice of x ∈ S(o; r).

(b) For any t ∈ (0,∞) we have

F (k(t, x)) = F (x) +

∫ t

0

‖D(k(τ, x))‖2 dτ .

Since F is bounded on S(o; r), there exists a sequence {ti} ⊂ (0,∞)

such that

lim
i→∞

D(k(ti, x)) = o.

(c) Since {k(ti, x)} is bounded, we can select a weakly convergent subse-

quence.

To summarize we have the following

Lemma 4.7. For any x ∈ S(o; r) there exist a sequence {ti} ⊂ (0,∞) and

x0 ∈ H such that

k(ti, x) ⇀ x0, (4.98)

D(k(ti, x)) → o, (4.99)

{F (k(ti, x))} is a non-decreasing sequence. (4.100)

If we also prove F ′(k(ti, x)) → y 6= o, then the assumptions of Lemma 4.6

are verified with xn = k(tn, x), and so the existence of a solution x of (4.90)

with λ described by (4.94) will be proved.



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Introduction to bifurcation theory 153

In what follows we show that the convergence above as well as the fact

that λ given by (4.94) is sufficiently close to λ0 can be proved making an

appropriate choice of the initial condition x ∈ S(o; r).

Recall that A = F ′′(o) is a compact self-adjoint linear operator in the

Hilbert space H . Its spectrum consists of a countable set of eigenvalues

(with one possible limit point λ = 0) and the point 0. We shall split the

set of all eigenvalues to the parts λ ≥ λ0, and λ < λ0, respectively. We

shall denote by H1, and H2, respectively, the corresponding closed linear

subspaces generated by the eigenvectors. The eigenspace associated with

λ0 will be denoted by H0. Let P1, P2 be the orthogonal projections of H

onto H1, H2, respectively (see Figure 4.19).

o

H2

(H0 ⊂)H1

�

�

P1

P2

Figure 4.19.

It follows from the Courant–Weinstein Variational Principle (see Ap-

pendix G) that if we want to get close to the eigenvalue λ0, we should start

from an initial condition x ∈ S(o; r) ∩ H0. At the same time we want to

guarantee that along the curve k we shall not get too far from λ0.

Let us denote

S1(o; r) = {x ∈ H1 : ‖x‖ = r}.

Lemma 4.8. There exists r0 > 0 such that S(o; r0) ⊂ U(o), and for all

0 < r < r0 we have

(1) there is no t ∈ [0,∞) for which the set k(t, S1(o; r)) is contractible to

a point (see Appendix F) in

R = {x ∈ H : P1x 6= o},
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(2) for any t ∈ [0,∞) there exists xt ∈ S1(o; r) such that

P1k(t, xt) ∈ H0, i.e. k(t, xt) ∈ H0 ⊕H2.

Proof. [of Lemma 4.8] Let us realize that the assertion 2 follows directly

from 1 and Lemma 4.12. Hence we prove 1. According to Lemma 4.10

it is sufficient to prove that for any t the set k(t, S1(o; r)) is a continuous

deformation of the set S1(o; r). Indeed, the set S1(o; r) is not contractible

to a point in R according to Lemma 4.11. Since k is a continuous function

of both variables, it is sufficient to prove that it assumes only values from

R: we want to prove that

∀t ∈ [0,∞), x ∈ S1(o; r) P1k(t, x) 6= o. (4.101)

We have

F (k(0, x)) = F (x) ≥ 1

2
〈F ′′(o)x, x〉 − ε(‖x‖)‖x‖2 =

(
1

2
λ0 − ε(‖x‖)

)
‖x‖2

where ε(r) → 0 as r → 0. Since F (k(t, x)) is monotone non-decreasing in

t, we conclude from here that

F (k(t, x)) ≥
(

1

2
λ0 − ε(r)

)
r2. (4.102)

On the other hand, we have the estimate from above (we write k instead

of k(t, x) for the sake of brevity):

F (k) =
1

2
〈F ′′(o)k, k〉 +

[
F (k) − 1

2
〈F ′′(o)k, k〉

]
≤

≤ 1

2
〈F ′′(o)k, P1k〉 +

1

2
〈F ′′(o)k, P2k〉 + ε(‖k‖)‖k‖2

(see Appendix H for details).

Denote

µ = max {λ : λ ∈ Pσ(F ′′(o))}, ν = sup {λ ∈ Pσ(F ′′(o)) : λ < λ0}.

Then

F (k) ≤ µ

2
‖P1k‖2 +

ν

2
‖P2k‖2 + ε(‖k‖)‖k‖2 =

=
ν

2
‖k‖2 +

µ− ν

2
‖P1k‖2 + ε(‖k‖)‖k‖2.

Hence, due to the fact ‖k‖ = r, we have

F (k) ≤ ν

2
r2 +

µ− ν

2
‖P1k‖2 + ε(r)r2. (4.103)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Introduction to bifurcation theory 155

It follows from (4.102) and (4.103) that

‖P1k(t, x)‖2 ≥ λ0 − ν

µ− ν
r2 − 4

µ− ν
ε(r)r2.

This implies the existence of r0 such that for any r ≤ r0

‖P1k(t, x)‖2 ≥ ar2 (4.104)

where a = a(r0) > 0. This completes the proof of Lemma 4.8. �

We shall finish the proof of Theorem 4.12.

Step 1. Let t(n) → ∞ be an arbitrary sequence of positive numbers.

Let x(n) be such a point from S1(o; r) for which

P1k(t(n), x(n)) ∈ H0

(its existence follows from 2 of Lemma 4.8). Since S1(o; r) is compact, we

can select a strongly convergent subsequence (denoted again by {x(n)})

such that

lim
n→∞

x(n) = x̃. (4.105)

Step 2. It follows from Lemma 4.7 that there is a sequence {ti} such

that

k(ti, x̃) = xi ⇀ x0 in H,

and at the same time also

D(xi) → o.

Step 3. The compactness of F ′ implies that (passing again to a subse-

quence if necessary) there exists y ∈ H such that

lim
i→∞

F ′(xi) = y.

We show that y 6= o. Indeed, we have

〈F ′(xi), P1xi〉 → 〈y, P1x0〉.
Also, for all i ∈ N, we have the following estimate

〈F ′(xi), P1xi〉 = 〈F ′′(o)xi, P1xi〉 + 〈F ′(xi) − F ′′(o)xi, P1xi〉 ≥

≥ λ0‖P1xi‖2 − ε(‖xi‖)‖xi‖2 ≥ 1

2
λ0ar

2

for all r ≤ r0 due to (4.104). This immediately implies 〈y, P1x0〉 6= 0, and

so y 6= o.
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Step 4. We just verified the assumptions of Lemma 4.6. Hence xi → x0

in H , and x0 solves (4.90) with λ given by (4.94):

λx0 − F ′(x0) = o, λ =
1

r2
〈F ′(x0), x0〉.

Step 5. The last step consists in proving the fact that for r > 0 small

enough λ is arbitrarily close to λ0. Let us estimate

|λ− λ0| =
1

r2

∣∣〈F ′(x0), x0〉 − λ0〈x0, x0〉
∣∣ ≤

≤ 1

r2

[∣∣〈F ′(x0) − F ′′(o)x0, x0〉
∣∣+

+ 2

∣∣∣∣
〈

1

2
F ′′(o)x0, x0

〉
− F (x0)

∣∣∣∣+
∣∣2F (x0) − λ0〈x0, x0〉

∣∣
]

=

=
1

r2
∣∣2F (x0) − λ0〈x0, x0〉

∣∣+ ε(r).

Since ε(r) → 0 as r → 0, it suffices to estimate

1

r2

∣∣2F (x0) − λ0〈x0, x0〉
∣∣.

The weak continuity of F implies

F (x0) = lim
i→∞

F (xi). (4.106)

Since F is non-decreasing along k, we also have

F (xi) = F (k(ti, x̃)) ≥ F (x̃). (4.107)

Since x̃ ∈ S1(o; r),
〈

1

2
F ′′(o)x̃, x̃

〉
≥ λ0

2
r2. (4.108)

Then (4.106)–(4.108) imply an estimate from below:

F (x0) ≥
(
λ0

2
− ε(r)

)
r2. (4.109)

On the other hand, we shall derive an estimate from above for F (x0).

Since x(n) → x̃ and k depends continuously on the initial condition, for

fixed i ∈ N

k(ti, x(n)) → k(ti, x̃).
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The weak continuity of F implies that for fixed i ∈ N and r > 0 there exists

n0 ∈ N such that for all n ≥ n0 we have

F (k(ti, x̃)) ≤ F (k(ti, x(n))) + r3. (4.110)

But for any fixed i ∈ N we find ni ≥ n0 such that t(ni) > ti, and the

monotonicity of F along k then implies

F (k(ti, x(ni))) ≤ F (k(t(ni), x(ni))). (4.111)

The choice of x(n) from Step 1 guarantees that k(t(ni), x(ni)) ∈ H0 ⊕H2,

and so (writing ki instead of k(t(ni), x(ni))) we have the estimate

F (ki) ≤
1

2
〈F ′′(o)ki, ki〉 + ε(‖ki‖)‖ki‖2 ≤

(
λ0

2
+ ε(r)

)
r2. (4.112)

But (4.106), (4.110) and (4.111) reduce (4.112) to

F (x0) ≤
(
λ0

2
+ ε(r)

)
r2. (4.113)

Both estimates (4.109) and (4.113) yield that

1

r2

∣∣2F (x0) − λ0〈x0, x0〉
∣∣→ 0

as r → 0. This completes the proof of Theorem 4.12. �

Remark 4.11. It follows from the Krasnoselski Potential Bifurcation Th-

eorem that every nonzero eigenvalue λ0 of the potential operator is a point

of bifurcation. On the other hand, the operator must be of special type,

and there is no warranty that there is a curve (or continuum) of nontrivial

solutions which emanates from (o, λ0). In fact, there are counterexamples

even in the finite dimension which prove that such a curve need not exist.

Böhme [1] gave an example of a real function of two independent real

variables, F ∈ C∞(R2), for which λ0 = 1 is a point of bifurcation of

f(z, λ) = λz − F ′(z) = o, z = (x, y) ∈ R × R, λ ∈ R. (4.114)

On the other hand, there is no continuous curve of nontrivial solutions of

(4.114) which contains the point ((0, 0), λ0).

Example 4.9. (Application of Krasnoselski Potential Bifurcation

Theorem) We shall consider the periodic problem similar to that one

studied in Example 4.5:
{
u′′(x) + λu(x) + g(x, u(x), λ) = 0 in [0, 2π],

u(0) = u(2π), u′(0) = u′(2π).
(4.115)
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The difference between (4.115) and (4.34) consists in the fact that here we

do not allow g to depend on u′. The reason for this restriction consists in

the fact that the boundary value problem (4.34) does not have potential if

g depends on u′.
We shall simplify the situation even more and write g in the form

g(x, s, λ) = (λ + 1)g̃(x, s).

Set

G̃(x, s) =

∫ s

0

g̃(x, t) dt =

∫ 1

0

g̃(x, sσ)s dσ,

i.e., G̃ is the primitive of g̃ with respect to the second variable s.

Put

F (u) =

∫ 2π

0

[
1

2
u2(x) + G̃(x, u(x))

]
dx. (4.116)

We shall work in the Hilbert space

H ≔ WP = {u : R → R : u is 2π-periodic, u ∈W 1,2(0, 2π)}.
Then

〈F ′(u), v〉 =

∫ 2π

0

[
u(x)v(x) + g̃(x, u(x))v(x)

]
dx (4.117)

for any u, v ∈ H .

A weak solution of the periodic problem is a function u ∈ H which

satisfies the integral identity
∫ 2π

0

[
u′(x)v′(x) − λu(x)v(x) − (λ + 1)g̃(x, u(x))v(x)

]
dx = 0 (4.118)

for any v ∈ H . The last equality (4.118) can be written as
∫ 2π

0

[
u′(x)v′(x) + u(x)v(x) − (λ + 1)u(x)v(x) −

− (λ+ 1)g̃(x, u(x))v(x)
]

dx = 0.

(4.119)

With respect to the scalar product on H given by

〈u, v〉 =

∫ 2π

0

[
u′(x)v′(x) + u(x)v(x)

]
dx, u, v ∈ H,

the integral identity (4.119) for λ 6= −1 can be written as the operator

equation

µu− F ′(u) = o
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where µ = 1
λ+1 . Let us define the operator B : H → H by

〈B(u), v〉 =

∫ 2π

0

u(x)v(x) dx.

It follows easily from here that B is a bounded linear operator and the

compact embedding H ⊂≻⊂≻ CP (see Example 4.5 for definition of CP )

yields that B is compact. Then µ = 1
n2+1 is an eigenvalue of B if and only

if λ = n2 is an eigenvalue of
{
u′′(x) + λu(x) = 0 in [0, 2π],

u(0) = u(2π), u′(0) = u′(2π).

We shall make the following assumptions:

g̃ : R × R → R is a continuous function and also
∂g̃

∂u
: R × R → R is continuous,

(4.120)

g̃(x, 0) = 0,
∂g̃

∂u
(x, 0) = 0 ∀x ∈ R. (4.121)

We shall prove now that F verifies the assumptions of Theorem 4.12:

(1) Weak continuity of F . Realize first that

F (u) =
1

2

∫ 2π

0

u2(x) dx+

∫ 2π

0

[∫ 1

0

g̃(x, tu(x))u(x) dt

]
dx. (4.122)

Let un ⇀ u in H . The compactness of the embedding H ⊂≻⊂≻ CP yields

that we can pass to a subsequence (denoted again by {un}) for which

un → u in CP . The continuity of g̃ and (4.122) then imply F (un) →
F (u). If F was not weakly continuous at u, then for some sequence

we would have un ⇀ u and |F (un) − F (u)| ≥ ε0. This contradicts the

above considerations.

(2) F (o) = 0 is an immediate consequence of (4.121).

(3) Differentiability of F follows directly from (4.116) and (4.120).

(4) Compactness of F ′(u). This is a consequence of the compactness of the

embedding H ⊂≻⊂≻ CP .

(5) F ′(o) = o is also a consequence of (4.121).

(6) F ′′(o) = B.

Theorem 4.12 now implies that every eigenvalue 1
n2+1 , n = 0, 1, . . . , of the

operator B = F ′′(o) is a point of bifurcation of the equation

µu− F ′(u) = o.

In other words, for any n = 0, 1, . . . we have the following assertion:
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For arbitrarily small neighbourhood U of the point (o, n2) ∈WP × R there

exists (u, λ) ∈ U such that u 6= o is a weak solution of the periodic problem
{
u′′(x) + λu(x) + (λ + 1)g̃(x, u(x)) = 0 in [0, 2π],

u(0) = u(2π), u′(0) = u′(2π).

Note that the continuity of g̃ and a similar regularity argument as that used

in Appendix D imply that every such nontrivial solution satisfies u ∈ C2P .

Exercise 4.13. Apply Theorem 4.12 to the Dirichlet and Neumann bou-

ndary value problem, respectively.

4.8. Comparison of previous results

To summarize the methods presented in these notes we shall distinguish

between three basic methods to deal with the bifurcation phenomenon:

• Implicit Function Theorem Method (IM)

(see Section 4.4)

• Degree Theory Method (DM)

(see Sections 4.5 and 4.6)

• Variational Method (VM)

(see Section 4.7)

It is impossible to say that one method is more general or better than

one another. It always depends on the particular situation which method

is usable and which provides more interesting information. Nevertheless,

it is useful to know what are the differences among the above mentioned

basic approaches to the bifurcation problems. However, one has to be

aware of the fact that a “disadvantage” in one situation may appear to

be an “advantage” in another situation and vice versa. So, the following

discussion deserves some abstraction.

“Advantages” of IM

• very precise information about the structure of the solution set near

the point of bifurcation

• differentiability properties of the solution set near the point of bifurca-

tion, transversality

• possibility to deal with non-potential equations

“Disadvantages” of IM
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• smoothness requirements on the equation

• local character of the information about the solution set

“Advantages” of DM

• less smoothness of the equation is required

• possibility to deal with non-potential equations

• global information about the branches of nontrivial solutions

“Disadvantages” of DM

• the solution set need not be a curve even in a small neighbourhood of

the point of bifurcation

• global structure of the solution set may be unclear if there is no addi-

tional information about “higher order terms”

• bifurcation only from eigenvalues of odd (algebraic) multiplicity

“Advantages” of VM

• bifurcation from any eigenvalue

• not much differentiability required

“Disadvantages” of VM

• the equation must be of special form

• only local information about nontrivial solutions

• the structure of the solution set might be very wild even very close

to the point of bifurcation (it need not form a continuum as shown in

Böhme [1]).

A. Implicit Function Theorem

In this appendix we formulate an abstract Implicit Function Theorem. Its

proof is based on the Banach Contraction Principle, and can be found in

various books on the nonlinear functional analysis (see, e.g., [9]).

Theorem 4.14. Let X, Y , Z be Banach spaces and let f : X × Y → Z

be continuous in (x0, y0) ∈ X × Y , f(x0, y0) = o, and the partial Fréchet

derivative

f ′
2(x0, y0) : Y → Z

be a continuous isomorphism of Y onto Z. Assume, moreover, that

f ′
2 : X × Y → L (Y, Z)
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is a continuous mapping at the point (x0, y0). Then there exist ε, δ > 0

such that for any x ∈ X, ‖x−x0‖ < δ, there exists a unique u(x) ∈ Y such

that

‖u(x) − y0‖ < ε, f(x, u(x)) = o.

Moreover, the mapping

x 7→ u(x)

is continuous at the point x0.

Remark 4.12. If we assume that f is of the class Cp, p ≥ 1, in some

neighbourhood of (x0, y0), then u is also of the class Cp, p ≥ 1, in some

neighbourhood of x0.

B. Proof of Morse Lemma

In this appendix we prove Lemma 4.2. Let us look for a mapping ξ in the

form

ξ(x) = R(x)x

where R(o) = I, R(x) is, for any x, a matrix m×m.

Denote

Q =
1

2
F ′′(o).

Integrating by parts and using the properties of F we obtain

F (x) = F (x) − F (o) =

∫ 1

0

d

dt
F (tx) dt =

=

[
(t− 1)

d

dt
F (tx)

]1

0

−
∫ 1

0

(t− 1)
d2

dt2
F (tx) dt =

=

〈[∫ 1

0

(1 − t)F ′′(tx) dt

]
x,x

〉
= 〈B(x)x,x〉.

Hence we want to find a matrix R = R(x) for which

〈QR(x)x,R(x)x〉 = 〈B(x)x,x〉,
or, equivalently,

〈R∗(x)QR(x)x,x〉 = 〈B(x)x,x〉
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(here R∗ is the adjoint matrix to R). The last identity holds if

R∗(x)QR(x) = B(x) (B.123)

in some neighbourhood of zero in Rm. The matrices Q and B are known,

and B ∈ Cp−2. The identity (B.123) can be viewed as the equation

H(x,R) = R∗QR − B = O.

Then H is a map from W×L ⊂ Rm×L into S where W is a neighbourhood

of the origin in Rm, L is a subspace of the space K of all m × m real

matrices — L will be determined later — and S is a normed space of all

m ×m real symmetric matrices. Since B(x) and Q are symmetric, H is

also symmetric. Obviously, H : W × L→ S is of the class Cp−2, and also

H(o, I) = O, H ′
2(o, I)T = (R∗QT + T ∗QR)|R=I = QT + T ∗Q.

Since Q is regular and symmetric, for any P ∈ S, there exists T such that

H ′
2(o, I)T = P

(here T = 1
2Q−1P ).

Let us split K to K1 = KerH ′
2(o, I) and K2 in such a way that I ∈ K2.

Then H ′
2(o, I) is an isomorphism of K2 onto S. Then we set L = K2 and

apply the Implicit Function Theorem. Then there exist a neighbourhood

V1 of zero in Rm and a neighbourhood V2 of identity I in L such that for

any x ∈ V1 there exists a unique R(x) ∈ V2 satisfying

R∗(x)QR(x) − B(x) = O.

The map ξ defined as above then satisfies all relations from Lemma 4.2.

�

C. Leray–Schauder Degree Theory

In this appendix we shall formulate some useful properties of the Leray–

Schauder degree of the mapping.

Theorem 4.15. Let X be a Banach space, Ω a bounded and open set in

X, T a compact operator from Ω into X. Denote

f = I − T.

Then for any p ∈ X \ f(∂Ω) there exists a unique integer

deg [f ; Ω, p]

which has the following properties:
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(1) (Normalizing property). For any p ∈ Ω we have

deg [I; Ω, p] = 1.

(2) (Additivity property with respect to Ω). Let Ω1, Ω2 be open disjoint

subsets of Ω, p /∈ f(Ω \ (Ω1 ∪ Ω2)). Then

deg [f ; Ω, p] = deg [f ; Ω1, p] + deg [f ; Ω2, p].

(3) (Continuity with respect to f). For any T as above there exists ε > 0

such that for all compact operators S : Ω → X satisfying

sup {‖T (x) − S(x)‖ : x ∈ Ω} < ε

we have

deg [I − T ; Ω, p] = deg [I − S; Ω, p].

(4) (Invariance with respect to translations).

deg [f ; Ω, p] = deg [f − p; Ω, o].

(5) (Solvability of the equation).

deg [f ; Ω, p] 6= 0 =⇒ ∃x ∈ Ω f(x) = p.

(6) (Continuity with respect to p). For given f and Ω the degree is constant

in components of X \ f(∂Ω).

(7) (Dependence on the boundary conditions). Let S be a compact mapping

from Ω into X. If T |∂Ω = S|∂Ω, g = I−S, then for any p ∈ X \f(∂Ω)

we have

deg [f ; Ω, p] = deg [g; Ω, p].

(8) (Degree of the Cartesian product). Let Ωi, i = 1, 2, be open bounded

subsets of Banach spaces Xi, Ti compact operators from Ωi into Xi,

fi = I − Ti, pi ∈ Xi \ fi(∂Ωi). Set

X = X1 ×X2, Ω = Ω1 × Ω2, f = (f1, f2), p = (p1, p2).

Then

deg [f ; Ω, p] = deg [f1; Ω1, p1] deg [f2; Ω2, p2].

(9) (Homotopy invariance property). Let Ω be an open bounded set in X,

S : [0, 1]×Ω → X a continuous operator, H(t, x) = x−S(t, x). Assume

that for all t ∈ [0, 1], x ∈ ∂Ω we have

H(t, x) 6= p.
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Let either

S([0, 1] × Ω) is relatively compact,

or

(a) for any t ∈ [0, 1] the operator S(t, ·) is compact,

(b) for any η > 0 there exists δ > 0 such that for all t1, t2 ∈ [0, 1]:

|t1 − t2| < δ =⇒ sup {‖S(t1, x) − S(t2, x)‖ : x ∈ Ω} < η.

Then

deg [H(0, ·); Ω, p] = deg [H(1, ·); Ω, p].

In the Bifurcation Theory we need the notion of the index of an isolated

solution x0 of the equation

f(x) = p in Ω.

We still assume that f is of the form f = I − T where T is a compact

operator. In this case, for any η > 0 sufficiently small

deg [f ;B(x0; η), p]

is independent of η (we use the property 2 of Theorem 4.15). Hence the

following limit is well defined:

i(x0) = lim
η→0+

deg [f ;B(x0; η), p].

Then i(x0) is called the Leray–Schauder index of the point x0 (with respect

to the mapping f and the point p).

If f(x) = p has a finite number of isolated solutions in Ω, then (using

again 2 of Theorem 4.15) we obtain

deg [f ; Ω, p] =
∑

x∈Ω:f(x)=p

i(x).

We use several times the following Leray–Schauder Index Formula.

Theorem 4.16. Let Ω be a bounded subset of a Banach space X, T : Ω →
X a compact operator, f = I − T , and x0 ∈ Ω an isolated solution of

f(x) = p. Assume that T has the Fréchet differential at x0 (denoted by

T ′(x0)), and

1 /∈ Pσ(T ′(x0))
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where Pσ(T ′(x0)) is the point spectrum of T ′(x0). Then

i(x0) = (−1)β where β =
∑

λ∈Pσ(T ′(x0))∩R

λ>1

nλ

and nλ is the algebraic multiplicity of the eigenvalue λ:

nλ = dim

∞⋃

k=1

Ker (λI − T ′(x0))k.

Let us point out that the sum above is always finite due to the compactness

of T ′(x0).

The proofs of Theorems 4.15 and 4.16 can be found, e.g., in [9].

D. Regularity of weak solution

Let us consider the Dirichlet boundary value problem
{
−u′′(x) + ϕ(u(x)) = f(x) in (0, π),

u(0) = u(π) = 0.

Assume that ϕ is continuous on R. If f ∈ C(0, π), then the classical solution

is defined as a function u ∈ C2(0, π) ∩ C[0, π] which satisfies the equation

and the boundary conditions point-wise.

If f ∈ L1(0, π), then the weak solution is defined as a function u ∈
W 1,2

0 (0, π) for which the integral identity
∫ π

0

(
u′(x)w′(x) + ϕ(u(x))w(x)

)
dx =

∫ π

0

f(x)w(x) dx

is satisfied for any w ∈ W 1,2
0 (0, π).

It follows from here that for the weak solution the second derivative of

u in the sense of distributions belongs to L1(0, π), and the equation holds

almost everywhere in (0, π). So, in general, every classical solution is also

a weak solution, and the converse is not always true. However, we have the

following regularity result :

Theorem 4.17. Let f ∈ C[0, π] and u be a weak solution. Then u ∈
C2[0, π] and u is a classical solution.

Proof. It is clear that the boundary conditions are satisfied because u

belongs to W 1,2
0 (0, π) ⊂≻ C[0, π]. Using the integration by parts, we can
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rewrite the integral identity above as follows
∫ π

0

[
u′(x) −

∫ x

0

(
ϕ(u(t)) − f(t)

)
dt

]
w′(x) dx = 0

for any w ∈W 1,2
0 (0, π). Denote

F (x) = u′(x) −
∫ x

0

(
ϕ(u(t)) − f(t)

)
dt,

and set

w(x) ≔

∫ x

0

(F (t) − C) dt, C =
1

π

∫ π

0

F (x) dx.

Because w ∈ W 1,2
0 (0, π), it follows then from the integral identity that

0 =

∫ π

0

F (x)(F (x) − C) dx =

∫ π

0

(F (x) − C)2 dx.

Hence F (x) = C, i.e.,

u′(x) =

∫ x

0

(
ϕ(u(t)) − f(t)

)
dt+ C

holds almost everywhere in (0, π). This implies u′ ∈ C1[0, π]. Taking the

derivative we get

u′′(x) = ϕ(u(x)) − f(x)

which proves the assertion. �

Remark 4.13. It is obvious that the same result holds true if ϕ is replaced

by a continuous function g = g(x, s, λ).

E. Analogue of the Leray–Schauder Index Formula

In this appendix we prove an analogue of the Leray–Schauder Index For-

mula.

Lemma 4.9. Let fr, Uj, ij−, ij+ be as in the proof of Theorem 4.9. Then

deg [fr;Uj , o] = ij− − ij+.

Proof. We shall connect fr with a more simple mapping using a suitable

homotopy. Let us define this homotopy in the following way:

∀t ∈ [0, 1] fr,t : Uj → X × R : fr,t(x, µ) = (yt, τt),

yt = x− µTx+ tg(x, µ),

τt = t(‖x‖2 − r2) + (1 − t)(ε2 − (µ− µj)
2).
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We prove that for any t ∈ [0, 1]

o /∈ fr,t(∂Uj).

Assume the contrary, i.e., there exist t ∈ [0, 1] and (x, µ) ∈ ∂Uj such that

fr,t(x, µ) = o.

The fact that (x, µ) ∈ ∂Uj implies

‖x‖2 + (µ− µj)
2 = r2 + ε2.

At the same time, from

0 = τt = t(‖x‖2 + (µ− µj)
2) − t(r2 + ε2) + ε2 − (µ− µj)

2,

we obtain µ = µj±ε, and so ‖x‖ = r. This together with yt = o contradicts

(4.74). The homotopy invariance property of the degree then implies

deg [fr;Uj , o] = deg [fr,0;Uj , o].

The mapping fr,0 is now easier to deal with. Indeed, the point o has two

preimages: (o, µj − ε) and (o, µj + ε) with respect to the mapping

fr,0(x, µ) = (x− µTx, ε2 − (µ− µj)
2).

In both points the Fréchet differential f ′
r,0 is injective:

f ′
r,0(0, µ)(u, µ) = (u− µTu,−2(µ− µj)µ).

Let us choose sufficiently small neighbourhoods of points (o, µj ± ε) in the

following way:

U± = U1 × ((µj ± ε) ∪ U2)

where U1 is a neighbourhood of the origin in X and U2 is a neighbourhood

of the origin in R. Applying now 8 of Theorem 4.15 and Theorem 4.16, we

obtain:

deg [fr,0;Uj , o] = i(o, µj − ε) + i(o, µj + ε) =

= deg [fr,0;U−, o] + deg [fr,0;U+, o] =

= deg [I − (µj − ε)T ;U1, o] deg [2εµ;U2, o] +

+ deg [I − (µj + ε)T ;U1, o] deg [−2εµ;U2, o] =

= ij− · 1 + ij+ · (−1) = ij− − ij+. �
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F. Contractible sets

Definition 4.3. We say that a set K is a continuous deformation of a set

M in a metric space Q ⊃ M ∪ K if there exists a continuous mapping

f : [0, 1] ×M → Q such that

f(0, x) = x ∀x ∈ M, f(1,M) = K.
In particular, if K consists of one point, we say that M is contractible to a

point in Q.

Next assertions summarize some useful properties of the sets which are

contractible to a point.

Lemma 4.10. Let F be a subset of a metric space Q and let G be a con-

tinuous deformation of F in Q. If F is not contractible to a point in Q,

then also G is not contractible to a point in Q.

Proof. Assume the contrary, i.e., the set G is contractible to a point in Q.

Following the definition there exists a continuous mapping f1 : [0, 1]×G → Q

and a point y ∈ Q such that for all x ∈ G we have

f1(0, x) = x, f1(1, x) = y.

On the other hand, G is a continuous deformation of F , i.e., there exists a

continuous mapping f2 : [0, 1] ×F → Q such that

f2(0, x) = x ∀x ∈ F , f2(1,F) = G.
Let us define a mapping f : [0, 1] ×F → Q as follows:

f(t, x) =

{
f2(2t, x) for t ∈

[
0, 1

2

]
, x ∈ F ,

f1(2t− 1, f2(1, x)) for t ∈
(

1
2 , 1
]
, x ∈ F .

We easily verify that f is a continuous map which contracts F to a point

y in Q, a contradiction. �

Let H1 and H2 be two closed subsets of a Hilbert space H such that

H = H1 ⊕H2.

Let Pi : H → Hi, i = 1, 2, be projections, and assume that

dimH1 <∞.

Set

R = {x ∈ H : P1x 6= o}.
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The set R equipped with the metric induced by the norm in H , is a metric

space.

Lemma 4.11. The set S1,r = S(o; r)∩H1 is not contractible to a point in

R.

Proof. It is enough to prove this assertion for the sphere with the radius

r = 1. Let us denote it by S1. We proceed in two steps. We prove first that

if S1 is contractible to a point in R, then it must be contractible to a point

in S1. In the second step we show that this fact contradicts the Brouwer

Fixed Point Theorem.

Step 1. If S1 is contractible to a point in R, then there exists a contin-

uous mapping f : [0, 1] × S1 → R and x0 ∈ R such that

f(0, x) = x, f(1, x) = x0 ∀x ∈ S1.

For t ∈ [0, 1], x ∈ S1 set

g(t, x) =
P1f(t, x)

‖P1f(t, x)‖ .

Then g deforms continuously the set S1 to the point P1x0

‖P1x0‖ in S1.

Step 2. In this part we can restrict ourselves to a finite dimensional

space H1. Let the unit sphere S1 ⊂ H1 be contractible to a point in S1,

i.e., there exists a continuous map g : [0, 1] × S1 → S1 and a point x0 ∈ S1

such that

g(0, x) = x, g(1, x) = x0 ∀x ∈ S1.

Now, we shall define h : B(o; 1) → B(o; 1) by

h : x 7→
{
−g
(

1 − ‖x‖, x
‖x‖

)
for x 6= o,

−x0 for x = o.

Then h is continuous. Since dimH1 < ∞, the Brouwer Fixed Point Theo-

rem implies that there exists y ∈ B(o; 1) such that

h(y) = y.

Since h assumes only values from S1, we have y ∈ S1, ‖y‖ = 1. On the

other hand,

h(y) = −g(0, y) = −y

that is a contradiction. �
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Lemma 4.12. Let F be a subset of a metric space R. If there exists

x0 ∈ H1, ‖x0‖ = 1, such that

P1(F) ∩ {y ∈ H1 : y = ax0, a ∈ R} = ∅,
then F is contractible to a point in R.

Proof. Define f : [0, 1] ×F → R as follows

f(t, x) =

{
x+ 2tx0(1 − 〈x, x0〉) for t ∈

[
0, 1

2

]
, x ∈ F ,

x0 + 2(1 − t)(x− 〈x, x0〉x0) for t ∈
(

1
2 , 1
]
, x ∈ F

(see Figure 4.20).

x0 = f(1, x) Lin{x0}

x = f(0, x)

o

f
(

1
2 , x
)

F

〈x, x0〉x0

Figure 4.20.

The mapping f is continuous and deforms F to the point x0. It is

sufficient to verify that for any t ∈ [0, 1], x ∈ F we have

P1f(t, x) 6= o.

Indeed, for any t ∈
[
0, 1

2

]
we have

P1f(t, x) = 2t(1 − 〈x, x0〉)x0 + P1x,

for t ∈
(

1
2 , 1
]

we have

P1f(t, x) = (1 − 2(1 − t)〈x, x0〉)x0 + 2(1 − t)P1x.

For t ∈ [0, 1) we have then P1f(t, x) 6= o due to the assumption P1(F) ∩
Lin{x0} = ∅. For t = 1 we have

P1f(t, x) = x0 6= o.
�



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

172 P. Drábek

G. Courant–Weinstein Variational Principle

We shall formulate and prove the Courant–Weinstein Variational Principle.

Theorem 4.18. Let H be a real Hilbert space, A : H → H a compact

self-adjoint linear operator. Let A be nonnegative, i.e., for any x ∈ H we

have

〈Ax, x〉 ≥ 0.

Assume that positive eigenvalues λn of A form the non-increasing sequence

λ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λn ≥ · · · ,
and the multiplicity of an eigenvalue λ states how many times this λ repeats

in the above sequence. Then for any n ∈ N,

λn = sup
X⊂H

dim X=n

min
x∈X

‖x‖=1

〈Ax, x〉.

(Here X is an arbitrary linear subspace of H of the dimension equal to n.)

Proof. Let {uk} be eigenvectors of A, and assume that uk is associated

with λk. We can assume, without loss of generality, that {uk} forms an or-

thonormal basis of H (this fact follows from the Schmidt Orthonormalizing

Process). For n ∈ N fixed we denote

µn = sup
X⊂H

dim X=n

min
x∈X

‖x‖=1

〈Ax, x〉.

Our aim is to prove µn = λn.

Step 1. We prove that µn ≥ λn. Set

X0 = Lin{u1, . . . , un}.
Then X0 is a linear subspace of H , dimX0 = n, and clearly

µn ≥ min
x∈X0
‖x‖=1

〈Ax, x〉.

But we can calculate the minimum of the quadratic form on the right hand

side. For x ∈ X0, ‖x‖ = 1 we have

x =

n∑

i=1

xiui,

n∑

i=1

x2
i = 1.

Then

〈Ax, x〉 =

〈
n∑

i=1

xiλiui,

n∑

j=1

xjuj

〉
=

n∑

i=1

λix
2
i ≥ λn

n∑

i=1

x2
i .
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Hence

µn ≥ λn

n∑

i=1

x2
i = λn.

Step 2. We prove µn ≤ λn. Set

Y = Lin{ui}∞i=n.
Then codimY = n − 1. Let X be an arbitrary linear subspace of H ,

dimX = n. Then necessarily

dim (X ∩ Y ) > 0,

and the space X ∩ Y must contain some element x 6= o. We can assume

‖x‖ = 1. Since x ∈ Y , we have

x =

∞∑

i=n

xiui,

∞∑

i=n

x2
i = 1.

The estimate of the quadratic form 〈Ay, y〉 on the unit sphere in X yields:

min
y∈X

‖y‖=1

〈Ay, y〉 ≤ 〈Ax, x〉 =

∞∑

i=n

λix
2
i ≤ λn

∞∑

i=n

x2
i = λn.

Since X is arbitrary, we have

µn = sup
X⊂H

dim X=n

min
y∈X

‖y‖=1

〈Ay, y〉 ≤ λn.

�

H. Asymptotics for C2-functionals

Let X be a Banach space and F : X → R a functional which is twice

Fréchet differentiable in o ∈ X (i.e., there exists F ′′(o)). Then there exists

ε : R → R such that∣∣∣∣
〈

1

2
F ′′(o)x, x

〉
+ F ′(o)x+ F (o) − F (x)

∣∣∣∣ ≤ ε(‖x‖)‖x‖2

and

‖F ′′(o)x + F ′(o) − F ′(x)‖ ≤ ε(‖x‖)‖x‖
where

lim
r→0+

ε(r) = 0.

Note that the estimates above are immediate consequences of the definition

of the Fréchet derivative of F .
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5.1. Introduction

My lectures at the Minicorsi di Analisi Matematica at Padova in June 2000

are written up in these notesa. They are an updated and extended version of

my lectures [37] at Jyväskylä in October 1994. In particular, an account of

the exciting recent development of the asymptotic case is included, which

is called the ∞-eigenvalue problem. I wish to thank the University of

Padova for financial support. I am especially grateful to Massimo Lanza

de Cristoforis for his kind assistance. I thank Harald Hanche-Olsen for his

kind help with final adjustments of the typesetting.

These lectures are about a nonlinear eigenvalue problem that has a

serious claim to be the right generalization of the linear case. By now

I have lectured on four continents about this theme and my reason for

sticking to this seemingly very peculiar problem is twofold. First, one can

study the interesting questions without any previous knowledge of spectral
aA short comment on the uniqueness proof in [11] has been added later.

175
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theory. Second, to the best of my knowledge there are many open problems

easy to state. The higher eigenvalues are “mysterious”.

The leading example of a linear eigenvalue problem is to find all non-

trivial solutions of the equation ∆u+λu = 0 with boundary values zero in a

given bounded domain in Rn. This is the Dirichlet boundary value problem.

(In the Neumann boundary value problem the normal derivative is zero at

the boundary.) Needless to say, this has been generalized in numerous ways:

to Riemann surfaces and manifolds, to equations ∆u+λu+V u = 0 with a

potential V , to more general differential operators than the Laplacian, and

so on.

However, when talking about nonlinear eigenvalue problems, there is

seldom any eigenvalue at all involved. For example, one just considers the

existence of positive solutions. The extremely popular and very interesting

Emden-Fowler equation

∆u+ |u|α−1
u = 0

is of this type. If α 6= 1, the parameter λ plays no role in the equation

∆u + λ |u|α−1
u = 0, since it can be scaled out: multiply u by a suitable

constant to see this. In equations of the type

∆u + λu+ |u|α−1
u = 0

the parameter λ is stabilizing, when the exponent α is critical. Though

interesting as they are, I will not consider these problems here. I refer to

Professor Donato Passaseo’s lectures about Nonlinear Elliptic Equations

Involving Critical Sobolev Exponents.

My objective is the nonlinear eigenvalue problem

div(|∇u|p−2 ∇u) + λ |u|p−2
u = 0 (5.1)

with u = 0 on the boundary of a bounded domain Ω in the n-dimensional

Euclidean space. Here 1 < p < ∞ and for p = 2 we are back to the linear

case ∆u+ λu = 0. Note that

λ =

∫
Ω

|∇u|p dx
∫
Ω

|u|p dx , (5.2)

if u is a solution, not identically zero. (Here dx = dx1 dx2 · · · dxn is the

Lebesgue measure.) Thus it appears that λ > 0. Minimizing this so called

nonlinear Rayleigh quotient among all admissible functions we arrive at Eqn

(5.1) as the corresponding Euler-Lagrange equation. The first one to study
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it in any serious way seems to have been F. de Thélin in 1984, cf. [51]. The

so-called p-harmonic operator div
(
|∇u|p−2 ∇u

)
appears in many contexts

in physics: non-Newtonian fluids, reaction-diffusion problems, non-linear

elasticity, and glaceology, just to mention a few applications.

The range of p in the p-harmonic operator

∆pu = div(|∇u|p−2∇u)

= |∇u|p−4

{
|∇u|2∆u+ (p− 2)

∑ ∂u

∂xi

∂u

∂xj

∂2u

∂xi∂xj

}

is usually 1 ≤ p ≤ ∞. The case p = 1 is the mean curvature operator (with

a minus sign)

H = −∆1u = − div

( ∇u
|∇u|

)

and the fascinating asymptotic case p = ∞ is related to the operator

∆∞u =
n∑

i,j=1

∂u

∂xi

∂u

∂xj

∂2u

∂xi∂xj
.

In Section 5.6 the theory of viscosity solutions is used to treat the latter

case. An amazing “differential equation” replaces (5.1). Arcane phenomena

occur.

Many results are readily extended to equations of the more general form

n∑

i,j=1

∂

∂xi




∣∣∣∣∣∣

n∑

k,m=1

akm(x)
∂u

∂xk

∂u

∂xm

∣∣∣∣∣∣

p−2
2

aij(x)
∂u

∂xj


+ λρ(x) |u|p−2

u = 0

where the matrix (akm) satisfies the ellipticity condition

n∑

i,j=1

aij(x)ξiξj ≥ |ξ|2

for all ξ = (ξ1, ξ2, . . . , ξn), and, by assumption, ρ(x) ≥ ε > 0. The weaker

restriction ρ(x) ≥ 0 leads to considerable technical difficulties, not to men-

tion the case when the density ρ(x) is allowed to change signs. See [54].

It is likely that the theory works, when (akm) is a Muckenhoupt weight.

The essential feature here is that solutions may be multiplied by constants.

Indeed, among all the equations

div
(
|∇u|p−2 ∇u

)
+ λ |u|s−2

u = 0
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only the homogeneous case s = p has the proper structure of a “typical

eigenvalue problem”, to quote an expression in [5].

In passing, I mention that the density ρ(x) in the equation

div(|∇u|p−2∇u) + λρ(x)|u|p−2u = 0

is very decisive. Indeed, if we take ρ(x)−p to be the distance function

δ(x) = dist(x, ∂Ω) in a convex domain Ω, then there is no eigenfunction

at all: 0 is the only solution. Moreover, the sharp lower bound in the

inequality (“Hardy’s inequality”).

(
1 − 1

p

)p
<

∫
Ω |∇ϕ|pdx∫
Ω

∣∣ϕ
δ

∣∣pdx
, ϕ ∈ C∞

0 (Ω),

is not attained for any admissible function, if Ω is convex. It is curious that

this sharp bound depends only on p. This phenomenon was observed by S.

Agmon. See [40].

The reader who wants to learn this topic does well in reading the first

volume of the celebrated book by Courant & Hilbert and, perhaps, the book

by Polya & Szegö, before passing on to so called modern expositions like [9]

and [50]. The lecture [32] by E. Lieb is very illuminating. See [12] about

spectral theory on manifolds. About elliptic partial differential equations we

refer to the books [24], [30], and [23]. See also [19]. The book Metodi diretti

nel calculo variazioni by E. Giusti is an excellent source of information.

Note added in proof. The reference E. Lieb [31] has come to my

attention. It contains an interesting result about the minimum of the non-

linear Rayleigh quotient. Thus it appears that E. Lieb was the first one to

study the nonlinear eigenvalue problem in several variables.

5.2. Preliminary results

Throughout these lectures Ω will denote a bounded domain in Rn. For most

of the theorems no regularity assumptions are needed about the boundary

∂Ω. The equation will be interpreted in the weak sense.

Definition 5.1. We say that u ∈W 1,p
0 (Ω) , u 6≡ 0, is an eigenfunction, if

∫

Ω

|∇u|p−2 ∇u · ∇η dx = λ

∫

Ω

|u|p−2
uη dx (5.3)

whenever η ∈ C∞
0 (Ω). The corresponding real number λ is called an eigen-

value.
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The Sobolev space W 1,p
0 (Ω) is the completion of C∞

0 (Ω) with respect

to the norm

‖ϕ‖ =





∫

Ω

(|ϕ|p + |∇ϕ|p) dx





1
p

.

As usual, C∞
0 (Ω) is the class of smooth functions with compact support in

Ω. By standard elliptic regularity theory an eigenfunction is continuous,

i.e., it can be made continuous after a modification in a set of measure

zero. See for example [23], [24], [30]. Indeed, even the gradient ∇u is

locally Hölder continuous, the Hölder exponent depending only on n and

p. See [17] or [53] for this deep regularity result, the first proof of which is

credited to N. Uraltseva.

In regular domains the boundary value zero is attained in the classical

sense. For example, any domain satisfying an exterior cone condition is

surely regular enough. As a matter of fact, the regular boundary points can

be characterized by a version of the celebrated Wiener criterion, formulated

by Mazj’a [39] in a nonlinear setting. See [22] and [29]. It is known that

those boundary points ξ where the requirement

lim
x→ξ

u(x) = 0

fails is a set of p-capacity zero. That is to say that the irregular boundary

points form a very small set. If p > n, then every boundary point is regular!

It is not difficult to see that every eigenvalue λ is positive. Indeed, by

approximation, u itself will do as test-function in (5.3). Therefore

λ =

∫
Ω

|∇u|p dx
∫
Ω

|u|p dx .

It is useful to have an explicit lower bound. The familiar Sobolev inequality

‖u‖np/(n−p) ≤ C‖∇u‖p, where C = C(n, p) and 1 < p < n, implies

λ ≥ 1

Cp |Ω|p/n
. (5.4)

This lower bound for the eigenvalues is valid also for p ≥ n. It is instructive

to prove it directly. Suppose that ϕ ∈ C∞
0 (Ω) where Ω is the parallelepiped
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0 < x1 < a1, 0 < x2 < a2, . . . , 0 < xn < an. Then

ϕ(x1, x2, . . . , xn) =

x1∫

0

dϕ(t, x2, . . . , xn)

dt
dt,

|ϕ(x1, x2, . . . , xn)|p ≤ xp−1
1

a1∫

0

∣∣∣∣
dϕ(t, x2, . . . , xn)

dt

∣∣∣∣
p

dt,

a1∫

0

|ϕ(x1, x2, . . . , xn)|p dx1 ≤ ap1
p

a1∫

0

|D1ϕ(t, x2, . . . , xn)|p dt

and an integration with respect to the remaining variables x2, . . . , xn gives

the estimate

a1∫

0

a2∫

0

· · ·
an∫

0

|ϕ(x1, x2, . . . , xn)|p dx1dx2 · · · dxn

≤ ap1
p

a1∫

0

a2∫

0

· · ·
an∫

0

|D1ϕ(x1, x2, . . . , xn)|p dx1dx2 · · · dxn.

Therefore
∫

Ω

|∇ϕ|p dx
∫

Ω

|ϕ|p dx
≥ p

ap1
. (5.5)

We only used the fact that ϕ(0, x2, . . . , xn) ≡ 0. (Since also

ϕ(a1, x2, . . . , xn) = 0

we can readily improve the lower bound a little, replacing a1 by a1/2.) Note

that we may write a2, a3 . . . , or an instead of a1. The shortest side yields

the best estimate.

Essentially the same reasoning can be used to prove the estimate

λ ≥ Const.

Rp

in a regular domain, R denoting the radius of the largest inscribed ball in

the smallest “box” containing Ω. This means that the eigenvalues are large

even in very long, yet narrow domains. See [41] in the linear case.
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The Harnack inequality: If u is a non-negative eigenfunction, then

max
Br

u ≤ C min
Br

u

whenever B2r ⊂ Ω. Here Br and B2r are concentric balls of radii r and

2r. The constant C depends only on n and p. This result is due to

Trudinger [55], who proved it in 1967 using the celebrated Moser itera-

tion. The inequality implies that, if u ≥ 0 in Ω, then u > 0. As we will

see in Section 5.4, a positive eigenfunction must correspond to the smallest

eigenvalue

λ1 = inf
ϕ

∫
Ω

|∇ϕ|p dx
∫
Ω

|ϕ|p dx (5.6)

where the infimum is taken over all ϕ ∈ C∞
0 (Ω), ϕ 6≡ 0. By standard

compactness arguments it is easily seen that the infimum is attained for a

function u in W 1,p
0 (Ω). But, if u is minimizing, so is |u|. By the Harnack

inequality |u| > 0. By continuity, either u > 0 in Ω or u < 0 in Ω. Hence a

first eigenfunction does not change signs.

To prove existence, the following slightly simplified version of the

Rellich-Kondrachov theorem is useful.

Lemma 5.1 (Rellich–Kondrachov). Let p > 1. Suppose that u1, u2, . . .

are functions in W 1,p
0 (Ω) and that ‖∇uk‖p,Ω ≤ L < ∞, when k =

1, 2, 3, . . .. Then there is a function u ∈W 1,p
0 (Ω) such that ukj → u strongly

in Lp (Ω) and ∇ukj ⇀ ∇u weakly in Lp (Ω) for some subsequence.

Proof. This is a combination of the weak compactness of Lp and the

Rellich-Kondrachov imbedding theorem. See [49, §11, pp. 82-85] or [57,

Theorem 2.5.1, p. 62]. As a matter of fact, the convergence is better than

we have stated. �

We end this section by proving two results. First, the spectrum is a

closed set. This fact would properly belong to Section 5.5. Second, we

bound the eigenfunctions. This fact is needed in Section 5.4.

Theorem 5.1. The spectrum is a closed set.

Proof. Suppose that a sequence λ1, λ2, . . . of eigenvalues converges to

λ 6= ∞ and let u1, u2, . . . denote the eigenfunctions, normalized by the
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condition ‖uk‖p,Ω = 1. We have
∫

Ω

|∇uk|p−2 ∇uk · ∇η dx = λk

∫

Ω

|uk|p−2
ukη dx (5.7)

for each η ∈ C∞
0 (Ω). We claim that λ is an eigenvalue. By the normaliza-

tion

λk =

∫

Ω

|∇uk|p dx.

By the Rellich-Kondrachov Theorem there is a subsequence and a function

u ∈W 1,p
0 (Ω) such that ukj → u strongly in Lp (Ω) and ∇ukj ⇀ ∇u weakly

in Lp (Ω). We have to prove that this u is the eigenfunction corresponding

to λ. By the equation itself we have
∫

Ω

[∣∣∇ukj

∣∣p−2 ∇ukj − |∇u|p−2 ∇u
]
· ∇ (uk − u)dx

= λkj

∫

Ω

∣∣ukj

∣∣p−2
ukj

(
ukj − u

)
dx−

∫

Ω

|∇u|p−2 ∇u ·
(
∇ukj −∇u

)
dx.

The first integral on the right-hand side approaches zero, because of the

convergence ‖ukj −u‖p,Ω → 0, and so does the second integral by the weak

convergence of the gradients. Therefore we have obtained that

lim
j→∞

∫

Ω

[∣∣∇ukj

∣∣p−2 ∇ukj − |∇u|p−2 ∇u
]
·
[
∇ukj −∇u

]
dx = 0.

The elementary inequality

21−p |w2 − w1|p ≤
[
|w2|p−2

w2 − |w1|p−2
w1

]
· (w2 − w1) , p ≥ 2,

for vectors in Rn shows that the limit above implies the strong convergence

lim
j→∞

∫

Ω

∣∣∇ukj −∇u
∣∣p dx = 0.

There is a similar inequality for p < 2. Thus we can pass to the limit under

the integral sign in (5.7) to obtain
∫

Ω

|∇u|p−2 ∇u · ∇ηdx = λ

∫

Ω

|u|p−2
uηdx.

This shows that λ is an eigenvalue, since the normalization prevents u from

being identically zero. �
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It is evident that an eigenfunction is bounded in a regular domain.

But there are continuous functions in the Sololev space W 1,p
0 (Ω) that are

unbounded. Therefore we had better write down a proof of

sup
x∈Ω

|u(x)| <∞.

Lemma 5.2. The bound

‖u‖∞,Ω ≤ 4nλ
n
p ‖u‖1,Ω (5.8)

holds for the eigenfunction u in any bounded domain Ω in Rn.

Proof. The interesting method in [30, Lemma 5.1, p. 71] yields this

estimate. (The constant 4n is not optimal.) To this end, we may assume

that u is positive at some point. The function

η(x) = max {u(x) − k, 0}

will do as test-function in (5.3) and so we obtain
∫

Ak

|∇u|p dx = λ

∫

Ak

|u|p−2
u(u− k)dx (5.9)

where

Ak = {x ∈ Ω|u(x) > k} .

Clearly k |Ak| ≤ ‖u‖1,Ω and |Ak| → 0 as k → ∞.

By the elementary inequality ap−1 ≤ 2p−1(a−k)p−1 +2p−1kp−1 we have
∫

Ak

up−1(u− k)dx ≤ 2p−1

∫

Ak

(u− k)pdx + 2p−1kp−1

∫

Ak

(u− k)dx. (5.10)

The Sobolev inequality yields
∫

Ak

(u− k)pdx ≤
(
2−1 |Ak|

) p
n

∫

Ak

|∇u|p dx, (5.11)

when applied to each component of the open set Ak. (The constant 1
2 is

not essential.)

Combining (5.9), (5.10), and (11.9) we arrive at

[
1 − 2p−2λ |Ak|

p
n

] ∫

Ak

(u− k)pdx ≤ 2p−2kp−1λ |Ak|
p
n

∫

Ak

(u − k)dx.
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In the first factor 2p−2λ |Ak|
p
n ≤ 1

2 , when k ≥ k1 = 2n(p−1)/pλn/p‖u‖1.

Using the Hölder inequality and dividing out we finally obtain the estimate
∫

Ak

(u − k)dx ≤ 2λ
1

p−1 k |Ak|1+
p

(p−1)n (5.12)

for k ≥ k1. This is the inequality needed in [30, Lemma 5.1, p.71] to bound

ess supu.

Indeed, writing

f(k) =

∫

Ak

(u− k)dx =

∞∫

k

|At| dt,

we have f ′(k) = − |Ak| and hence (5.12) can be restated as

f(k) ≤ 2λ
1

p−1 k [−f ′(k)]
1+ p

(p−1)n ,

when k ≥ k1. If f is positive in the interval [k1, k], then an integration of

the differential inequality leads to

k
ε

1+ε − k
ε

1+ε

1 ≤
[
2λ

1
p−1

] 1
1+ε [

f(k1)
ε

1+ε − f(k)
ε

1+ε
]

where ε = p/(p − 1)n. Since f(k1) ≤ f(0) = ‖u‖1 and f(k) ≥ 0 on the

right-hand side, this clearly bounds k and hence f(k) is zero sooner or later.

The quantitative bound is seen to be

k ≤ 21+ 2n(p−1)
p λ

n
p ‖u‖1. (5.13)

This means that f(k) = 0, if (5.13) is not fulfilled, i.e. ess supu is never

greater than the right-hand side.

To bound ess inf u, consider the function −u. �

Let me mention a difficult question. Can an eigenfunction be zero at all

the points of an open subset of Ω? This is the problem of unique continua-

tion. Except for the first eigenfunction this seems to be an open problem.

Zero has a special status. No eigenfunction can have a constant value dif-

ferent from zero in an open subdomain. This is evident from the equation.

5.3. The one-dimensional case

In the case of one independent variable all the eigenvalues are explicitly

known. This was first studied by Ôtani in connexion with the determination
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of the best constant in some Sobolev type inequalities. The equation is
(
|u′|p−2

u′
)′

+ λ |u|p−2
u = 0

where u = u(x), a ≤ x ≤ b, and u(a) = 0, u(b) = 0. The equation is readily

integrated and, via the first integral

|u′|p +
λ|u|p
p− 1

= Constant,

one arrives at the expression

λ(p) = (p− 1)





2

b− a

1∫

0

dt

(1 − tp)
1/p





p

for the first eigenvalue, cf. [42]. This is the minimum of the Rayleigh

quotient

b∫
a

|u′(x)|p dx
b∫
a

|u(x)|p dx

taken among all u ∈ C1[a, b] with u(a) = u(b) = 0. The expression for λ(p)

is easily evaluated and the result is

p
√
λ(p) =

2π p
√
p− 1

(b− a)p sin π
p

.

The rather striking result

p
√
λ(p) = q

√
λ(q),

1

p
+

1

q
= 1

can be read off for conjugated exponents p and q. In terms of Rayleigh

quotients

min
‖u′‖p
‖u‖p

= min
‖v′‖q
‖v‖q

,
1

p
+

1

q
= 1.

See [34].

The spectrum can be completely determined. The eigenvalues are pre-

cisely

λ(p), 2pλ(p), 3pλ(p), . . . , kpλ(p), . . .

The eigenfunctions are obtained from the first one. Let u1 denote the first

eigenfunction in [0, 1]. Extend it as an odd function to [−1, 0] and, then,
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periodically to the whole real axis, i.e., u1(x) = −u1(−x), u1(x+2) = u1(x).

The higher eigenfunctions are

uk(x) = u1(kx), k = 1, 2, 3, . . .

In the linear case we have the eigenvalue k2π2 corresponding to the nor-

malized eigenfunction

√
2 sin(kπx), k = 1, 2, 3, . . .

The spectrum is discrete in the one-dimensional case. The eigenvalues are

simple and the kth eigenfunction has k− 1 nodes (zeros inside the interval)

and k nodal intervals of equal length.

An example in [10] shows that the Fredholm alternative does not hold

for the equation

(|u′|p−2u′)′ + λ|u|p−2u = f(x)

in the nonlinear case p 6= 2. A solution can exist even if

〈u1, f〉 =

∫ 1

0

u1(x)f(x)dx 6= 0.

Some other orthogonality condition seems to be called for.

5.4. The first eigenfunction

The first eigenfunction (the Ground State) has many special properties. It

is the only positive eigenfunction. The restriction of a higher eigenfunction

to a nodal domain is a first eigenfunction (with respect to this smaller

domain).

The first eigenvalue or the principal frequency is

λ1 = inf
ϕ

∫
Ω

|∇ϕ|p dx
∫
Ω

|ϕ|p dx (5.14)

where ϕ ∈ C∞
0 (Ω), ϕ 6≡ 0. By (5.4) λ1 > 0. Using a (normalized) mini-

mizing sequence ϕ1, ϕ2, . . . we obtain a function u1 ∈W 1,p
0 (Ω) such that

λ1 =

∫
Ω

|∇u1|p dx
∫
Ω

|u1|p dx
.
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The compactness argument needed in the existence proof is provided by

the Rellich-Kondrachov Theorem. A well-known device due to Lagrange

shows that u1 is a weak solution to the equation

div
(
|∇u|p−2 ∇u

)
+ λ1 |u|p−2 u = 0.

If u1 is minimizing, so is |u1| and therefore also |u1| satisfies the equation.

Since |u1| ≥ 0, we must have |u1| > 0 by Harnack’s inequality. By conti-

nuity either u1 > 0 in Ω or u1 < 0 in Ω. We have established the following

result.

Lemma 5.3. There exists a positive eigenfunction corresponding to the

principal frequency λ1. This eigenfunction minimizes the Rayleigh quotient

among all functions in the Sobolev space W 1,p
0 (Ω). Moreover, a minimizer

is a first eigenfunction and does not change signs.

Some basic facts can easily be read off from the Rayleigh quotient.

First, if Ω1 ⊂ Ω2, then λ1 (Ω1) ≥ λ1 (Ω2), since there are more competing

functions in Ω2. Second, the quantity pλ(p)1/p increases with p. (The

notation λ1 = λ(p) indicates the dependence of p.)

Being a solution to Eqn (5.3), the eigenfunction shares many properties

with solutions to more general quasilinear eigenvalue problems. But here

we would like to emphasize the following specific features:

I “Isoperimetric” property. Among all domains with the same vol-

ume (area) the ball (the disc) has the smallest principal frequency.b

II Concavity. For any bounded convex domain log u is concave, u de-

noting a positive eigenfunction [48, Theorem 1].

III Uniqueness. The first eigenfunctions are essentially unique in any

bounded domain: given p, they are merely constant multiples of each

other. Moreover, they have no zeros in the domain and they are the

only eigenfunctions not changing sign.

IV Stability. For any bounded sufficiently regular domain the principal

frequency is continuous as a function of p. [35, Theorem 6.1]. c In very

irregular domains there is some anomaly.

V Superharmonicity. In a convex domain the first eigenfunction is

superharmonic, for p ≥ 2. (We mean that ”∆u ≤ 0”.)

bFor the second eigenvalue there is a characterization in the linear case, cf [44].
cNo similar result is known for the second eigenfunction.



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

188 P. Lindqvist

VI Asymptotic formula. As p→ ∞ we have

lim
p→+∞

p
√
λ(p) =

1

max
x∈Ω

dist(x, ∂Ω)

In other words, the reciprocal number of the radius of the largest in-

scribed ball in the domain gives the principal frequency for the case

p = ∞!

The uniqueness (III) for arbitrary bounded domains was first proved

in [33]. A new proof was found in [3]. Recently, an elegant variational proof

was found by Belloni and Kawohl, cf. [11]. The radial case has been studied

by F. de Thélin [52] and a good reference for C2-domains is [48, Theorem

A.1]. Other references for regular domains are [7], [6] and [2]. As we

said, the restriction of a higher eigenfunction to a nodal domain is a first

eigenfunction there. Though the original domain is as regular as we please,

it is not clear that this is inherited by the nodal domains. Therefore it is

important to prove the uniqueness in arbitrary domains. The proof will be

discussed below. The logarithmic concavity d mentioned in (II) is due to S.

Sakaguchi [48], when p 6= 2, and the linear case is credited to H. Brascamp

& E. Lieb. The proof by Sakaguchi is based on a convexity principle of

N. Korevaar. The superharmonicity (V) is a consequence of (II) and the

formula

(p− 2)|∇u|3∆1u+
∆pu

|∇u|p−4
= (p− 1)|∇u|2∆u,

which connects the Laplacian ∆u with the p-Laplacian ∆pu = ∇ ·
(|∇u|p−2∇u) and the mean curvature operator −∆1u = − div

(
∇u
|∇u|

)
. The

formula has to be interpreted in the viscosity sense. Property (I) follows

by spherical symmetrization (Schwarz symmetrization), cf. [28, p.90]. The

ball is (essentially) the only optimal shape, cf [8]. For p = 2 this is the cel-

ebrated conjecture of Lord Rayleigh, proved by E. Krahn e and G. Faber.

The asymptotic formula (VI) is postponed to Section 5.6.

Let us begin by discussing the uniqueness (III). The first eigenvalue is

simple. That is, all the first eigenfunctions in a fixed domain are merely

constant multiples of each other.

dThe reader might find it strange that the property does not depend on p. The cor-

responding result for the equation div
(
|∇u|p−2 ∇u

)
= −1 is that u1−1/p is a concave

function.
eSee ”Edgar Krahn 1894-1961”, a centenary volume edited by Š. Lumiste & J. Peetre,
IOS Press, Amsterdam 1994, pp. 81-106.
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Theorem 5.2. The first eigenvalue is simple in any bounded domain.

Proof. Suppose that u and v are two first eigenfunctions. So are |u| and

|v|. Thus the situation is reduced to the case u > 0 and v > 0. As Anane

has observed in [2], the result would follow by certain balanced calculations,

if the function η = u− vpu1−p were, a priori, admissible as test-function in
∫

Ω

|∇u|p−2 ∇u · ∇ηdx = λ1

∫

Ω

|u|p−2
uηdx

and v − upv1−p in the similar equation for v. We use the modified test-

functions

η =
(u+ ε)p − (v + ε)p

(u + ε)p−1
and

(v + ε)p − (u + ε)p

(v + ε)p−1
,

ε being a positive constant. Then

∇η =

{
1 + (p− 1)

(
v + ε

u+ ε

)p}
∇u− p

(
v + ε

u+ ε

)p−1

∇v

and, by symmetry, the gradient of the test-function in the corresponding

equation for v has a similar expression, yet with u and v interchanged.

Using the fact that u and v are bounded (Section 5.2), we easily see that

η ∈ W 1,p
0 (Ω).

Instead of reproducing the whole proof in [33] we write down the cal-

culations only for p = 2, that is, a non-linear proof of the linear case is

presented. Inserting the chosen test-functions into their respective equa-

tions and adding these, we obtain the simple expression

∫

Ω

(
u2
ε + v2

ε

)
|∇ log uε −∇ log vε|2 dx

= λ1

∫

Ω

[
u

uε
− v

vε

] (
u2
ε − v2

ε

)
dx, (5.15)

where we have written uε = u(x) + ε and vε = v(x) + ε. As ε approaches

zero, it is plain that the right hand side tends to zero. By Fatou’s lemma
∫

Ω

(
u2 + v2

)
|∇ log u−∇ log v|2 dx = 0.

The integrand must be zero. Hence u∇v = v∇u a.e. Thus u = Cv or

v = Cu for some constant. This proves the case p = 2.
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If p ≥ 2, then the inequality f

|w2|p ≥ |w1|p + p |w1|p−2
w1 · (w2 − w1) +

|w2 − w1|p
2p−1 − 1

should be used. Take w2 = ∇ log vε and w1 = ∇ log uε. There is a counter-

part valid when 1 < p < 2. For the details we refer to [33]. �

As a byproduct of the proof we can conclude the following

Theorem 5.3. A positive eigenfunction is always a first eigenfunction.

Proof. Suppose that v > 0 is an eigenfunction with the eigenvalue λ.

Let u > 0 denote the first eigenfunction. In the case p = 2 the previous

calculation yields that
∫

Ω

(
u2
ε + v2

ε

)
|∇ log uε −∇ log vε|2 dx =

∫

Ω

[
λ1

u

uε
− λ

v

vε

] (
u2
ε − v2

ε

)
dx.

This exhibits that the right-hand member is non-negative. Hence, letting

ε tend to zero, we have

(λ1 − λ)

∫

Ω

(
u2 − v2

)
dx ≥ 0.

If λ 6= λ1, then λ > λ1 and

∫

Ω

(
u2 − v2

)
dx ≤ 0. This is an impossible

situation, since u can be replaced by 2u, 3u, . . .. We have proved that

λ = λ1. The case p 6= 2 is rather similar. �

A simple proof of the simplicity of λ1 has recently been given by Belloni

and Kawohl, cf [11]. It is based on the admissible function

w =
(up + vp

2

)1/p

in the Rayleigh quotient. A short calculation yields

|∇w|p =
up + up

2

∣∣∣∣
up∇ log u+ vp∇ log v

up + vp

∣∣∣∣
p

.

Because the positive quantities up/(up + vp) and vp/(up + vp) add up to 1,

we can use Jensen’s inequality for convex functions to obtain the estimate
∣∣∣∣
up∇ log u+ vp∇ log v

up + vp

∣∣∣∣
p

≤ up|∇ log u|p + vp|∇ log v|p
up + vp

.

fThe inequality seems to be due to L. Evans, see [18, p. 250]. The best constant is not
the abovementioned 1/(2p−1 − 1).
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Thus we have

|∇w|p ≤ 1

2
|∇u|p +

1

2
|∇v|p.

The inequality is strict at points where ∇ log u 6= ∇ log v. Now we can

conclude that

λ1 ≤

∫

Ω

|∇w|pdx
∫

Ω

wpdx

≤

1

2

∫

Ω

|∇u|pdx+
1

2

∫

Ω

|∇v|pdx
1

2

∫

Ω

updx+
1

2

∫

Ω

vpdx

= λ1.

If ∇ log u 6= ∇ log v in a set of positive measure, then we would have a

strict inequality above, which is a contradiction. This proves that u and

v are constant multiples of each other. — This elegant proof is not, as is

were, capable of establishing that a positive eigenfunction is a first one.

About the concavity of log u we refer directly to [48]. It is worth noting

that the first eigenfunction u itself is never concave, the one dimensional

case beeing an exception. In a ball in Rn even uα is concave for some α,

1/n < α < 1. In [36] I have conjectured that, among all convex domains,

the ball has the best concavity exponent. Even the linear case seems to be

unsettled.

The stability of the principal frequency λ1 = λ(p), when p varies

is rather intriguing. This topic is discussed in [35]. By the Hölder inequality

pλ(p)
1
p < sλ(s)

1
s , when 1 < p < s <∞,

so that the one-sided limits in

lim
s→p−

λ(s) ≤ λ(p) = lim
s→p+

λ(s). (5.16)

exist. The last equality is almost evident. Normalizing the eigenfunctions

so that ‖us‖s,Ω = 1 we actually have

lim
s→p+

∫

Ω

|∇us −∇up|p dx = 0

as s approaches p from above. When s approaches p from below, even the

adjusted version

lim
s→p−

∫

Ω

|∇us −∇up|s dx = 0 (5.17)

is plainly false in irregular domains, when p ≤ n. However, (5.17) implies

that

lim
s→p−

λ(s) = λ(p). (5.18)
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We think that (5.18) implies (5.17).

Given any p, 1 < p ≤ n, there is a bounded domain Ω in Rn such that

lim
s→p+

λ(s) < λ(p),

and, a fortiori, (5.17) cannot hold for the normalized eigenfunctions. The

explanation is a rather interesting phenomenon. A sequence of eigen-

functions us will converge to a function u ∈ W 1,p (Ω). One has u ∈
W 1,s

0 (Ω) for every s < p. This u is a weak solution to the equation

div
(
|∇u|p−2 ∇u

)
+ λ |u|p−2 = 0 in Ω, except that it fails to be in the

right space W 1,p
0 (Ω). To cause such a delicate effect, one needs a closed set

Ξp such that caps(Ξp) = 0, when s < p, yet capp(Ξp) > 0. It is known how

to construct such sets as generalized Cantor sets. The final domain Ω will

be of the form B \ Ξp, where B is a sufficiently large ball containing Ξp in

its interior. For a complete discussion of the ”p-stability” we refer to our

fairly technical paper in ”Potential Analysis”. See also [26].

The question about variations of the domain, instead of of the ex-

ponent p, is relatively simple. Let Ω1 ⊂ Ω2 ⊂ Ω3 ⊂ · · · be an exhaustion

of Ω,

Ω =
∞⋃

j=1

Ωj .

Then

lim
j→∞

λ
(p)
1 (Ωj) = λ

(p)
1 (Ω) , (5.19)

where the notation is evident. (By a remark in the book by Courant-

Hilbert, this is not true for the corresponding Neumann problem, when

p = 2. One has to define the admissible variations of the domain in a

careful way, when the normal derivative at the boundary is involved.)

To prove (5.19), we note that

λ
(p)
1 (Ω1) ≥ λ

(p)
1 (Ω2) ≥ · · · ≥ λ

(p)
1 (Ω)

Given ε > 0, there is a function ϕ ∈ C∞
0 (Ω) such that

λ
(p)
1 (Ω) >

∫

Ω

|∇ϕ|p dx
∫

Ω

|ϕ|p dx
− ε,
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since λ
(p)
1 (Ω) is the infimum. Being a compact set, the support of ϕ is

covered by a finite number of the sets Ω1,Ω2, . . .. Hence suppϕ ⊂ Ωj for j

large enough. Thus

λ
(p)
1 (Ωj) ≤

∫

Ωj

|∇ϕ|p dx

∫

Ωj

|ϕ|p dx
=

∫

Ω

|∇ϕ|p dx
∫

Ω

|ϕ|p dx

so that

λ
(p)
1 (Ω) > λ

(p)
1 (Ωj) − ε

for all large j. It is plain that λ
(p)
1 (Ω) ≥ limλ

(p)
1 (Ωj). This proves the

desired result.

Indeed, extending the eigenfunctions uj ∈ W 1,p
0 (Ωj) as zero in Ω \ Ωj

so that uj ∈ W 1,p
0 (Ω), the strong convergence ‖∇u−∇uj‖p,Ω −→ 0 holds

for the normalized eigenfunctions (that is, ‖uj‖p,Ω = 1). Here u is the first

eigenfunction in Ω. The proof is not difficult.

5.5. Higher eigenvalues

The operator −∆ has a discrete spectrum λ1 < λ2 ≤ λ3 ≤ · · · and λk −→
∞ as k −→ ∞. Each eigenvalue is repeated according to its multiplicity.

Weyl’s theorem about the asymptotic behaviour of the eigenvalues states

that

lim
k→∞

λ
n/2
k

k
=

Const.

|Ω| .

The corresponding eigenfunctions u1, u2, u3, . . . can be chosen to satisfy

〈uk, uj〉 =

∫

Ω

ukujdx = δij .

This orthogonality is the key to the linear case ∆u+λu = 0. We recommend

the classical book by Courant & Hilbert.

It is more difficult to prove that also the equation

div
(
|∇u|p−2 ∇u

)
+ λ |u|p−2

u = 0

has infinitely many eigenvalues. There are several methods that work.

However, the main open problem is quite the opposite. Are there more
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eigenvalues than the chosen method produces? If so, how can one exhaust

the spectrum? Can all the eigenvalues be numerated? To the best of my

knowledge the nonlinear spectrum has not been proved to be discrete, not

even when the domain Ω is a ball or a cube.

In order to describe how higher eigenvalues are produced we have to

introduce an auxiliary concept, the genus of Krasnoselskij. The proof will

be skipped. About the method we refer to [9], [46], and [50].

If A is a symmetricg and closed subset of a Banach space, then its genus

γ(A) is defined as the smallest integer k for which there exists a continuous

odd mapping ϕ : A −→ Rk \ {0}. Thus ϕ(v) = −ϕ(−v), when v ∈ A. If

no such integer exists, then we define γ(A) = ∞. Especially, γ(A) = ∞, if

A contains the origin, since ϕ(0) = 0 for odd mappings. See [46] and [St,

Chapter II] about this concept.

Let
∑
k denote the collection of all symmetric subsets A ofW 1,p

0 (Ω) such

that γ(A) ≥ k and the set {v ∈ A| ‖v‖p,Ω = 1} is compact. The numbers

λk = inf
A∈∑k

max
v∈A

∫

Ω

|∇v|p dx
∫

Ω

|v|p dx
(5.20)

are eigenvalues and there are infinitely many of them, cf. [21] and [6].

The fact that this minimax procedure yields eigenvalues is often explained

through the Palais-Smale condition.

These “minimax eigenvalues” λ1 < λ2 ≤ λ3 · · · satisfy an estimate of

the type encountered in Weyl’s theorem. According to [21] there are two

positive constants depending only on n and p such that

c1
|Ω| ≤

λ
n
p

k

k
≤ c2

|Ω|

as k → ∞. See also [6]. Unfortunately, it is not known whether the described

procedure exhausts the spectrum. Are there other eigenvalues than those

listed in (5.20)? Therefore the asymptotic result is of limited interest, so

far.

As the notation in (5.20) indicates, λ1 is the first eigenvalue. As we will

see, λ1 is isolated. It is possible to show that λ2 is the second one. An

unpublished manuscript [4] of A. Anane and M. Tsouli contains a minimax

gSymmetric means that −v ∈ A, if v ∈ A.
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characterization of the second eigenvalue in terms of the functional

I(v) =



∫

Ω

|∇v|p dx




2

−
∫

Ω

|v|p dx.

Their proof is easily adapted to the Rayleigh quotient: for k = 2 (5.20)

yields the second eigenvalue λ2, that is λ2 = min
λ<λ1

λ. No such identification

is yet known for eigenvalues higher than the second. The second eigenvalue

is not known to be isolated, when its multiplicity is ignored.

The nodal domains are defined as the connected components of the sets

{u > 0} and {u < 0}. See [14] and [1].

Theorem 5.4. Any eigenfunction has only a finite number of nodal do-

mains.

Proof. Let u be an eigenfunction corresponding to λ. If Nj denotes a

component of one of the sets {x ∈ Ω|u(x) > 0} and {x ∈ Ω|u(x) < 0}, then

u ∈W 1,p
0 (Nj). By the Sobolev inequality

|Nj| ≥ C(n, p)λ−
n
p .

Summing up, we have

|Ω| ≥
∑

j

|Nj | ≥ C(n, p)λ−
n
p

∑

j

1

so that the number of nodal domains is bounded by a constant times

λn/p |Ω|. �

Theorem 5.5. The first eigenvalue is isolated.h

Proof. Suppose that there is a sequence of eigenvalues λ′k tending to λ1

(these are not supposed to be minimax eigenvalues). If uk denotes the

corresponding normalized eigenfunction, then
∫

Ω

|∇uk|p dx = λ′k,
∫

Ω

|uk|p dx = 1.

By compactness arguments there are a subsequence and a function u ∈
W 1,p

0 (Ω) such that ∇ukj ⇀ ∇u weakly and ukj → u strongly in Lp (Ω).

hFor smooth domains this is credited to Anane, cf. [2].



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

196 P. Lindqvist

By weak lower semicontinuity
∫

Ω

|∇u|p dx
∫

Ω

|u|p dx
≤ lim
j→∞

λ′kj
= λ1

so that u is the first eigenfunction. Since u does not change signs, we may

take u > 0.

If λ′k 6= λ1, then uk must change signs in Ω. Both sets Ω+
k = {uk > 0}

and Ω−
k = {uk < 0} are non-empty and their measures cannot tend to zero,

since
∣∣Ω+

k

∣∣ ≥ C(n, p)(λ′k)−
n
p ,

∣∣Ω−
k

∣∣ ≥ C(n, p)(λ′k)−
n
p .

This prevents ukj from converging to a positive function in Lp (Ω). Indeed,

the sets

Ω+ = lim sup Ω+
kj
, Ω− = lim sup Ω−

kj

have positive measure by a well-known “Selection Lemma”. We may assume

that u = limukj a.e. in Ω. Passing to suitable subsequences we can show

that u ≥ 0 a.e. in Ω+ and u ≤ 0 a.e. in Ω−. This is a contradiction. �

There are many more open problems about the spectrum of the p-Laplacian

than those that have been mentioned here, in passing. To mention two

more: Is every eigenvalue of finite multiplicity? What about multiplic-

ity in the situation with general boundary values? Consider the equation

div
(
|∇u|p−2 ∇u

)
+λ |u|p−2 u = 0 with given boundary values, say ϕ. This

has always at least one solution. Does it have several solutions, if λ happens

to be an eigenvalue? In the linear case one just adds solutions to see this.

5.6. The asymptotic case

It is instructive to see what happens when p → ∞. Arcane phenomena

occur in this fascinating case. Let

λ(p) = inf
ϕ

∫

Ω

|∇ϕ|pdx
∫

Ω

|ϕ|pdx
= inf

ϕ

‖∇ϕ‖pp
‖ϕ‖pp
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denote the principal frequency and write

Λ∞ = inf
ϕ

‖∇ϕ‖∞
‖ϕ‖∞

, (5.21)

where ϕ ∈ C∞
0 (Ω). It turns out that the distance function

δ(x) = dist(x, ∂Ω)

“solves” the minimization problem:

Λ∞ =
‖∇δ‖∞
‖δ‖∞

. (5.22)

To see this, notice that

|ϕ(x)| ≤ ‖∇ϕ‖∞δ(x)

by the Mean Value Theorem. Hence

‖∇ϕ‖∞
|ϕ(x)| ≥ 1

δ(x)
≥ 1

‖δ‖∞
=

‖∇δ‖∞
‖δ‖∞ ,

since|∇δ(x)| = 1 a.e. in Ω. Thus we conclude that

‖∇ϕ‖∞
‖ϕ‖∞

≥ ‖∇δ‖∞
‖δ‖∞

for each admissible ϕ. This proves (5.22).

However, the minimization problem often has too many solutions in

W 1,∞(Ω)
⋂
C(Ω) with boundary values 0. In order to define the genuine

∞-eigenfunctions, one has to find the limit equation of

div(|∇u|p−2∇u) + λ(p)|u|p−2u = 0

as p→ ∞. It is shown in [27] that the limit equation is

max

{
Λ∞ − |∇u(x)|

u(x)
,∆∞u(x)

}
= 0 (5.23)

for positive solutions. (At each point x in Ω the larger of the two quantities

is equal to zero.) Here

∆∞u =

n∑

i,j=1

∂u

∂xi

∂u

∂xj

∂2u

∂xi∂xj
(5.24)

is the so called ∞-Laplacian. Unfortunately, the second derivatives of the

solutions do not always exist. The above equation has to be interpreted

in the viscosity sense, because it does not have any weak formulation with

test-functions under the integral sign. We refer to [27] about all this.
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Definition 5.2. Let u ≥ 0 and u ∈ C(Ω). We say that u is a viscosity

solution of the equation (5.23), if

(i) whenever x0 ∈ Ω and ϕ ∈ C2(Ω) are such that u(x0) = ϕ(x0) and

u(x) < ϕ(x), when x 6= x0, then

Λ∞ − |∇ϕ(x0)|
ϕ(x0)

≥ 0 or ∆∞ϕ(x0) ≥ 0.

(ii) whenever x0 ∈ Ω and ϕ ∈ C2(Ω) are such that u(x0) = ϕ(x0) and

u(x) > ϕ(x), when x 6= x0, then

Λ∞ − |∇ϕ(x0)|
ϕ(x0)

≤ 0 and ∆∞ϕ(x0) ≤ 0.

Notice that each point requires its own family of test-functions.

The essential feature is that the difference u(x) − ϕ(x) attains its ex-

tremum at the touching point x0, where the derivatives of the test-function

are to be evaluated.

For example, when Ω is the ball |x| < 1, the infinity ground state is

u(x) = 1 − |x|.
We have ∆∞u(x) = 0, when x 6= 0. The origin is the important point.

Here Λ∞ = 1 is determined. Since there are no test-functions touching

from below at x0 = 0, condition (ii) is automatically regarded as fullfilled.

If the function

ϕ(x) = 1 + 〈a, x〉 + 0(|x|2)

touches from above, we must have

1 + 〈a, x〉 ≥ 1 − |x|
as x→ 0. Hence |a| ≤ 1 and so

Λ∞ − |∇ϕ(0)|
ϕ(0)

= 1 − |a|
1

≥ 0,

that is, condition (i) holds.

In passing, let me mention that in a square (cube) the distance function

δ does not solve the equation. This means that it is not the limit of the

ground states up, as p→ ∞. Recall (5.21) and (5.22).

As we observed

Λ∞ =
1

max
x∈Ω

dist(x, ∂Ω)
. (5.25)
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Thus the principal frequency can be detected from the geometry: it is the

reciprocal number of the radius of the largest ball that can be inscribed in

the domain Ω. This is an advantage. For example, if Ω is the punctured

ball 0 < |x| < 1, then Λ∞ = 1/2. We should point out that all boundary

points are regular in the case p = ∞. The solution is zero even at isolated

boundary points! The equation

max

{
Λ − |∇u(x)|

u(x)
,∆∞u(x)

}
= 0

has a positive solution with zero boundary values only when Λ = Λ∞. No

other Λ will do. In this respect we have a typical eigenvalue.

Let us consider the formula in VI, Section 5.4.

Lemma 5.4. Λ∞ = lim
p→∞

p
√
λ(p).

Proof. Using the distance function as test-function in the Rayleigh quo-

tient, we have

p
√
λ(p) ≤ ‖∇δ‖p

‖δ‖p
and hence

lim sup
p→∞

p
√
λ(p) ≤ ‖∇δ‖∞

‖δ‖∞
= Λ∞.

To achieve the inequality

lim inf
p→∞

p
√
λ(p)) ≥ Λ∞

we use a compactness argument for the eigenfunctions up. For p large

enough

p
√
λ(p) =

‖∇up‖p
‖up‖p

< Λ∞ + 1.

With the normalization ‖up‖p = 1 the norms ‖∇up‖m are uniformly

bounded, when p ≥ m. Using a diagonalization procedure, we can se-

lect a subsequence upj that converges weakly in each W 1,q(Ω), q <∞, and

uniformly in each Cα(Ω), α < 1, to a function denoted by u∞. By the weak

lower semicontinuity

‖∇u∞‖q
‖u∞‖q

≤ lim inf
j→∞

‖∇upj‖q
‖upj‖q

≤ lim inf
j→∞

‖∇upj‖pj |Ω|
1
q − 1

pj

‖upj‖q
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= lim inf
j→∞

λ(pj)
1/pj |Ω|

1
q− 1

pj

‖upj‖q
≤ |Ω| 1q

‖u∞‖q
lim inf
j→∞

λ(pj)
1/pj

Taking the normalization into account and letting q → ∞, we obtain

‖∇u∞‖∞
‖u∞‖∞

≤ lim inf
j→∞

λ(pj)
1/pj .

The left-hand side is ≥ Λ∞, because u∞ is admissible in the quotient. The

right-hand side can be replaced by lim inf λ(p)1/p, since we can begin the

construction with an arbitrary sequence of p’s. �

Much more is known but there are also challenging open problems in the

case p = ∞. The interested reader can find some pieces of information in

P. Juutinen, P. Lindqvist & J. Manfredi: The infinity Laplacian: examples

and observations, Institut Mitag-Leffler, Report 26, 1999/2000.
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pseudo-laplacien, C.R. Acad. Sci. Paris 303, Série I. Math. 1986, pp. 355–



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

A nonlinear eigenvalue problem 203

358.
[53] P. Tolksdorf: Regularity for a more general class of quasi-linear elliptic equa-

tions, Journal of Differential Equations 51, 1984, pp. 126–150.
[54] A. Touzani: Quelques résultats sur le Ap-laplacien avec poids indéfini, Uni-
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6.1. Introduction and statement of the problems

The purpose of these notes is to present a survey of some recent results

dealing with existence, nonexistence and multiplicity of nontrivial solu-

tions for semilinear elliptic equations, whose nonlinear term has critical or

supercritical growth.

Let us consider, for example, the following Dirichlet problem

P (Ω, p)





∆u+ |u|p−2u = 0 in Ω

u = 0 on ∂Ω

u 6≡ 0 in Ω,

(6.1)

where Ω is a smooth bounded domain of IRn, n ≥ 3, and p ≥ 2n
n−2 ( 2n

n−2 = 2∗

is the critical Sobolev exponent).

In particular we are interested to find positive solutions of P (Ω, p) or also

sign changing (nodal) solutions with a prescribed number of nodal regions.

This equation is a simplified model of some variational problems, coming

from Differential Geometry, Mechanics, Mathematical Phisics, Chemistry,

205
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whose common feature is the lack of compactness: for example a well known

problem in Differential Geometry, the Yamabe’s problem (see [1], [41], [44],

[45]), is related to the solvability of a problem like (6.1) with p = 2∗; super-

critical nonlinearities arise in some combustion models; lack of compactness

also occur in Yang–Mills equations, etc...

In our problem the lack of compactness is due to the presence of critical

or supercritical exponents: it is well known that H1,2
0 (Ω) is continuously

embedded in Lp(Ω) for p ≤ 2∗ and that the embedding is compact only for

p < 2∗.

Since the nonlinear term in (6.1) is homogeneous, one can easily verify

that solving problem Pa(Ω, p) is equivalent to finding critical points for the

energy functional

f(u) =

∫

Ω

|Du|2dx,

constrained on the manifold

Mp(Ω) = {u ∈ H1,2
0 (Ω) :

∫

Ω

|u|pdx = 1}.

There is a sharp contrast between the cases p < 2∗ and p ≥ 2∗.

If p < 2∗, then the infimum inf
Mp(Ω)

f is achieved by a positive function,

giving rise to a positive solution of P (Ω, p), independently of the shape of

the domain Ω (indeed, one can find infinitely many solutions exploiting the

symmetry properties of f and Mp(Ω)). On the contrary, if p ≥ 2∗, the

infimum inf
Mp(Ω)

f is not achieved (as we shall see below).

Hence the problem cannot be simply solved by minimization arguments and

the solutions (when there exist) correspond to higher critical values. But

several difficulties also arise when trying to find critical points by means

of the usual topological methods of the Calculus of Variations (like Morse

Theory, Ljusternik–Schnirelman category, linking methods, etc ...), since

the corresponding functional does not satisfy the Palais–Smale compactness

condition when p ≥ 2∗.

It is not only a problem of methods: there is a deep reason which explains

the impossibility of applying these methods in a standard way. In fact every

solution of problem

{
∆u + g(u) = 0 in Ω

u = 0 on ∂Ω
(6.2)
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must verify the following Pohozaev’s identity (see [36]):

(1 − n

2
)

∫

Ω

g(u)udx+ n

∫

Ω

G(u)dx =
1

2

∫

∂Ω

(x · ν)(
∂u

∂ν
)2dσ, (6.3)

where G(u) =
∫ u
0
g(t)dt and ν denotes the outward normal to ∂Ω. As a

consequence (for g(u) = |u|p−2u) we have the following nonexistence result:

Theorem 6.1 (Pohozaev [36]). If Ω is a star–shaped domain and p ≥
2∗, then the problem P (Ω, p) has no solution.

After Pohozaev’s Theorem, the researches in this topic followed two direc-

tions:

1) exploiting the shape of the domain Ω in order to regain the existence

of solutions,

2) modifying the equation by lower–order terms.

The first direction of research is supported by the following observation:

assume Ω is an annulus (i.e. Ω = {x ∈ IRn : 0 < r1 < |x| < r2}); then,

exploiting the radial symmetry of Ω, it is easy to see (as pointed out by

Kazdan and Warner [15]) that P (Ω, p) has a positive radial solution and

infinitely many nodal radial solutions for all p. This leads to a natural

question, pointed out by Nirenberg (see [5]): what happens if Ω has the

same topology of an annulus, but not the same radial symmetry properties?

is there still a positive solution, at least for p = 2∗? and if we assume only

that Ω is not contractible, in itself, to a point?

This question has been answered by Bahri and Coron in [2], where the

following theorem is proved (see also [11] and [38]).

Theorem 6.2 (Bahri–Coron [2]). Assume Ω is a smooth bounded do-

main of IRn, having non trivial topology (i.e. there exists an integer k ≥ 1

such that either H2k−1(Ω, IQ) 6= 0 or Hk(Ω,ZZ /2 ZZ) 6= 0).

Then problem P (Ω, 2∗) has at least one positive solution.

Remark 6.1. It is clear that any domain with nontrivial topology is not

contractible in itself to a point. When n = 3, the converse is also true. On

the contrary, when n ≥ 4 the converse fails (i.e. there exist noncontractible
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domains with trivial homology groups). Thus, if n ≥ 4, it is still an open

problem whether the conclusion of Theorem 6.2 holds under the sole as-

sumption that Ω is not contractible. However, note that the assumption

“Ω has nontrivial topology” covers a large variety of domains.

After the results of Pohozaev and Bahri–Coron, the following two natural

questions arise (see [5]):

Question 6.1 (Brezis). Assume p = 2∗. Can one replace in Pohozaev’s

Theorem the assumption “Ω is star–shaped” by “Ω has trivial topology”?

In other words, are there domains Ω with trivial topology on which P (Ω, 2∗)

has a positive solution?

Question 6.2 (Rabinowitz). What happens when p > 2n
n−2? Pohozaev’s

Theorem still holds. On the other hand, if Ω is an annulus, it is easy to see

that P (Ω, p) has radial solutions for all p. So the question is: assuming Ω

is a domain with nontrivial topology, is there still a solution of P (Ω, p) for

all p?

Now let us consider the effect of lower–order terms: we deal with the prob-

lem

Pa(Ω, 2∗)





∆u− a(x)u + |u|2∗−2u = 0 in Ω

u = 0 on ∂Ω

u 6≡ 0 in Ω,

(6.4)

where a(x) ∈ Ln/2(Ω).

Motivations for the study of this problem come, for example, from this

simple observation: assume Ω is any bounded domain and denote by λ1 <

λ2 ≤ λ3. . . the eigenvalues of −∆ with zero Dirichlet boundary condition;

then general bifurcation results (see [4], [18], [37]) guarantee that Pa(Ω, 2∗)

has solution if a(x) ≡ −λ, where λ is a constant sufficiently close to the

eigenvalues λi of −∆ in H1,2
0 (Ω). In particular, if λ < λ1 and |λ − λ1| is

small enough, then there exists a positive solution.

On the other hand this equation is related to the solution of Yamabe’s

problem (see [1], [41] [44], [45]), where the coefficient a(x) represent a scalar

curvature.
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The first results in this direction have been stated by Brezis and Nirenberg

(see [5], [7]).

The energy functional related to problem Pa(Ω, 2∗) is

fa(u) =

∫

Ω

[|Du|2 + a(x)u2]dx; (6.5)

the Pohozaev’s identity, satisfied by the solutions of Pa(Ω, 2∗), becomes
∫

Ω

[a+
1

2
(x ·Da)]u2dx+

1

2

∫

Ω

(x · ν)(
∂u

∂ν
)2dσ = 0. (6.6)

If a(x) < 0 somewhere in Ω and n ≥ 4, then the infimum inf
M2∗ (Ω)

fa is

achieved (the situation is more complicated in the case n = 3).

On the contrary, if a(x) ≥ 0 everywhere in Ω, then the infimum is not

achieved, but problem Pa(Ω, 2∗) may still have positive solutions. In fact,

as showed in [5], it is easy to construct such an example, where a(x) > 0 in

Ω and Pa(Ω, 2∗) has a positive solution (see section 6.3). This leads to the

following natural question:

Question 6.3 (Brezis [5]). Find general conditions on the nonnegative

function a(x) which guarantee the existence of solutions for Pa(Ω, 2∗), in-

dependently of the domain’s shape (even in star–shaped domains).

Note that, if Ω is star–shaped and Pa(Ω, 2∗) has solution, then a(x) cannot

be a positive constant, because of Pohozaev’s identity (6.6).

6.2. Effect of the domain’s shape

In this section we are concerned with the case a(x) = 0 and p ≥ 2∗; Ques-

tions 6.1 and 6.2 are answered.

Notice that inf
Mp(Ω)

f = 0 for all p > 2∗ (so this infimum cannot be

achieved).

For p = 2∗ we have

inf
M2∗ (Ω)

f = S, (6.7)

where S is the best constant for the Sobolev embedding H1,2
0 (Ω) →֒ L2∗

(Ω).

It is well known that S is independent of Ω and depends only on the

dimension n: this property is an easy consequence of the fact that the ra-

tio ‖Du‖2/‖u‖2∗ is invariant under dilations and translations. Moreover
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S cannot be achieved in any bounded domain Ω, otherwise (extending a

minimizing function by zero outside Ω) it should be achieved even in any

star–shaped domain containing Ω, in contradiction with Pohozaev’s nonex-

istence result.

S is attained only when Ω = IRn and the minimizing function is unique,

modulo translations and dilations (see [6], [17], [43]).

Answer to Question 6.1

The first attempts to answer Question 6.1 are some results (by Carpio Ro-

driguez, Comte, Lewandowski, Schaaf) extending Pohozaev’s nonexistence

theorem to some contractible but non star–shaped domains: in [8], for ex-

ample, it is proved that P (Ω, 2∗) has no solution if the domain Ω is obtained

removing from a sphere a frustum of cone having vertex outside the sphere

(in such a way that the obtained domain is not star–shaped); also, in the

case p > 2∗, nonexistence results hold in some dumb–bell shaped domains.

However the answer to Question 6.1 is negative since it is possible to prove

existence results in some bounded contractible domains Ω: for example, if

Ω is an annulus pierced by removing a cylinder thin enough, then P (Ω, 2∗)

has positive solutions (see [12], [13], [23]).

Indeed it is possible to find bounded contractible domains Ω where the

number of positive solutions of P (Ω, 2∗) is arbitrarily large:

Theorem 6.3 (see [23]). For every positive integer h, there exists a

bounded contractible domain Ωh, such that P (Ωh, 2
∗) has at least h dis-

tinct positive solutions.

Sketch of the proof. In order to obtain such a domain Ωh, it suffices to

argue as follows. For every positive integer h, let us consider the domain

T h = {x = (x1, . . ., xn) ∈ IRn :

n−1∑

i=1

x2
i < 1, 0 < xn < h+ 1}. (6.8)

For all j ∈ {1, . . ., h}, put cj = (0, . . ., 0, j) ∈ IRn; fixed σ1, . . ., σh such that

0 < σj <
1
2 for all j ∈ {1, . . ., h}, set

Dh = T h\
h⋃

j=1

B(cj , σj) (6.9)
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and, for all ǫ1, . . ., ǫh in ]0, 1[ , define

χjǫj = {x ∈ IRn :

n−1∑

i=1

x2
i ≤ ǫ2j , j ≤ xn ≤ j + 1} (6.10)

Ωǫ1,...,ǫh = Dh\
h⋃

j=1

χjǫj . (6.11)

The assertion of Theorem 6.3 holds with Ω = Ωǫ1,...,ǫh when ǫ1, . . ., ǫh
are small enough. In fact Ωǫ1,...,ǫh is a bounded contractible domain and

P (Ωǫ1,...,ǫh , 2
∗) has at least h solutions uǫ1 , . . ., uǫh . These solutions are

obtained as local minimum points of the energy functional f on M2∗(Ω),

constrained on the subspace of the functions having radial symmetry with

respect to the xn–axis (notice that the infimum inf
M2∗ (Ω)

f is not achieved,

not even in the subspace of the radial functions).

Moreover, for all j = 1, . . ., h, the method used in the proof shows that,

as ǫj → 0, uǫj → 0 weakly in H1,2
0 (Ω), f

(
uǫj

‖uǫj
‖2∗

)
→ S and the energy

|Duǫj |2 concentrates like a Dirac mass near a point of the xn–axis. 2

Remark 6.2. In [12] and [13] Dancer and Ding prove that the positive

solution one can find in an annulus, persists if the annulus is perturbed

removing a subset of small capacity; moreover the solution in the perturbed

domain converges to the solution in the annulus, as the capacity of the

perturbation tends to zero. Therefore in a pierced annulus, or equivalently

in a domain Ωǫ1 like in the proof of Theorem 6.3, Dancer and Ding prove

the existence of a solution ũǫ1 (see [12], [13]). However, let us point out that

the solution ũǫ1 obtained by Dancer and Ding is distinct from the solution

uǫ1 given by Theorem 6.3, because uǫ1 → 0 weakly in H1,2
0 (Ω), while ũǫ1

converges strongly to a solution in the limit domain (which is nontrivial in

the sense of Bahri–Coron).

Thus the existence of the solutions uǫ1,, . . ., uǫh of P (Ωǫ1,...,ǫh , 2
∗), which

does not depend on the solvability of the limit problem, seems to be related

to other new phenomena and suggests that every perturbation of a given

domain, which modifies its topological properties and is obtained remov-

ing a subset having small capacity, gives rise to solutions vanishing as the

capacity of the perturbation tends to zero. Indeed it is also possible to eval-

uate the number of positive solutions by the topological properties of the
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perturbation. These results can be summarized as follows (see [26], [34], [35]

for more details).

Definition 6.1 (see [14], [34]). Let X be a topological space and X1, X2

two closed subset of X, such that X2 ⊆ X1.

We say that the relative category in X of X1 with respect to X2 is m (and

write catX [X1, X2] = m) if m is the smallest positive integer such that

X1 =
m⋃

s=0

Fs , X2 ⊆ F0,

where, for all s = 0, 1, . . .,m, Fs is a closed subset and there exists hs ∈
C0([0, 1] × Fs, X) such that

I) hs(0, x) = x ∀x ∈ Fs, ∀s = 0, 1, 2, . . .,m

II) ∀s ≥ 1 ∃ps ∈ X : hs(1, x) = ps ∀x ∈ Fs
III) h0(1, x) ∈ X2 ∀x ∈ F0; h0(t, x) ∈ X2 ∀x ∈ F0 ∩X2, ∀t ∈ [0, 1].

Note that catX [X1, ∅] is the well known Ljusternik–Schnirelman category.

Proposition 6.1 (see [34]). Let Ω be a given bounded domain in IRn,

n ≥ 3, and K be a closed subset of Ω.

Then, if the capacity of K is small enough, problem P (Ω\K, 2∗) has at

least catΩ̄(Ω̄,Ω\K) positive solutions, which converge weakly to zero as the

capacity of K tends to zero, and concentrate like a Dirac mass.

In the previous proposition, as well as in Theorem 6.3, a basic tool is

given by the concentration–compactness principle of Lions (see [17]) or by

a global compactness result of Struwe (see [42]), which allow us to overcome

the difficulties given by the lack of compactness and, in particular, to show

that the Palais–Smale condition is satisfied in the energy range ]S, 22/nS[

(i.e. every sequence (ui)i in M2∗(Ω), such that f(ui) → c ∈ ]S, 22/nS[ and

gradM2∗ (Ω)f(ui) → 0 in H1,2
0 (Ω), is relatively compact).

Notice that the method of the proof can be iterated in order to show that

several independent perturbations produce several distinct positive solu-

tions.

It is clear that this result can be applied in a large variety of geometric

situations and allows to obtain an arbitrarily large number of positive so-
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lutions. In particular one can obtain multiple positive solutions in domains

with several small holes like in [38] (without requiring, unlike [38], that the

holes are spherical).

On the other hand one can obtain more than one solution even by a unique

but topologically complex perturbation:

Example: Let n = 3 and set

C = {(x1, x2, x3) ∈ IR3 : x3 = 0, x2
1 + x2

2 = 1}
Ω = {x ∈ IR3 : dist (x,C) < 1

2}
and, for ǫ ∈ ]0, 1

2 [ ,

Ωǫ = {x ∈ IR3 : ǫ < dist (x,C) <
1

2
}.

Then catΩ̄(Ω̄, Ω̄ǫ) = 2 and so, for ǫ > 0 small enough, P (Ωǫ, 2
∗) has at least

two solutions whose energy concentrates like Dirac mass as ǫ→ 0.

Notice that Ωǫ has radial symmetry with respect to x3–axis and so it is easy

to find radial solutions; however, let us point out that the solutions given by

Proposition 6.1 cannot have radial symmetry because of their asymptotic

behaviour as ǫ→ 0. On the other hand no symmetry assumption is required

in Proposition 6.1, which, for example, can guarantee the existence of two

positive solutions, for ǫ > 0 small enough, in a domain of the form

Ω̃ǫ = {x ∈ IR3 : dist (x,C) <
1

2
, dist(x, C̃) > ǫ},

where

C̃ = {x = (x1, x2, x3) ∈ IR3 : x3 = 0, (x1 −
1

3
)2 + x2

2 = 1},

which does not have any symmetry property.

The supercritical case: answer to Question 6.2

The answer to Question 6.2 is negative since, as we shall see below, it is

possible to find pairs (Ω, p), where Ω is a smooth bounded domain of IRn,

nontrivial in the sense of Bahri–Coron, p > 2n
n−2 and problem P (Ω, p) has

no solution.

In the supercritical case a crucial role seems to be played by the critical

exponents

2∗(n− k) =
2(n− k)

(n− k) − 2
k = 1, . . ., (n− 3), (6.12)
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corresponding to lower dimensions. In fact, the possibility of finding a

nontrivial domain Ω, such that P (Ω, p) has no solution, is strictly related

to the position of p with respect to the critical exponents (6.12), as showed

by the following result:

Theorem 6.4 (see [27], [28]). For every positive integer k there exists a

smooth bounded domain Ω in IRn, with n ≥ k+ 3, homotopically equivalent

to the k–dimensional sphere Sk (hence nontrivial if k ≥ 1), such that prob-

lem P (Ω, p) has no solution for p ≥ 2(n−k)
(n−k)−2 , while, for 2 < p < 2(n−k)

(n−k)−2 ,

it has infinitely many solutions and at least one of them is positive

(see [27] and [28] for detailed statements concerning more general nonlinear

terms).

Sketch of the proof. For all x = (x1, . . ., xn) ∈ IRn, let us set

P k1 (x) = (x1, . . ., xk, xk+1, 0, . . ., 0) ∈ IRn, P k2 (x) = x− P k1 (x)

and define

Sk = {x ∈ IRn : |x| = 1, P k2 (x) = 0}
Tk(ρ) = {x ∈ IRn : dist(x, Sk) < ρ}.

If 0 < ρ < 1, then the domain Tk(ρ) is homotopically equivalent to Sk and

the conclusion of the theorem holds for Ω = Tk(ρ).

The proof is based on the following generalized Pohozaev’s identity: for all

v ∈ C1(Ω̄, IRn), the solutions of problem P (Ω, p) must satisfy

1

2

∫

∂Ω

(v · ν)

(
∂u

∂ν

)2

dσ =

∫

Ω

(dv[Du] ·Du)dx+

∫

Ω

|u|p
p

div vdx − 1

2

∫

Ω

|Du|2 div vdx.

A suitable choice of the function v when Ω = Tk(ρ) implies that u ≡ 0 if

p ≥ 2(n−k)
(n−k)−2 , which is a contradiction.

On the contrary, if 2 < p < 2(n−k)
(n−k)−2 , then one can exploit the radial

symmetry of the domain Tk(ρ) with respect to the co–ordinates x1, . . ., xk+1

in order to find nontrivial solutions in the subspace of the radial symmetric

functions (which is compactly embedded in Lp(Tk(ρ)) if 0 < ρ < 1 and

p < 2(n−k)
(n−k)−2 ).
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Note that no symmetry assumption is required for the nonexistence result

in the case p ≥ 2(n−k)
(n−k)−2 . 2

Remark 6.3. The previous proposition allows us to find a nontrivial do-

main only when k ≥ 1 (in fact only in this case Tk(ρ) has nontrivial

topology in the sense of Bahri–Coron). Therefore, in the case n ≥ 4 and
2n
n−2 < p < 2∗(n−1) = 2(n−1)

(n−1)−2 , or also in the case n = 3 and p > 2∗(3) = 6,

Theorem 6.4 does not gives counterexamples and Question 6.2 could have

a positive answer: it is still an open problem.

Moreover, let us mention the following question, which seems suggested

by the proof of Theorem 6.4: assume Ω has the k–dimensional homology

group Hk(Ω,ZZ /2 ZZ) 6= 0; does this assumption guarantee that P (Ω, p) has

(positive) solutions for 2 < p < 2(n−k)
(n−k)−2 , if n ≥ k + 3, and for all p > 2 if

n < k + 3?

On the other hand there exist examples of bounded contractible domains Ω

(the same ones introduced above), such that P (Ω, p) has positive or nodal

solutions for all p > 2:

Theorem 6.5 (see [29], [30], [31]). Let p > 2n
n−2 and Ωǫ1,...,ǫh be the

bounded contractible domains above defined (see (6.11)). Then there ex-

ists ǭ > 0 such that, for all ǫ1, . . ., ǫh in ]0, ǭ[ , problem P (Ωǫ1,...,ǫh , p) has at

least h distinct positive solutions uǫ1, . . ., uǫh and at least h2 nodal solutions

uǫi,ǫj (i, j = 1, . . ., h), having exactly two nodal regions (i.e. both u+
ǫi,ǫj and

u−ǫi,ǫj have connected support).

Moreover, for all i = 1, . . ., h, uǫi → 0 strongly in H1,2
0 as ǫi → 0 and

uǫi

‖uǫi
‖p

concentrates like a Dirac mass; for all i, j = 1, . . ., h, u+
ǫi → 0 in H1,2

0 as

ǫi → 0, u−ǫj → 0 in H1,2
0 as ǫj → 0, and

u+
ǫi

‖u+
ǫi
‖p

,
u−

ǫj

‖u−
ǫj

‖p
concentrate like

Dirac mass.

Sketch of the proof. Let us point out that, even if the solutions we find

in the supercritical case present qualitative properties and asymptotic be-

haviour, as ǫi → 0, analogous to the ones obtained in the critical case (see

Theorem 6.3), there is a deep difference from the point of view of the vari-

ational framework. In fact in the critical case the solutions in Theorem 6.3
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correspond to local minimum points, in the subspace of the radial functions,

for the energy functional constrained on M2∗(Ω). On the contrary, when

p > 2n
n−2 , the functional f constrained on Mp(Ω) has no local minimum

point, not even in the subspace of the functions having radial symmetry

with respect to the xn–axis.

The solutions in Theorem 6.5 are obtained using a special device: we modify

the functional introducing some obstacle in order to avoid some concentra-

tion phenomena, related to the lack of compactness, then we obtain the

solutions as local minimum points for the modified functional and, finally,

we prove that these modifications do not change the Euler–Lagrange equa-

tion, when ǫ1, . . ., ǫh are sufficiently small.

Moreover, the method used in the proof shows that, for all i = 1, . . ., h,
uǫi

‖uǫi
‖p

concentrates near the cylinder χiǫi (see (6.10)) as ǫi → 0, while

u+
ǫi,ǫj

‖u+
ǫi,ǫj

‖p
and

u−
ǫi,ǫj

‖u−
ǫi,ǫj

‖p
concentrate near χiǫi and χjǫj respectively, as the size

of these cylinders tends to zero. 2

Theorem 6.5 shows that it is possible to find an arbitrarily large number of

nontrivial solutions of P (Ω, p) in correspondence to several perturbations of

a given domain. On the other hand, it is possible to obtain many nontrivial

solutions even in correspondence to a unique perturbation, as shown by the

following theorem (but these solutions may have, conceivably, more than

two nodal regions).

Theorem 6.6 (see [32]). Let p > 2n
n−2 and, for all ǫ > 0, set

A = {x ∈ IRn : 1 < |x| < 2}
Cǫ = {x = (x1, . . ., xn) ∈ IRn :

∑n−1
i=1 x

2
i ≤ ǫ2, xn > 0}

Ωǫ = A\Cǫ.
Then, for all positive integer k there exists ǭk > 0 such that problem

P (Ωǫ, p) has at least 2k distinct solutions for all ǫ ∈ ]0, ǭk[ .

Moreover all the solutions tend strongly to zero in H1,2
0 as ǫ→ 0 and their

energy concentrates like a Dirac mass near a point of the xn–axis.

Sketch of the proof. The main tool is a truncation method: we modify

the nonlinear term near the region where concentration phenomena (and

lack of compactness) could occur; then we find infinitely many solutions of

the modified problem; finally we analyse the behaviour of these solutions
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as ǫ → 0 and show that many solutions of the modified problem (indeed

a number which goes to infinity as ǫ → 0) are solutions of P (Ωǫ, p) for ǫ

sufficiently close to zero, since they tend to concentrate outside the region

where the nonlinear term has been modified. 2

In conclusion, we have that in the critical case the nontriviality of the do-

main Ω is only a sufficient but not necessary condition in order to guarentee

the existence of nontrivial solutions for P
(

Ω, 2n
n−2

)
(because of the results

of [2], [12], [13], [23], etc...). On the contrary, when p > 2n
n−2 , this condition

is neither sufficient, nor necessary (as shown in [27], [28], [29], [30], [31],

[32]).

It is a widely open problem to find what kinds of geometrical properties of

the domain Ω are related to the solvability of P (Ω, p) for p > 2n
n−2 (for more

recent results on this subject, see also [19], [20], [21], [22] and references

therein).

6.3. Effect of lower–order terms

The first results in this direction have been stated by Brezis and Nirenberg

(see [5], [7]). First, let us observe that, in order to have positive solutions of

problem Pa(Ω, 2∗), it is essential that the linear operator −∆+a is positive,

i.e. the first eigenvalue

µ1 = min{fa(u) : u ∈ H1,2
0 (Ω),

∫

Ω

u2dx = 1}

is positive.

In fact, denoted by ϕ1 > 0 the corresponding eigenfunction, if u is a posi-

tive solution of Pa(Ω, 2∗), we obtain (multiplying by ϕ1 and integrating by

parts)

µ1

∫

Ω

uϕ1dx =

∫

Ω

u2∗−1ϕ1dx,

which implies µ1 > 0.

It follows that

Ia
def
= inf

M2∗ (Ω)
fa ≥ 0. (6.13)

When this infimum Ia is achieved, a minimizing function gives rise to a

positive solution of Pa(Ω, 2∗). Notice that we have always

Ia ≤ S,
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as one can easily verify testing the functional fa on a suitable sequence of

functions (see [5], [7]).

A useful tool, in order to prove that Ia is achieved, is given by the following

lemma.

Lemma 6.1 (see [5], [7]). Let a ∈ Ln/2(Ω) and assume that (see (6.13))

Ia < S. (6.14)

Then the infimum Ia is achieved.

The proof is based on the fact that every minimizing function is relatively

compact if Ia < S (indeed Palais–Smale condition holds in the energy range

] −∞, S[ : see [5], [6], [7], [17], [42]).

Thus the problem is to find concrete assumptions which guarantee that

(6.14) holds. The cases n = 3 and n ≥ 4 are quite different.

In the case n ≥ 4, the main result is the following

Theorem 6.7 (see [5], [7]). Assume Ω is any bounded domain in IRn,

with n ≥ 4. Then, the following properties are equivalent:

1) a(x) < 0 somewhere on Ω (it suffices in a neighbourhood of a point)

2) Ia < S (and so Ia is achieved).

In the special case where a(x) is a constant function, we obtain the follow-

ing corollary (other existence and multiplicity results, concerning the case

where a(x) is a negative constant, can be found for example in [9] and [10])

Corollary 6.1 (see [5], [7]). Let Ω be a bounded domain in IRn, with n ≥
4, and assume a(x) = −λ (constant).

Then problem P(−λ)(Ω, 2
∗) has at least one positive solution for 0 < λ < λ1

(λ1 denotes the first eigenvalue of −∆ in H1,2
0 (Ω)); P(−λ)(Ω, 2

∗) has no

positive solution for λ ≥ λ1; for λ ≤ 0 P(−λ)(Ω, 2
∗) has no solution if Ω is

a star–shaped domain.

Moreover the solution uλ, for 0 < λ < λ1, converges to zero in H1,2
0 (Ω) as

λ→ λ1, while concentrates like a Dirac mass as λ→ 0.
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The situation is more complicated in the case n = 3.

Theorem 6.8 (see [5], [7]). Assume Ω is any bounded domain in IR3 and

a(x) = −λ (constant) in Ω.

Then there exists a constant λ∗(Ω) ∈ ]0, λ1[ , such that

a) I(−λ) = S for λ ≤ λ∗(Ω) and I(−λ) is not achieved for λ < λ∗(Ω)

b) I(−λ) < S for λ > λ∗(Ω) and so there exists a positive solution for

λ∗(Ω) < λ < λ1 (no positive solution can exist for λ > λ1).

It is not clear what happens for λ ≤ λ∗(Ω); a complete solution is given

only in the case where Ω is a ball.

Theorem 6.9 (see [5], [7]). Assume Ω is a ball in IR3. Then λ∗(Ω) =
1
4λ1 (see Theorem 6.8) and there exists no positive solution of problem

P(−λ)(Ω, 2
∗) for λ ≤ 1

4λ1.

When a(x) ≥ 0 everywhere on Ω, then Ia = S and so Ia cannot be achieved

in any bounded domain Ω (otherwise S should be achieved too). Moreover

Pa(Ω, 2∗) cannot have solution in star–shaped domains, if a(x) is a nonneg-

ative constant (because of Pohozaev’s identity (6.6)).

However, let us emphasize that, even in the case a(x) ≥ 0 on Ω, problem

Pa(Ω, 2∗) may still have solutions; but these solutions cannot be obtained by

minimization arguments and correspond to higher critical values (obtained

by topological methods of Calculus of Variations). In fact, as shown by

Brezis in [5], in any bounded domain Ω it is easy to construct an example of

a nonnegative (noncostant) function a(x) such that Pa(Ω, 2∗) has solution:

fix ψ ∈ C∞
0 (Ω) such that ψ ≥ 0, ψ 6≡ 0, and let v be the solution of the

problem

{
∆v + ψ = 0 in Ω

v = 0 on ∂Ω

so that v > 0 on Ω. If we set

a = t2
∗−1v2∗−1 − ψ

v
,
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then a(x) is a smooth function. Moreover it is easy to verify that a(x) > 0

everywhere on Ω, if t is a sufficiently large positive constant, and that u = tv

solves problem Pa(Ω, 2∗). This example motivates Question 6.3.

Note that Pohozaev’s identity (6.6) shows that an obvious necessary condi-

tion for the existence of a solution for Pa(Ω, 2∗) is that [a(x)+ 1
2 (x ·Da(x))]

should be negative somewhere on Ω.

An answer to Question 6.3 is given in [24].

Theorem 6.10 (see [24]). Let Ω be a smooth bounded domain in IRn,

with n ≥ 3, and x0 be a fixed point in Ω. Let ᾱ ∈ Ln/2(Ω) and α ∈ Ln/2(IRn)

be two nonnegative functions and assume that ‖α‖Ln/2(IRn) 6= 0.

Then there exists µ̄ > 0 such that, for all µ > µ̄, problem Pa(Ω, 2∗),

with

a(x) = ᾱ(x) + µ2α[µ(x − x0)],

has at least one solution uµ. Moreover

S < fa

(
uµ

‖uµ‖2∗

)
< 22/nS

and

lim
µ→+∞

fa

(
uµ

‖uµ‖2∗

)
= S.

If we assume in addition that

‖α‖Ln/2(IRn) < S(22/n − 1), (6.15)

then Pa(Ω, 2∗) has at least another solution ûµ. Moreover

fa

(
uµ

‖uµ‖2∗

)
< fa

(
ûµ

‖ûµ‖2∗

)
< 22/nS

and

lim inf
µ→+∞

fa

(
ûµ

‖ûµ‖2∗

)
> S.

The proof is obtained using topological methods of Calculus of Variations.

An important tool is given by the results stated in [17] and [42], which

give a description of the behaviour of the Palais–Smale sequences and allow

us to prove that Palais–Smale condition is satisfied in the energy range

]S, 22/nS[ .
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Remark 6.4. Note that the assumption on the nonnegative function a(x)

in Theorem 6.10 seems to be fairly general. In fact, if we assume for example

that x0 = 0, ᾱ ≡ 0 and

α(x) =

{
1 if |x| ≤ 1

|x|−β if |x| > 1,

then, if β ≤ 2 (i.e. α /∈ Ln/2(IRn)) and Ω is a bounded domain star–

shaped with respect to zero, problem Pa(Ω, 2∗), with a(x) = µ2α(µx), has

no solution for any µ > 0, because of Pohozaev’s identity (6.6); on the

contrary, if β > 2 (i.e. α ∈ Ln/2(IRn)), Theorem 6.10 guarantees the

existence of solutions for µ large enough, without any assumption on the

shape of Ω (if µ is small enough and Ω is star–shaped, no solution can exist

because a(x) is constant in Ω).

Remark 6.5. The method used in the proof of Theorem 6.10 can be iter-

ated in order to obtain more general multiplicity results concerning func-

tions a(x) of the form

a(x) = ᾱ(x) +
h∑

i=1

µ2
iαi[µi(x− xi)],

where x1, . . ., xh are points in Ω, ᾱ in Ln/2(Ω) and α1, . . ., αh in Ln/2(IRn)

are nonnegative functions and λ1, . . ., λh are positive parameters. Indeed,

there exist at least h distinct positive solutions when the concentration

parameters µ1, . . ., µh are large enough, and at least 2h positive solutions

when, in addition, the functions α1, . . ., αh satisfy condition (6.15).

Note that it is not necessary to choose distinct concentration points in

order to obtain h or 2h distinct positive solutions: it suffices to choose only

the concentration parameters µ1, . . ., µh in a suitable way (some possible

choices of these parameters are described in [24]).

Remark 6.6. In [3] and [25] one can find some results concerning the case

where Ω = IRn.
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Consider the problem





∆u− [ǫ+ α(x)]u + u2∗−1 = 0 in IRn

u > 0 in IRn

∫
IRn |Du|2dx <∞,

where α in Ln/2(IRn), with α 6≡ 0, is a given nonnegative function and

ǫ ≥ 0.

In [3] it is proved that there exists at least one solution, under the assump-

tion that ǫ = 0 and α satisfies condition (6.15).

In [21] we show that there exist, for ǫ > 0 small enough, at least two

solutions, uǫ and ûǫ, such that

S < faǫ

(
uǫ

‖uǫ‖2∗

)
< faǫ

(
ûǫ

‖ûǫ‖2∗

)
< 22/nS,

where aǫ(x) = [ǫ + α(x)].

Moreover uǫ vanishes as ǫ→ 0, while ûǫ converges to a solution of the limit

problem.

Finally, let us mention a result (stated in [33]), where we exploit the

combined effect of both the lower–order terms and the domain shape.

Notice that the positive solutions uλ given by Corollary 6.1 concentrate as

λ→ 0 like Dirac mass near points of Ω. Indeed, for every family (ũλ)λ>0 of

functions in M2∗(Ω), such that f(−λ)(ũλ) ≤ S ∀λ > 0, there exists a family

of points (xλ)λ>0 in Ω such that the functions ũλ(x − xλ) tend, as λ → 0,

to δ0, the Dirac mass in zero.

This fact enable us to relate the topological properties of the sublevels of

the energy functional f(−λ) to the shape of the domain Ω. Thus, taking

also into account the behaviour of the Palais–Smale sequences described

in [5], [17], [42], it is possible to evaluate the number of positive solutions of

P(−λ)(Ω, 2
∗), when λ is a positive constant sufficiently close to zero, by the

Ljusternik–Schnirelman category of Ω, or by other topological invariants

(see [16], [33], [39]).

Theorem 6.11 (see [33]). Let Ω be a bounded domain in IRn, with n ≥ 4,

and denote by m its Ljusternik–Schnirelman category.

Then there exists λ̄ ∈ ]0, λ1[ such that, for all λ ∈ ]0, λ̄[, problem P(−λ)(Ω,
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2∗) has at least m distinct positive solutions, u1,λ, . . ., um,λ, such that

f(−λ)

(
ui,λ

‖ui,λ‖2∗

)
< S ∀i = 1, . . .,m.

If we assume in addition that Ω is not contractible in itself (i.e. m > 1),

then there exists another solution um+1,λ such that

S < f(−λ)

(
um+1,λ

‖um+1,λ‖2∗

)
< 22/nS.

Remark 6.7. The lower energy solutions u1,λ, . . ., um,λ converge weakly to

zero in H1,2
0 (Ω) as λ→ 0 and concentrate like Dirac mass near some points

of Ω. Moreover (see [40]) the concentration points are the critical points

of the regular part of the Green’s function for Laplace operator with zero

Dirichlet boundary condition.

The higher energy solution um+1,λ either converges as λ→ 0 to a solution

of the limit problem, or converges weakly to zero and can be decomposed

as sum of at most two functions whose energy concentrates like Dirac mass

near two points of Ω.

Finally, let us point out that, if Ω has some symmetry properties, then

the number of solutions may increase considerably: for example, if Ω is a

domain homotopically equivalent to the (k − 1)–dimensional sphere Sk−1

and is symmetric with respect to a point x0 /∈ Ω, then problem P(−λ)(Ω, 2
∗)

has, for λ > 0 small enough, at least 2k+1 solutions, even if the Ljusternik–

Schnirelman category of Ω in itself is only 2.
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concernant la courbure scalaire”. J. Math. Pures et Appl. 55, (1976), 269–
293.

[2] A. Bahri – J.M. Coron. “On a nonlinear elliptic equation involving the
Sobolev exponent: the effect of the topology of the domain”. Comm. Pure
Appl. Math. Vol. 41, (1988), 253–294.

[3] V. Benci – G. Cerami. “Existence of positive solutions of the equation −∆u+

a(x)u = u
N+2
N−2 in IRN ”. J. Funct. Anal., Vol. 88, n. 1, (1989), 90–117.
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7.1. Lecture 1. Introduction. Basics in Operator Theory

In 1910 in his lecture on Wolfskehl Congress on pressing problems in

Physics, Hendrik Anton Lorentz stated a mathematical problem inspired

by the radiation theory created just a few years earlier by James Jeans: to

prove that the asymptotic behavior of eigenvalues of the Dirichlet Lapla-

cian in a three-dimensional body depends only on the volume of the body,

and not on its form. This, considered as hopeless, problem was almost

immediately solved by Herman Weyl [28], who not only proved the above

conjecture but also created a number of mathematical tools which turned

out to be extremely useful for other problems as well. After Weyl, up to

now, the study of asymptotic behavior of eigenvalues of elliptic operators

has been one of the most actively developing fields of analysis, having deep

relations also with physics, geometry, topology, algebra and number theory.

In these lectures we give an introduction just to one direction in this big

field, the asymptotic properties of eigenvalues of operators where singular-

ities of various kind are present, such as unbounded domains, non-smooth

boundaries and coefficients, singular weight functions. It is for this kind

of problems, the original approach of Weyl proves to be most efficient.

The main ingredients in this approach are the variational setting of the

eigenvalue problem, a perturbational reasoning, and general eigenvalue es-

timates.

We are going to present some, now classical, as well and some recent

results in this direction. We address the interested reader to the book [23],

where other sides of the problem are discussed, as well as to more recent

publications [13].

The author wishes to express his gratitude to Prof. Massimo Lanza de

Cristoforis for creating the possibility to give these lectures at Minicorsi in

Padova, June 2003.

7.1.1. Variational principle

We consider a complex Hilbert space H (look [27], [8], [20] for details). Let

A be a self-adjoint operator in H, with domain D(A). To the operator A

we associated its quadratic form A[u] = (Au, u). If the operator is lower

semi-bounded, i.e.,

A[u] ≥ c||u||2, u ∈ D(A),
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the domain of the quadratic form, d[A], is the closure of D(A) with respect

to the norm |u|2A = A[u] − (c − 1)||u||2, which is called A-norm. Obvious

changes apply to upper semi-bounded operators.

As it is explained, e.g., in [20], [8], the operator itself can be recon-

structed once the quadratic form, together with d[A], is given. In singular

situations it is usually convenient to define operators by means of their

quadratic forms: the description of the domain of a singular operator is of-

ten very implicit, while the domain of the quadratic form can be described

explicitly.

It is known from linear algebra that a Hermitian matrix has an orthog-

onal eigenvector basis. A nontrivial analogy of this fact for operators in a

Hilbert space is given by the Spectral Theorem.

Theorem 7.1. Let A be a self-adjoint operator. Then there exists an

operator-valued function Et = Et(A), t ∈ (−∞,∞) commuting with

A, such that E∗
t = Et = E2

t , i.e. Et are orthogonal projections;

EtEs = Emin(s,t), E(−∞) = 0, E(∞) = I, s− limτ→t−0Eτ = Et, (Au, u) =∫∞
−∞ td(Etu, u), u ∈ D(A) and if A is semi-bounded, A[u] =

∫∞
−∞ td(Etu, u),

u ∈ d[A]. Et is called the spectral function of A.

The Spectral Theorem leads to the variational principle for the eigen-

value counting function. There are many different formulations of this prin-

ciple, the one most convenient for our purposes is called Glazman Lemma.

In order to count eigenvalues, we denote by N(λ) = N−(λ) = N−(λ,A)

the total multiplicity of the spectrum of A in the interval (−∞, λ), in other

words, N(λ) = dimEλ(A)H. Thus, N(λ) equals the number of eigenvalues

below λ, counting with multiplicities, provided the spectrum below λ is

discrete, and infinity otherwise. For upper semi-bounded operators set

N+(λ,A) = N−(−λ,−A); this function counts eigenvalues above λ.

Lemma 7.1 (Glazman Lemma). Let A be a lower (upper) semi-

bounded self-adjoint operator and M ⊂ d[A] be a linear subset, dense in

A-metric. Then

N±(λ,A) = max dim{L ⊂ M,±(A[u] − λ||u||2) < 0, u ∈ L \ {0}}. (7.1)

N±(λ,A) = min codim {L ⊂ d[A],±(A[u] − λ||u||2) ≥ 0, u ∈ L}. (7.2)

Here codim L for a subspace L ⊂ d[A] denotes the minimal number of

orthogonality conditions which determine L a. Minus and plus signs corre-

spond to upper resp. lower semi-bounded operators.
aTo save space we will omit u ∈ L in expressions like (7.1), (7.2) in the future.
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We explain the proof of (7.1), with ’minus’ sign; (7.2) is proved in a

similar way. Denote by K the subspace Eλ(A)H so N(λ) = dimK. Denote

by Ñ(λ) the quantity in (7.1). Assume that Ñ(λ) > N(λ). This means

that there exist some L, dimL > dimK, for which the inequality in (7.1)

holds. Then there must exist an u0 ∈ L, which is orthogonal to K, and

therefore, Eτu0 = 0, t < 0. Thus

A[u0] =

∞∫

−∞

td(Etu0, u0) =

∞∫

λ

td(Etu0, u0) ≥ λ||u0||2,

and this contradicts (7.1).

On the other hand, take some finite integer N ≤ dimK and an N -

dimensional subspace KN ⊂ K. On KN \ {0}, we have A[u] < λ||u||. Using

compactness reasoning and density of M, we can approximate KN by a

subspace LN of the same dimension N so that the above inequality still

holds. This gives N+(λ) ≥ N , and therefore Ñ(λ) ≥ N(λ).2

An important consequence of Glazman Lemma, which we will use

systematically, is that the counting function depends on the quadratic

form in a monotone way. Let, for example, two operators A1 and A2

correspond to quadratic forms A1[u], A2[u], so that d[A1] ⊂ d[A2] and

A1[u] ≥ A2[u], u ∈ d[A1]. Then in (7.1), the set of subspaces over which we

maximize, is larger for A2 than for A1, and therefore, N(λ,A2) ≥ N(λ,A1)

for any λ.

7.1.2. Compact operators

For a compact operator K, Glazman Lemma can be used with both signs,

and one can take the whole Hilbert space H as M. It is also useful to

consider compact operators which are not necessarily self-adjoint. Singular

numbers (or s-numbers) of K are defined as square roots of eigenvalues of

the compact non-negative operator K∗K. By n(t,K) we denote the dis-

tribution function of these s-numbers, n(t,K) = N+(t2,K∗K), t > 0, i.e.,

the quantity of s-numbers above t. For t > 0, set n±(t,K) = N±(±t,K),

the number of eigenvalues of proper sign, with absolute value larger than t.

If a self-adjoint operator A has discrete spectrum (and is invertible), then

eigenvalues of A are inverse quantities to eigenvalues of the compact opera-

tor A−1. Thus the study of eigenvalues of elliptic differential operators can

be reduced to the study of eigenvalues of their resolvents, which turns out

to be much more convenient. In particular, if the operator A is positive,

then N(λ,A) = N+(λ−1, A−1). For a non-semi-bounded A, if we denote by
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N (±)(λ,A), λ > 0, the number of eigenvalues of A between 0 and ±λ, one

has N (±)(λ,A) = n±(λ−1, A−1).

The spectral analysis of singular operators is based on perturbation

ideas. First one obtains the required formulas for a certain regular case,

and then studies what happens under a singular perturbation. The two

crucial inequalities here are the one by Herman Weyl,

n(t1 + t2,K1 +K2) ≤ n(t1,K1) + n(t2,K2)

having the form

n±(t1 + t2,K1 +K2) ≤ n±(t1,K1) + n±(t2,K2) (7.3)

for self-adjoint compact operators K1,K2, and the one by Ky Fan,

n(t1t2,K1K2) ≤ n(t1,K1) + n(t2,K2), t1, t2 > 0.

Complete proofs and generalizations can be found in [11], [25]; here we just

explain how (7.3) follows from Glazman Lemma. According to (7.2), we

can find subspaces L1,L2 such that

codim Lj = nj = N+(tj ,Kj); (Kju, u) ≤ tj ||u||2, u ∈ Lj .
If we set L = L1 ∩ L2, codim L ≤ codim L1 + codim L2 = n1 + n2, then

on L we have ((K1 + K2)u, u) ≤ (t1 + t2)||u||2. Again, applying (7.2), we

obtain N+(t1 + t2,K1 +K2) ≤ codim L ≤ n1 + n2. 2

7.1.3. Asymptotic perturbation lemma

Generally, one should expect that if one perturbs an operator with a weaker

one, the main properties must not change. The lemma we give here (estab-

lished first in [5]) assigns concrete meaning to this vague statement, as it

concerns asymptotics of the spectrum.

Lemma 7.2. Let K be a compact self-adjoint operator, and for some q > 0

and any ε > 0, K may be represented a sum, K = Kε +K ′
e, where

lim
t→+0

n±(t,Kε)t
q = c±(ε), lim sup

t→+0
n±(t,K ′

ε)t
q ≤ ε.

Then there exist limits limε→0 c±(ε) = c± and limt→+0 n±(t,K)tq = c±.

Proof. Fix some δ > 0. The Weyl inequality gives n+(t,K) ≤ n+(t(1 −
δ),Kε) + n+(tδ,K ′

ε). Passing to lim sup, we obtain

c
(+)
+ = lim sup

t→0
n+(t,K)tq ≤ c+(ε)(1 − δ)q + δ−qε.
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On the other hand, applying Weyl inequality to Kε = K+(−K ′
ε), we obtain

n+(t,K) ≥ n+(t(1 + δ),Kε) − n−(tδ,K ′
ε). Passing here to lim inf, we get

for c
(−)
+ = lim inft→0N+(t,K)tq:

c
(−)
+ ≥ limt→0 n+(t(1 + δ),Kε)t

q − lim supt→0 n−(tδ,K ′
ε)t

q

≥ c+(ε)(1 + δ)−q − δ−qε.

Thus

c+(ε)(1 + δ)−q − δ−qε ≤ c
(−)
+ ≤ c

(+)
+ ≤ c+(ε)(1 − δ)q + δ−qε. (7.4)

We set here δ = ε1/(q+1) so that δ−qε → 0. Then (7.4) gives c
(−)
+ = c

(−)
+ =

lim c+(ε). �

The original Weyl result dealt with the case when K = K0 + K ′, for

K0 the spectral asymptotics holds, and for K ′ the eigenvalues decay faster,

N±(t,K ′) = o(t−q). This fact will be also used here.

7.2. Lecture 2. Dirichlet Problem for the Weighted Lapla-

cian in Arbitrary Domains

7.2.1. The asymptotic formula

We present in this lecture the proof of the asymptotic formula for eigenval-

ues for the Dirichlet Laplacian in an arbitrary domain. As it often happens

in Mathematics, it turns out to be easier to prove a more general fact,

concerning the weighted Laplace operator.

Theorem 7.2. Let Ω ∈ Rd, d ≥ 3, be an arbitrary open set and p(x) be

a real function in L d
2
. Denote by −∆D the (minus) Laplace operator in Ω

with Dirichlet boundary conditions. By N (±)(λ,−∆D, p), λ > 0, we denote

the number of eigenvalues of the spectral problem

−∆Du(x) = µp(x)u(x) (7.5)

between 0 and ±λ. Then

lim
λ→+∞

(N (±)(λ,−∆D, p)λ
− d

2 ) = cd

∫

Ω

p±(x)
d
2 dx, (7.6)

where p± is the positive resp. negative part of p and the constant cd depends

only on the dimension, cd = (2π)−dωd, and ωd is the volume of the unit

ball in Rd.
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Remark 7.1. Note here that the only condition for the asymptotic formu-

las to hold is finiteness of the integral in the asymptotic coefficient. In low

dimensions, d < 3, a similar result does not hold, and the proof of a weaker

fact requires somewhat different technics.

7.2.2. Variational statement of spectral problems

Before explaining the proof of the theorem, we have to assign an exact

meaning to the spectral problem (7.5) since in a domain with ’bad’ bound-

ary the direct definition of the Dirichlet boundary conditions is impossible.

So, we start with a ’nice’, bounded domain, and let the function p be

smooth and bounded. Then the operator −∆D is well defined, and the

domain of its quadratic form, coinciding with the domain of its square root

L = (−∆D)1/2, is the Sobolev space H1
0 (Ω). The spectral problem (7.5) by

setting Lu = v is transformed to

Spv = sv, v ∈ L2(Ω), Sp = L−1pL−1, s = µ−1.

To the eigenvalue distribution of the operator Sp in the Hilbert space

H = L2(Ω) with norm ||v||2L2
= ||Lu||2L2

=
∫
Ω
|∇u|2dx, we apply Glaz-

man Lemma, taking as M the subspace C∞
0 (Ω), which is dense in H, thus

obtaining

n±(s, Sp) = max dim{L ⊂ M,±(Spv, v) > s||v||2)}.

Returning here to u = L−1v, we come to

n±(s, Sp) = max dim{L ⊂ M,±(pu, u) > s||Lu||2)}. (7.7)

or, in codimension terms,

n±(s, Sp) = min codim {L ⊂ H1
0 (Ω),±(pu, u) ≤ s||Lu||2)}. (7.8)

Thus, we obtain that the distribution of inverse eigenvalues sj = λ−1
j

of our problem is the same as distribution of eigenvalues of the operator Tp
defined in the Hilbert space H0

1 (Ω) with norm
∫
Ω |∇u|2dx by the quadratic

form (pu, u).

We extend this definition to arbitrary domains and arbitrary weight

functions. Consider the space H1
0 (Ω), the closure of C∞

0 (Ω) in the norm of

the Dirichlet integral,

J [u] = JΩ[u] = J1,Ω[u] =

∫

Ω

|∇u|2dx. (7.9)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

234 G. Rozenblum

By Ip[u] we denote the quadratic form
∫
Ω
p(x)|u|2dx. Under the conditions

of our theorem, the form Ip is bounded in H1
0 (Ω): the Hölder inequality

gives Ip[u] ≤ ||p||L d
2

||u||2q, q = 2d
d−2 , and the latter norm of u is estimated

by J [u] according to Sobolev inequality, ||u||2q ≤ CJ [u]. Thus the form

Ip defines a bounded self-adjoint operator Tp in H1
0 (Ω), and we say that

eigenvalues of this operator are inverse values to eigenvalues of the problem

(7.5). For eigenvalues of Tp the variational formulas (7.7), (7.8) are valid.

More generally, if we have a linear space M and two quadratic forms

A,B, B ≥ 0 on M, we denote by n±(t,A,B,M) the quantity

n±(t,A,B,M) = max dim{L ⊂ M,±A[u] > tB[u]}, t > 0, (7.10)

and, similarly, formulas with codimension.

In particular, for a nice domain, we can handle by means of (7.10) the

Neumann problem, for which the domain of the quadratic form is the space

H1(Ω), where C∞(Ω) is dense. So one has to take A = Ip,B = J,M =

C∞(Ω) or M = H1(Ω) in (7.10) to get the variational description of the

spectrum of the Neumann Laplacian with weight. Moreover, we can set

Dirichlet conditions only on a part Γ of the boundary of Ω and Neumann

conditions on the rest of the boundary, by taking as M in (7.10) the space

C∞
0 (Ω,Γ) consisting of functions which vanish near Γ.

The monotonicity of n±(t,A,B,M), discussed in Sect. 1, holds also in

this general situation: the quantity n+(t,A,B,M)(N−(t,A,B,M)) grows

when A grows (decreases), B decreases, or M extends. Also, if the space

M is the direct sum of, say, two subspaces, M = M1⊕M2, and the forms

A,B are split into the sum of two forms, A = A1 + A2, B = B1 + B2 so

that the forms with subscript j vanish on the subspace M2−j , then the

decomposition formula for eigenvalues holds,

n±(t,A,B,M) = n±(t,A1,B1,M1) + n±(t,A2,B2,M2).

All this follows directly from (7.10).

One more property will be used to establish stability of asymptotics of

the spectrum under weak perturbations.

Proposition 7.1. Let B[u] = B0[u] +B1[u] and the form B1 is weak with

respect to B1 in the following sense: for any ε > 0 there exists a subspace

Mε ⊂ M with finite codimension n(ε) such that |B1[u]| ≤ εB0[u], u ∈ Mε.

Then for any q,

lim
τ→0

tqn±(t,A,B,M) = lim
t→0

tqn±(t,A,B0,M),
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provided that the latter limit exists.

To establish the above relation it is sufficient to note that on the subspace

Mε, we have (1 − ε)B0[u] ≤ B[u] ≤ (1 + ε)B0[u], therefore if we have

some subspace Lt in M where A[u] ≤ tB[u] then on the subspace Lt∩Mε,

one has A[u] ≤ (1 + ε)tB[u], and the codimension of Lt differs from the

codimension of Lt ∩ Mε by no more than n(ε). This gives the estimate

from below,

lim sup
τ→0

tqn±(t,A,B,M) ≥ (1 + ε)−q lim sup
τ→0

tqn±(t,A,B0,M),

and then we use arbitrariness of ε. The inequalities from the other side

follows from the similar reasoning with dimensions. 2

7.2.3. Proof of the asymptotic formula

Now we can prove our Theorem on asymptotics. The proof goes in four

steps, where more and more general situations are handled.

Step 1. The domain Ω is a cube, the weight function p is constant.

Formula (7.6) holds both for Dirichlet and Neumann boundary conditions.

This case was considered in many textbooks in PDE (see, e.g., [9], [20]). The

eigenvalue equation admits separation of variables, eigenvalues are found

explicitly and the asymptotic formula is obtained directly.

Step 2. The domain Ω can be cut into a finite set of (open) cubes Qj ,

and p is constant, p = pj on each cube Qj. Formula (7.6) again holds both

for Dirichlet and Neumann boundary conditions. This is explained in the

following way. The distribution of Neumann eigenvalues in Ω is described

by N±(t, Ip, J, C
∞(Ω)). Now extend here C∞(Ω) to ⊕(C∞(Qj)) and re-

place the forms Ip, J by the sums of the forms Ip,Qj , JQj corresponding to

integration over Qj . According to monotonicity property, the number of

eigenvalues increases. The decomposition rule, after this, gives the inequal-

ity

n±(t, Ip, J, C
∞(Ω)) ≤

∑
n±(t, Ip,Qj , JQj , C

∞(Qj)).

For each term in the latter sum the asymptotics is found in Step 1; adding

up the asymptotic coefficients, we obtain the required estimate from above

for the eigenvalue asymptotics for the Neumann problem. For Dirichlet

problem we establish the estimate from below, by similar reasoning. Re-

place in n±(t, Ip, J, C
∞
0 (Ω)) the space C∞

0 (Ω) by a smaller space ⊕C∞
0 (Qj),

and split the forms Ip, J as above. Then, due to the monotonicity property,

and decomposition rule we obtain
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n±(t, Ip, J, C
∞
0 (Ω)) ≥

∑
n±(t, Ip,Qj , JQj , C

∞
0 (Qj)).

Again, for the terms on the right-hand side, the asymptotics is found in

Step 1. Adding the asymptotic coefficients, we obtain the estimate from

above for the eigenvalue asymptotics for the Dirichlet problem, by the same

quantity.

Step 3. Ω is arbitrary, the weight p has support in a smaller bounded

domain Ω0, so that Ω0 and p satisfy conditions of Step 2. Here the asymp-

totic formula is established in the following way. Consider Ω1 = Ω \ Ω0.

We replace in n±(t, Ip, J, C
∞
0 (Ω)) the space C∞

0 (Ω) by a smaller space

C∞
0 (Ω0) ⊕ C∞

0 (Ω1), in other words, require that functions vanish not only

near the boundary of Ω, but also at the boundary on Ω0. Correspondingly

split the forms Ip and J into the terms containing integration over Ω0 and

Ω1. Therefore, following monotonicity and decomposition rules, we get the

estimate from below,

n±(t, Ip, J, C
∞
0 (Ω)) ≥ n±(t, Ip, J, C

∞
0 (Ω0)) + n±(t, Ip, J, C

∞
0 (Ω1)).

However the last term vanishes, since Ip = 0 on Ω1, and for the first term

to the right the asymptotics is established on Step 2. To get an estimate

from above, replace C∞
0 (Ω) by a larger space C∞(Ω0)⊕C∞(Ω1, ∂Ω0), i.e.,

admitting a discontinuity at the boundary of Ω0. Again, we use monotonic-

ity and decomposition, and the term corresponding to Ω1 vanishes, while

the term corresponding to Ω0 is already taken care of on Step 2.

Step 4. The general case. For a fixed ǫ > 0 find a weight function

pε satisfying condition of Step 3, so that the function p′ε = p − pε has

small norm in Lp, ||p′ε||L d
2

≤ ε. Correspondingly, the operator Tp splits into

the sum Tp = Tpε + Tp′ε . For the operator Tpε the asymptotic formula is

established on Step 3. As for the operator Tp′ε , there is an estimate for its

eigenvalues, we formulate now.

Theorem 7.3 (CLR-estimate.). Under the conditions of Theorem 7.2,

the estimate holds

n±(t, Tp) = n±(t, Ip, J, C
∞
0 (Ω)) ≤ Ct−

d
2

∫
p

d
2
±dx (7.11)

with constant C depending only on the dimension d.

We will discuss this estimate and its generalizations in Lecture 4.

But now, the proof of the asymptotic formula for eigenvalues is con-

cluded by applying the asymptotic perturbation Lemma 7.2. In fact,
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we have for the operator Tpε the asymptotic formula limn±(Tpε)t−
d
2

= cd
∫

(pε)
d
2
±dx. Together with (7.11) for T ′

pε
, Lemma 7.2 gives that

limn±(t, Tp)t
d
2 = lim

ε→0
cd

∫
(pε)

d
2
±dx = cd

∫
p

d
2
±dx.

7.3. Lecture 3. Second Order Elliptic Operators

With Singularities

The approach described in the previous lecture enables one to prove asymp-

totic formulas for a very general class of elliptic operators, with various

types of singularities. In this lecture we show how it works for second order

elliptic operators with non-smooth, unbounded coefficients.

7.3.1. Statement of the problem

Again we start with the classical setting, and then state the eigenvalue

problem in the quadratic form language.

So, let A be an operator in divergence form, A = −∑ ∂jajk∂k in a

domain Ω ⊂ Rd. The Hermitian coefficient matrix a(x) = (ajk(x)) ∈ Ld,loc

consists of measurable functions so that
∑

ajk(x)ξjξk ≥ ν|ξ|2, ν > 0, ξ ∈ Cd.

Thus we admit unbounded coefficients, without any smoothness conditions.

We also introduce the weight function p(x). The spectral problem we are

going to consider is

Au(x) = λp(x)u(x) (7.12)

with Dirichlet, and for certain nice domains, Neumann boundary condi-

tions. Of course, in such general conditions, it is impossible to describe

explicitly the domain of operator A, so we pass to the quadratic forms

formulation, using our reasoning in Lecture 2 as a pattern.

Define the quadratic form Ja[u] =
∫

(a∇u,∇u)dx on functions u ∈
C∞

0 (Ω), and denote by H1
0 (a) the closure of C∞

0 (Ω) in this metric. In the

space H1
0 (a) ⊂ H1

0 (Ω) consider the operator Ta,p generated in H1
0 (a) by

the quadratic form Ip[u] =
∫
Ω
p|u|2dx. The eigenvalues of this operator

are, in the ’regular’ case (everything is smooth), the inverse quantities to

eigenvalues of (7.12). In the ’non-regular’ case we define eigenvalues of

(7.12) as the inverse to eigenvalues of Ta,p. According to the Glazman
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lemma, for their distribution function n±(t, Ta,p) = n±(t, Ip, Ja, H
1
0 (a)) the

variational formula holds,

n±(t, Ta,p) = max dim{L ⊂ H1
0 (a),±Ip[u] > tJa[u]}. (7.13)

For domains with nice boundaries we can also consider the Neumann bound-

ary conditions. The corresponding eigenvalue counting function is defined

in the same way. Indeed, one just has to replace the space C∞
0 (Ω) by

C∞(Ω) as in Lecture 2. Now we formulate the spectral asymptotics result.

Theorem 7.4. Let a ∈ Ld,loc(Ω), p ∈ L d
2
(Ω), d > 2. Then for the eigen-

values of the problem (7.12) the asymptotic formula holds

lim
t→∞

(n±(t, Ta,p)t
d
2 ) = cd

∫

Ω

p±(x)
d
2 det a(x)−

1
2 dx. (7.14)

We remark that the conditions of the theorem imply, via Hölder inequal-

ity, that the coefficient in (7.14) is finite. Compared with results for the

weighted Laplacian, the former conditions are, in fact, more restrictive than

this finiteness. To be more precise, the coefficient in (7.14) may be finite,

due to cancellation of singularities in p and in det a but the theorem cannot

take into account this cancellation. Up to now, this cancellation property

is not yet completely studied. We will also need the same asymptotic result

for the Neumann problem in a cube.

We are going to prove our theorem along the lines of the proof of The-

orem 7.2. Analyzing this proof, we can see that already on Step 1 we

encounter an obstacle, since for variable coefficients one cannot separate

variables and find eigenvalues in a cube explicitly. Skipping this for a mo-

ment, we see that Steps 2 and 3 go through without any changes, as well

as Step 4, as soon as we obtain a variable coefficients version of the CLR

estimate. We will see in a moment, that this estimate is needed in Step 1

as well.

So we turn our attention to Step 1: the asymptotic formula (7.14) holds,

for Dirichlet and Neumann cases, for Ω being a cube Q and p being a con-

stant. To establish this, we consider the case of a smooth, non-degenerate

operator first.

Proposition 7.2. The asymptotic formula (7.14) holds for Ω = Q, p =

const ,a ∈ C∞.

This result is a classical one, see, e.g., [1].
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7.3.2. Step 1, perturbation

We pass now to the non-regular case. Let a(x) be a matrix satisfying the

conditions of theorem, and for fixed ε > 0 aε(x) ≥ N0 be a smooth non-

degenerate matrix such that ||a − aε||Ld
≤ ε. It is easy to show that such

approximation exists. Denote by A,Aε self-adjoint operators in L2(Q) de-

fined by the quadratic forms Ja, Ja,ε. To compare the spectral asymptotics

of these operators, having in mind applying our asymptotic perturbation

lemma (Lemma 7.2), we consider inverse (compact, as it turns out) op-

erators, and study the difference Rε = A−1 − A−1
ε . Here one has to be

rather cautious in writing the expression for this difference. In particular,

one cannot apply directly the formula well known from the linear algebra,

A−1−B−1 = A−1(B−A)B−1 due to the fact that the operators A,B = Aε
have different domains. One comes to an absolutely paradoxical result if

one tries to apply the latter ’identity’ to A,B being operators corresponding

to different sets of boundary conditions for one and the same differential

operatorb.

So we apply a different approach, proposed initially by M. Birman in [4].

We consider Dirichlet problem at the moment.

Proposition 7.3 (Resolvent identity).

A−1 −A−1
ε =

∑

j,k

L∗
jkKj , Ljk = (ajk − aε,jk)∂kA

−1
ε ;Kj = ∂jA

−1. (7.15)

To prove the formula, we take arbitrary functions u, v ∈ L2 and consider

the sesquilinear form of the operator Rε :, (Rεu, v) = (u,A−1v)−(A−1
ε u, v).

Set f = A−1u, g = A−1
ε v, f, g = 0 on ∂Q.Then we have (Rεu, v) = (Af, g)−

(f,Aεg). Integration by parts gives

(Rεu, v) =
∑

j,k

∫

Ω

(∂jf)(ajk − ajk,ε)∂kgdx =
∑

j,k

(∂jf, (ajk − ajk,ε)∂kg).

Setting again f = A−1u, g = A−1
ε g, we come to (Rεu, v) =

∑
(Kju, Ljkv)

=
∑

(L∗
jkKju, v), and this proves our proposition.

Now we formulate two more types of CLR-estimate - we prove them in

Lecture 4.

Proposition 7.4. For operators Kj and Lkj the following estimates hold

n(t,Kj) ≤ Ct−d, (7.16)

btry to find correct formula here.
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lim sup
t→0

n(t, Ljk)td ≤ C

∫

D

|ajk − ajk,ε|ddx. (7.17)

The constants in (7.16), (7.17) depend only on the dimension d and the

ellipticity constant ν0.

Note that in (7.17) the estimate holds only in the limit; (7.16) is uniform

in t.

Now we apply the Ky Fan inequality to the product of operators L∗
jkKj ,

n(t1t2, L
∗
jkKj) ≤ n(t1, Ljk)+n(t2,Kj) and set, for given t, t1 = ε

1
2d t

1
2 , t2 =

ε−
1
2d t

1
2 . Passing then to t → 0 and using (7.16), (7.17), we come to

lim sup t
d
2 n(t, L∗

jkKj) ≤ Cε
d
2 .

There are only a finite, no more than d2, terms in the representation

(7.15) of the difference A−1−A−1
ε , therefore Weyl’s inequality for s-numbers

gives us

lim sup t
d
2 n±(t, A−1 −A−1

ε ) ≤ Cε1/2.

As a result, we can see that we are in conditions of the Asymptotic

Perturbation Lemma from Lecture 1. Applying this Lemma, we arrive

at the asymptotic formula (7.14), with constant p, for eigenvalues of the

Dirichlet problem in the cube.

The proof of asymptotics for the Neumann problem is somewhat more

involved. Shortly, the reasoning goes as follows. Consider a smaller con-

centric cube Qε, with dilation coefficient 1 − ε. If 1 = pε + p′ε, with pε
having support in Qε and p′ε in Sε = Q \ Qε, a CLR-estimate gives that

by replacing 1 by pε one changes the asymptotical coefficient just slightly,

controlled by ε. Next, consider the operator S : H1(a) → H1
0 (a), mul-

tiplication by a compactly supported smooth function having value 1 on

Qε. One can show that this operator maps any subspace in H1(a) where

the inequality Ipε [u] ≥ tJa[u] holds to a subspace in H1
0 (a) where a similar

inequality holds, Ipε [Su] ≥ t((1− ε)Ja[Su]−Cε||u||2) thus returning to the

Dirichlet problem. The last term does not influence the leading term of

asymptotics, as it follows from Lemma 7.3 below and Proposition 7.1, and

can be omitted. Finally, one can again, by the price of slightly changing

the asymptotics, return the previously omitted term with p′ε and arrive at

Dirichlet problem, for which asymptotics is just established. The details

can be found in [6].
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7.3.3. Conclusion of the proof

Following the lines of the reasoning in Lecture 2, we perform Steps 2 and 3

– the manipulations are made only with domains and the weight function

p, and they do not change when passing to variable coefficients.

To finish the proof, we have to make Step 4, passing from the operator

with a piecewise constant weight pε to a general one. To accomplish it, we

need one more CLR-type estimate.

Proposition 7.5. Under conditions of Theorem 7.4, the estimate holds

n±(t, Ta,p) ≤ C||p±||
d
2

L d
2

t−
d
2 , (7.18)

with a constant depending only on the dimension d and the ellipticity con-

stant ν0 .

Provided this estimate is established, the proof is concluded exactly as it

was done in Lecture 2, by approximating p by a piecewise constant function

and applying the perturbation lemma.

Comparing the proofs of Theorems 7.2 and 7.4, we can see two principal

ingredients one needs: the first one, the asymptotics of the problem in a

regular case, and the second one, estimates of eigenvalues in the general

case, involving integral characteristics of coefficients in the problem. Even

in more general situations, the same two ingredients are decisive. For regu-

lar cases, asymptotic formulas were mostly obtained quite long ago. In the

next lecture we are going to discuss the CLR-type estimates.

7.4. Lecture 4. CLR-type estimates

It was, probably, in [20], that the name ‘CLR-estimate’ has appeared.

The notation is deciphered as Cwikel-Lieb-Rozenblum after the names

of the persons who gave three first, independent, proofs of the estimate

(see [10], [17], [21]). The need for this kind of eigenvalue estimates was felt

quite long ago, and it was explicitly formulated by B. Simon in 1973, as a

conjecture, without knowledge that it had been already proved in [21]. In

the narrow sense, the CLR estimate is the estimate (7.11), however both

in [10], [17], [21] as well as in the later publications [16], [15], [24], more gen-

eral situations are covered, the scope of generalization depending in each

case on the method of the proof, since the existing proofs use quite different

machinery. Generally, CLR-type estimates are estimates of the spectrum
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of differential eigenvalue problems, having correct order and expressed in

the terms of integral norms of coefficients.

Among existing proofs, each can handle (7.11), (7.16) and (7.18). How-

ever (7.17) can be proved (at the present state of knowledge) only by the

method of the original paper [21]. Most publications on this matter are

rather obscure and/or are only in Russian (see [21], [6], [7]). Probably, the

most accessible source where this method is presented is [18], however the

forms containing first derivatives only, like our Ja, are considered there.

The estimate (7.17) requires forms of the second order. Therefore to give

this reference is not sufficient, and we have to describe more details here.

We start by explaining some results from geometry and function theory

on which the proof is based.

7.4.1. Covering lemma

We are going to consider coverings of domains (mostly, cubes) by closed

cubes or bricks ∆, parallelepipeds in Rd with ratio of longest and shortest

edges not larger than 2. Corresponding open sets ∆ do not necessarily

form a covering, but the part which is not covered has measure zero and

therefore is not essential. We say that the covering Ξ of a domain U has

multiplicity not greater than κ if each point of U is interior to no more

that κ bricks in Ξ. Covering with multiplicity 1 is called partition.

Proposition 7.6 (Covering lemma). Let J be a measure, absolutely

continuous with respect to Lebesgue measure on the cube Q ⊂ Rd . Then,

for any n ≥ 1, there exists a covering Ξ of Q by no more than n bricks

∆ ⊂ Q with multiplicity not greater than 2d, and for any ∆ ∈ Ξ

J (∆) ≤ κn−1J (Q), κ = 2d+1. (7.19)

Remark 7.2. This is a simple version of the covering lemma in [21]. A more

complicated lemma is needed in the proof of estimates of non-uniformly

elliptic equations, see [18].

Proof. There are several ways of establishing this lemma. It may be

derived from the general covering principle by M. de Guzman [12], or from

a covering theorem due to Besicovitch [2]. We give a somewhat simplified

original proof from [21](see also [18]). Set J(Q) = ρ. We call the set

G ⊂ Q “poor” if J (G) ≤ ρκn−1 and “rich” if J (G) ≥ ρκn−1 (in the case

of equality, G is both rich and poor). Our aim is to cover Q by not more

than n poor bricks.
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Let ∆ be some rich cube with edge l. Then at least one of the following

possibilities takes place:

i) ∆ can be covered by not more than 2d poor bricks ∆j ⊂ ∆;

ii) ∆ can be cut into m1 poor cubes and m2 rich cubes, where m1 < 2d,

m2 ≥ 2;

iii) there exists a rich cube ∆′ ⊂ ∆ such that the set S = ∆\∆′ is also

rich but can be covered by not more than d poor bricks.

To justify this assertion, we cut ∆ into 2d equal cubes with edge l/2.

If they are all poor, we have case i; if at least two of them are rich, we

have the case ii. Hence, suppose that only one of small cubes, namely ∆1,

is rich and all the others are poor. If the set S1 = ∆\∆1 is rich, we have

the case iii. Otherwise, introduce the family of cubes ∆t, with edge tl/2,

which are cut out of the same corner of ∆, as ∆1; St = ∆\∆t. For any

0 < t ≤ 1, as one can easily see, St can be covered by d bricks, lying in St.

When t decreases from 1 to 0, the function J (∆t) decreases continuously to

0 and the function J (St) grows continuouslyc. Set t1 = sup{t,∆t is poor},

t2 = inf{t, St is poor }. If t1 ≥ t2, then ∆t1 , St1 are both poor, and we

have the case i, since all bricks covering St1 are also poor. If t1 ≤ t2 then

∆t2 and St2 are both rich and we have the case iii.

The construction of the covering in question goes inductively. The con-

tinuation procedure consists in the following. Suppose that we already have

a partition of Q into cubes (both rich and poor) and rich sets of the form

S, as in iii. We apply the previously described construction to those rich

cubes for which the cases ii or iii take place, getting a new partition.

We start with the trivial covering of Q by itself. We assume n ≥ κρ,

otherwise the trivial covering of Q is the one we need. We apply the con-

tinuation procedure successively. At each step, the number of rich sets of

the partition increases, however it cannot exceed κ−1n. This means that

after several steps, in our partition there will be only poor cubes (n1 in

number), n2 rich cubes satisfying i, and n3 rich sets S, as in iii.

We have n1 ≤ (2d − 1)n2, since in our procedure, poor cubes are pro-

duced only in the case ii, and one new rich cube produces no more than

2d− 2 poor ones. So, the inequality n2 ≤ κ−1n implies n1 ≤ (2d− 2)κ−1n.

Finally, we cover all remaining rich cubes and sets Sk by poor bricks, as in

cases i and iii, which produces no more than 2d(n2 + n3) ≤ 2dκ−1n poor

bricks; there are no more than 2d+1κ−1n = n bricks altogether, giving us

the desired covering. Our bricks start overlapping only on the final stage

cIt is in this place only that absolute continuity of the measure is needed. This condition
can be relaxed, see [6].
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(we dealt only with partitions before), so the multiplicity of the covering is

not greater than κ. �

7.4.2. Functional inequalities

Another ingredient in the proof of CLR estimates is functional inequalities

in Sobolev space on cubes and bricks. The sense of these inequalities is

that on a subspace of a certain finite codimension in the Sobolev space, the

standard Sobolev norm is equivalent to its leading term, containing only

highest order derivatives. Such inequalities were obtained by S. Sobolev on

early stages of development of the theory of spaces; we however can give a

simple proof based on the variational principle described in Lecture 1.

We denote by ||∇lu||2∆ the leading term in the norm in the Sobolev

space,

||∇lu||2L2(∆) =
∑

|α|=l

∫

∆

|Dαu|2dx,

where sum spreads over multi-indices α of height l. The usual Sobolev

norm is given by

||u||2Hl(∆) = ||∇lu||2∆ + ||u||2L2(∆) = Jl[u] + I[u]. (7.20)

Lemma 7.3. For any τ > 0 and brick ∆ there exists a subspace L ⊂ H l(∆)

and a constant c(d, l) such that codim L ≤ N = N(d, l, τ) and

τI[u] ≤ c(d, l)(meas ∆)−
2l
d Jl[u]. (7.21)

We will use (7.21) both for a fixed τ = 1, where the constant and

codimension of the space depend only on d, l, and for arbitrary τ where we

do not control codimension.

Proof. First let ∆ be the unit cube. Consider the operator T (a compact

one, due to the Friedrichs-Sobolev embedding theorem) generated in the

Sobolev spaceH l(∆) by the form I[u]. For any t the number n(t, T ) is finite.

Take t = 1
2τ . Due to the variational principle (7.2), there exist a subspace L

of a finite codimension N = N(d, l, τ) such that I[u] ≤ 1
2τ (Jl[u] + I[u]), u ∈

L, The latter inequality implies

τI[u] ≤ Jl[u], u ∈ L, (7.22)

i.e. (7.21) for the unit cube. Next, perform a linear transformation of the

unit cube to a brick ∆0, with largest edge having unit length. Each term

in Jl will multiply by a factor, lying in a fixed interval, [1, 22l−d]; the form
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I gets a factor lying in the interval [1, 2−d]. Therefore, for the transformed

subspace L, the inequality (7.21) holds, with some other constant c, lying

in a fixed interval, not depending on the brick. Finally, perform the dila-

tion, with some coefficient κ of the ∆0 to some other brick ∆1. Due to the

homogeneity properties of I, Jl, these forms get coefficients, respectively,

κ−d, κ2l−d which are of the order, respectively meas ∆−1
1 ,meas ∆

2l
d −1
1 . Set-

ting this in (7.22), we get (7.21). �

Lemma 7.4. Let ∆ be a brick, 0 < 2(l − r) < d, p ∈ Lq, q = d
2(l−r) and β

be some multi-index of length r. Then there exists a subspace L ⊂ H l(∆)

of codimension less than N(d, l, r) and constant c(d, l, r) such that

Ip,β [u] =

∫

∆

p(x)|Dβu|2dx ≤ c(d, l, r)||p||qJl[u], u ∈ L. (7.23)

Proof. First, let ∆0 be a brick with a unit longest edge. We apply the

Hölder inequality to Ip,β , Ip,β [u] ≤ ||p||q||Dβu||22q
q−2

. Then from the Sobolev

embedding theorem it follows that Ip,β [u] ≤ C||p||q||u||2Hl . Now, if u belongs

to the subspace L, the H l norm can be replaced by its leading term, Jl,

with a controlled worsening of the constant. This establishes (7.23) for ∆0.

In order to pass to an arbitrary brick, we make a dilation and note that

both parts in (7.23) have the same homogeneity orderd. �

We use one more inequality of this sort when proving Proposition 7.4.

Lemma 7.5. Let A be a second order self-adjoint elliptic differential op-

erator with smooth coefficients in a brick ∆, with Dirichlet or Neumann

boundary conditions. Then there exists a subspace LA in the domain of A,

having a finite codimension , such that

||Au||2 ≥ ν−2
0 C||∇2u||22, u ∈ LA,

with constant C depending only on the dimension.

Proof. For a smooth elliptic operator, the coercive inequality holds,

||Au||2 ≥ Cν−2
0 ||∇2u||22 − C′||u||22, u ∈ D(A). We apply Lemma 7.3 to

find a subspace L where the second term can be omitted. �

dIt is this statement that fails in low dimensions, d ≤ 2(l−r) and this prevents one from
having good eigenvalue estimates in such dimensions.
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7.4.3. Proof of CLR-type estimates

We have two kinds of estimates. Some of them hold for t small enough

only, others are uniform in t. The first kind of estimates is proved by the

following reasoning.

Let Q ⊂ Rd be a cube. We study the quantity n±(t, Ip,β , Jl, Hl(Q)),

0 ≤ |β| = r < l, 2(l − r) < d. Consider the functions of sets J±(G) =∫
G p±(x)qdx, q = d

2(l−r) (separately for plus and minus). We apply to

J± our covering lemma, getting, for given n a covering Ξ with controlled

multiplicity, by no more than n bricks, so that J±(∆) ≤ Cn−1J±(Q) for

any brick ∆. According to Lemma 7.3, for each brick ∆ there exists a

subspace L∆ ⊂ H l(∆) where the inequality

Ip,β,∆[u] ≤ Cn−q−1J±(Q)q
−1

Jl,∆[u] (7.24)

holds, the codimension of L∆ bounded from above by some constant κ1.

Consider the subspace Ln in H l(Q) consisting of functions for which re-

striction to any brick ∆ in the covering belongs to L(∆). Since each

L(∆) is defined by no more than κ1 orthogonality conditions, the sub-

space Ln is defined by no more than nκ1 orthogonality conditions, so

it has codimension no larger than nκ1. Summing the inequalities of the

form (7.24) over all bricks and taking into account the bound for multiplic-

ity, we get Ip±,β,Q[u] ≤ Cn−q−1 (∫
p±(x)qdx

)q−1

Jl,Q[u]. Now, for a given

t ≤ J±(Q)q
−1

, we take n ∈ [nt, 2nt], nt = t−qJ±(Q). Then the construction

above performed for this n produces a subspace L in H l(Q) of codimension

not greater that Cn ≤ Ct−qJ±(Q) on which Ip±,β,Q[u] ≤ CtJl,Q[u], and

this, according to the variational principle, proves the CLR estimate

n±(t, Ip±,β
, Jl, H

l(Q)) ≤ Ct−q
∫

Q

pq±dx, (7.25)

for t ≤ J±(Q)q
−1

.

All estimates we used in Lectures 2,3 follow from (7.25). We start with

Theorem 7.3.

Suppose first that Ω is bounded. Then n± increases if we replace Ω

by a cube Q ⊃ Ω, with the weight p extended by zero. For t ≤ J (Q)q
−1

,

β = 0, l = 1, (7.25) coincides with (7.11). In order to take care of large

t, just note that from the Hölder and Sobolev inequalities it follows that

Ip± [u] ≤ CqJ (Q)q
−1

J1[u], u ∈ H1
0 (Q), thus for t > CqJ (Q)q

−1

we have

n±(t, Ip± , J1, H
1
0 (Q)) = 0. Thus, by certain increasing the constant, we

justify (7.11) for all t.
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As for an unbounded domain, note first that the monotonicity prop-

erty allows one to consider only the case Ω = Rd. We use the variational

principle in the form (7.1). Suppose that for some fixed t, on some finite-

dimensional subspace L ⊂ C∞
0 (Rd), the inequality in (7.1) holds. Then

supports of all functions in L are contained in some cube Q, therefore,

the above uniform estimate for this cube can be applied, which gives the

required bound.

The estimate (7.18) follows from (7.25) due to monotonicity and the

inequality Ja[u] ≥ ν0J1[u].

Next, we pass to (7.16). We representKj = (∂jA
− 1

2 )A− 1
2 . The operator

∂jA
− 1

2 is bounded due to the inequality ||∂ju||2 ≤ ν−1
0 Ja[u], and therefore

n(t,Kj) ≤ n(tν0, A
− 1

2 ) = n(t2ν2
0 , A

−1). For the latter quantity we have

the variational description as n(t2ν2
0 , I1, Ja), H0(a), and due to ellipticity

condition Ja[u] ≥ ν0J1[u]. Now monotonicity and the estimate (7.11) give

(7.16)

Next the quadratic form of the operator L∗
jkLjk in (7.15) can be written

as ||b∂kA−1
ε u||2, with b = ajk−ajk,ε. Setting here u = Aεv, one can describe

the distribution function of s-numbers ofLjk as n(t, I|b|2,βk
, ||Aεv||2, H2

0 (Q))

where βk is the multi-index having 1 on the place k and zeros on other

places. According to Lemma 7.5, on some subspace L0 ⊂ H2
0 (Q) with

finite codimension, the norm ||Aεv||2 can be replaced by C||∇2v||2. Now,

on this subspace we apply (7.25) with r = 1, l = 2, β = βj and b = p2. This

gives the required estimate (7.17).

7.5. Lecture 5. Magnetic Schrödinger Operators and Semi-

Group Domination

7.5.1. Schrödinger operator and eigenvalue estimates

One of the most important applications of the CLR-estimate was the bound

for eigenvalues of the Schrödinger operator in Rd, d ≥ 3. Let V ∈ L1,loc

be a real function satisfying condition V+ ∈ L d
2
. We consider the quadratic

form H [u] = HV [u] =
∫
|∇u|2dx −

∫
V |u|2dx = J [u] − IV [u]. This form,

as it follows from Hölder and Sobolev inequalities, is lower semi-bounded

and defines the operator H = HV in L2(Rd), the Schrödinger operator

corresponding to the differential expression Hu = −∆u − V u. We are

interested in the number of negative eigenvalues of H . According to the

variational principle, N−(0, H) = max{dimL ⊂ C∞
0 , J [u] − IV [u] < 0}.
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Moving IV [u] to the left-hand side in the latter inequality, we get

N(0, H) = max{dimL ⊂ C∞
0 , J [u] < IV [u]} = n+(1, IV , J, C

∞
0 ). (7.26)

Thus, the number of negative eigenvalues of the Schrödinger operator equals

the number of eigenvalues in (0, 1) of the weighted Laplacian . Applying

here the CLR-estimate (7.11), we get

N(0, HV ) ≤ C

∫
V+(x)

d
2 dx, (7.27)

which is called the CLR-estimate in the literature. The easy transformation

which led us to (7.26) is the most simple case of Birman-Schwinger principle

[3], the powerful tool in the spectral analysis of Schrödinger-like operators.

Replacing in (7.26) V by sV , s→ ∞, i.e., introducing the coupling constant,

we get the equality N(0, HsV ) = n+(−1, sIV , J, C
∞
0 ) = n+(s−1, IV , J, C

∞
0 ),

and Theorem 7.2 gives us the large coupling constant asymptotics of

N(0, HsV ),

N(0, HsV ) = cds
d
2

∫
V

d
2

+ dx+ o(s
d
2 ). (7.28)

7.5.2. Semi-groups, Positivity

Another object related to the Schrödinger operator is the heat semi-group.

If Z is a non-negative self-adjoint operator in the Hilbert space H then

U(t) = exp(−Zt), t ≥ 0 is called the semi-group generated by Z. The semi-

group property is the identity U(t1+t2) = U(t1)U(t2), t1, t2 ≥ 0. Moreover,

the semi-group is contracting, ||U(t)|| ≤ 1 and strongly continuous, U(t)f →
U(t0)f as t → 0. The semi-group U(t) solves the operator differential

equation d
dtU(t) + ZU(t) = 0, U(0) = I. If the operator Z has discrete

spectrum consisting of eigenvalues λj with eigenvectors ϕj , then U(t) has

eigenvalues exp(−tλj), with the same eigenvectors.

Semigroups are closely related to the resolvent of operators by the fol-

lowing identities,

exp(−tZ) (7.29)

= s− lim((I +
t

n
Z)−1)n, (λ+ Z)−1 =

∫ ∞

0

exp(−tZ) exp(−tλ)dt.

Semigroups generated by second order elliptic operators with real coeffi-

cients have one additional property. The space L2(Ω) has, in addition to

the abstract Hilbert space structure, one more structure, the one of the

space of functions, where the notion of positivity is present. So we call an
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operator K positivity preserving if it maps any (almost everywhere, a.e.)

non-negative function into an a.e. non-negative function. If the operator

is an integral one, this property is equivalent to the integral kernel being

positive almost everywhere. It follows from (7.29) that for any operator

Z ≥ 0, the positivity preserving properties of the resolvent (Z + λ)−1 for

all λ > 0 and of the semi-group exp(−tZ), t > 0 are equivalent.

Proposition 7.7. If Z is an elliptic self-adjoint second order operator

with real coefficients, with Dirichlet conditions, then the semi-group U(t) =

exp(−tZ) is positive.

Proof. The proof follows easily from the minimum principle for parabolic

equations. In fact, if f0(x) ≥ 0 then f(., t) = U(t)f0 is the solution of

the parabolic equation ∂tf + Zf = 0, f(., 0) = f0, and, according to the

maximum principle, for any given T , the smallest value of f in the cylinder

Ω × [0, T ] is attained on the boundary of Ω or for t = 0, and in both cases

this is non-negative. �

We are interested in the special case Zu = −h∆(hu) where ∆ is the

Laplacian in Rd and h is a real function.

Let us show the relation of this operator to the eigenvalue problem

for the weighted Laplacian, discussed in Lecture 2. Recall (7.7),(7.8)

where the weighted Laplacian eigenvalues were related to the eigenvalues

of the operator Sp = L−1pL−1, where L = (−∆)
1
2 . For a positive, in-

vertible e p, we represent Sp as the product M∗M where M = p
1
2L−1.

Nonzero eigenvalues of the operator M∗M coincide with eigenvalues of

Kp = MM∗ = p
1
2 (−∆)−1p

1
2 . Therefore the eigenvalues of the original

eigenvalue problem, which are inverses of the eigenvalues of Kp, coincide

with eigenvalues of the operator Zp = K−1
p = h(−∆)h, with h = p−

1
2 .

This relation enables one to derive estimates for the trace of the semi-

group Up(t) = exp(−Zpt) from the CLR-estimate. Denote by µj the eigen-

values of Zp and by N(λ, Zp) their distribution function. Integration by

parts gives

Tr Up(t) =
∑

e−tµj =

∞∫

0

e−tλdN(λ, Zp) = t

∫ ∞

0

e−tλN(λ, Zp)dλ.

eWe will consider only such p here. In [22] it is explained how to treat the general case.
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Setting here the estimate from (7.11), we get

Tr Up(t) ≤ Ct

∞∫

0

e−tλλ
d
2 dλ

∫
p

d
2 dx = Ct−

d
2

∫
p

d
2 dx. (7.30)

With a certain worsening of the constant, one can invert the reasoning

and derive (7.11) from (7.30). In fact, for given λ, set t = µ−1
n in (7.30),

where µn is the largest eigenvalue of Z below λ, n = N(λ, Zp). Replace the

terms in the sum
∑
e−tµj with j ≤ n by smaller quantities e−tµn = e−1

and delete the remaining terms – thus decreasing the sum. This gives

e−1N(λ, Zp) ≤ Cλ
d
2

∫
p

d
2 dx, i.e. the CLR-estimate (7.11). This relation

was used in [16] to prove (7.11), and was extended to more general operators

generating positivity preserving semigroups in [15].

7.5.3. Semi-group Domination and Eigenvalue Estimates

We are going to use this relation in order to prove the CLR-estimate for the

magnetic Schrödinger operator. This estimate was first established by E.

Lieb in [17] by means of rather complicated and fairly specific machinery

involving path integration. We present here a general, at the same time

rather elementary, approach to obtaining eigenvalue estimates, where the

magnetic Schrödinger operator, serves just as a particular case.

Having two operators K,L in L2(Ω), Ω being a space with measure,

such that K is positivity preserving, we say that L is dominated by K if

|Lf |(x) ≤ K|f |(x), f ∈ L2(Ω) (7.31)

almost everywhere. If K, L are integral operators this is equivalent to

the kernel domination |L(x, y)| ≤ K(x, y) for almost all (x, y) ∈ Ω × Ω.

Some properties of K are inherited by L, such as boundedness, compact-

ness, Hilbert-Schmidt property, some others are not, in particular, from

domination it does not follow that all eigenvalues of L are smaller than cor-

responding eigenvalues of K (just consider the matrix example L =

(
1 0

0 1

)
,

K =

(
1 1

1 1

)
where K has eigenvalues

√
2, 0 and L has eigenvalues 1, 1

). However if operators in question are semigroups K = exp (−tZ), L =

exp (−tY ), then sufficiently regular eigenvalue estimates for Z imply sim-

ilar eigenvalue estimates for Y . We present here a result from [22], where

one can find it in a considerably more general setting.
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Proposition 7.8 (Domination). Let Z, Y be self-adjoint positive opera-

tors in L2(Ω), the semi-group U(t) = exp(−tZ) is positivity preserving and

dominates the semi-group W (t) = exp(−tY ). Suppose also that for some

q > 0, the eigenvalue estimate N(λ, Z) ≤ Kλq holds for all λ > 0. Then

the eigenvalues of the operator Y satisfy N(λ, Y ) ≤ C(q)Kλq for all λ > 0

with constant C(q) depending only on q.

Proof. As it is shown in (7.30), the eigenvalue estimate for Z implies

Tr U(2t) ≤ CKt−q, t ∈ (0,∞). One can also write this as ||U(t)||2HS =∑
e−2tµj(Z) ≤ CKt−q, where ||.||HS is the Hilbert-Schmidt norm of the

operator (see, e.g., [11]). Now recall that the square of the Hilbert-Schmidt

norm of the operator equals the integral of the square of the absolute value

of its kernel. Thus, due to domination, W (t) is also a Hilbert-Schmidt

operator, moreover ||W (t)||2HS ≤ ||U(t)||2HS which gives Tr W (t) ≤ CKt−q.
Using the reasoning as in the end of the previous subsection, we obtain the

required estimate for eigenvalues of Y . �

7.5.4. Magnetic Schrödinger Operator

The Schrödinger operator describing the motion of an electron in the mag-

netic field is defined in the following way. Let a be a real vector-function in

Rd with d components. Formally, the operator corresponds to the differen-

tial expression −∆au = −(∇ + ia)2 = −∑(∂j + iaj)
2. The vector field a

is called the magnetic potential and the matrix b, bjk = ∂jak − ∂kaj is the

magnetic field itself. The definition of Ha as a self-adjoint operator in the

Hilbert space requires certain conditions imposed on a. If a ∈ L2,loc(Rd),

one can consider the quadratic form −∆a[u] =
∑ ||∂ju + iaju||2 first on

C∞
0 (Rd), an then on Ha, the closure of C∞

0 in the norm −∆a[u]. This form

defines the operator −∆a. The following fact, fundamental for physics, is

called the diamagnetic inequality.

Proposition 7.9 (Diamagnetic Inequality). If a ∈ L2,loc then the

semi-group exp (t∆) dominates the semi-group exp(t∆a), t > 0

There are several ways to establish the diamagnetic inequality. The proof

we give here (first proposed in [26]) is not the simplest one but, probably,

the most enlightening. It is based on an important abstract result from

Operator Theory [14].

Theorem 7.5 (Trotter-Kato-Masuda formula). Let Aj ≥ 0, j =

1, ..., k be self-adjoint operators so that the sum A = A1 + ...+Ak is defined
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in the sense of quadratic forms. Then

exp(−tA) = s− lim
n→∞

(exp(− t

n
A1) exp(− t

n
A2).... exp(− t

n
Ak))n

Now we are able to prove Proposition 7.9. For j fixed, define ψj(x) =

ψj(x1, ..., xj , ..., xd) =
∫ xj

0
aj(x1, ..., ξ, ..., xd)dξ. Then

e−iψj∂je
iψj = ∂̃j = ∂j + iaj. (7.32)

Thus the operator −∆a can be represented as a sum (in the sense of

quadratic forms) of operators −∂̃2
j . We apply Theorem 7.5 to express the

semi-group generated by −∆a.

et∆a = lim
n→∞

(
e−iψ1U1(

t

n
)ei(ψ1−ψ2)U2(

t

n
)...Ud(

t

n
)eiψd

)n
, (7.33)

where Uj(t) = et∂
2
j . Now note that each Uj(t) is an integral operator with

positive kernel, and the expression in (7.33) is a composition of several

(rather many) such operators and multiplications by functions having ab-

solute value 1. If we replace these exponents by their absolute value, in

other words delete them, the value of the integral can only increase, and

this gives |et∆a(x, y)| ≤ et∆(x, y) as we need.

The same reasoning gives us a somewhat more general result.

Corollary 7.1. Let h > 0 be a function in L∞,loc(Rd). Consider operators

Zh = −h∆h, Yh = −h∆ah (defined by means of quadratic forms). Then

the semi-group exp(−Zh) dominates exp−Yh.

In fact, we can apply Theorem 7.5 to operators h∂2
j h and h∂̃2

jh, for which

relation similar to (7.32) also holds.

7.5.5. The Spectrum of the Magnetic Schrödinger Operator

Now we can derive results on eigenvalue estimates and asymptotics for the

magnetic Schrödinger operator.

Theorem 7.6 (CLR estimate). For a ∈ L2,loc and V+ ∈ L d
2
,

N(0,−∆a − V ) ≤ Cd

∫
V

d
2

+ dx (7.34)

with constant Cd depending only on the dimension.
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Proof. First, note that it is sufficient to consider the case of non-

negative V , since, due to the monotonicity in the variational principle,

N(0,−∆a − V ) ≤ N(0,−∆a − V+). Next consider a function Ṽ ≥ V ,

Ṽ ∈ L d
2
, (Ṽ )−1 ∈ L∞,loc,

∫
Ṽ

d
2 ≤ 2

∫
V

d
2 . Then, again due to monotonic-

ity, N(0,−∆a − V ) ≤ N(0,−∆a − Ṽ ). Set h(x) = Ṽ (x)−
1
2 . Then, in

notations of Corollary 7.1, the semi-group exp(−Zh) dominates the semi-

group exp(−Yh). For Zh, according to (7.11), we have the CLR-estimate

N(λ, Zh) ≤ C(d)λ
d
2

∫
Ṽ

d
2 dx ≤ 2C(d)λ

d
2

∫
V

d
2 dx. Now we can apply Propo-

sition 7.8 which gives us the same estimate, just with a worse constant, for

eigenvalues of Yh. In particular, it holds for λ = 1, N(1, Yh) ≤ C
∫
V

d
2 dx.

At last we pass from eigenvalue estimates for Yh to estimates for −∆a −V ,

by means of Birman-Schwinger principle. �

Note here that, generally, one can’t say directly that N(0,−∆a − V ) ≤
CN(0,−∆ − V ). It is the eigenvalue estimate for −∆ − sV for all s that

gives us the estimate for the magnetic Schrödinger operator.

Having the magnetic version of the CLR-estimate, we can now establish

the asymptotic formula for eigenvalues.

Theorem 7.7. Let a ∈ Ld,loc(Rd), d ≥ 3, p ∈ L d
2
(Rd). Then for the

eigenvalues of the problem

−∆au = λp(x)u (7.35)

in Rd the asymptotic formula

lim
λ→∞

N±(λ,−∆a, p)λ
− d

2 = cd

∫
p±(x)

d
2 dx,

where cd is the constant in (5). Thus, for the weighted magnetic Laplacian

the spectral asymptotics does not depend on the magnetic field in Ld,loc.

Note that, due to the Birman-Schwinger principle, the last result gives

the strong coupling asymptotics for the negative spectrum of the magnetic

Schrödinger operator Ha,sV = −∆a − sV , see (7.28),

N(0, Ha,sV ) = cds
d
2

∫
V

d
2

+ dx+ o(s
d
2 ).

Proof. We follow the pattern of the proof of Theorem 7.2. The spectrum

of (7.35) is described by the distribution function n±(t, Ip,−∆a, C
∞
0 (Rd)),

where −∆a[u] is the quadratic form of the magnetic Laplacian, which, via

integration by parts, equals

−∆a[u] = (−∆au, u) =

∫
(|∇u|2 + 2ℑ(u(a∇u)) + |a|2|u|2)dx. (7.36)
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Since we have the CLR estimate for the magnetic Laplacian, we can perform

Steps 2,3,4 in the proof of the Theorem 7.2, as soon as we have made

Step 1, i.e., established the asymptotic formulas for Dirichlet and Neumann

problems in a cube Q with a constant (unit) weight p. To do this, it is

sufficient to show that the second and third terms in the quadratic form

Ja, see (7.36), in the cube are weak with respect to the first, leading term,

in the sense of Proposition 7.1. The second term is reduced to the third

one, since

|
∫

Q

2ℑ(u(a∇u))dx| ≤ ε

∫

Q

|∇u|2dx+ ε−1

∫

Q

|a|2|u|2dx.

As for the third term, we have |a|2 ∈ L d
2
(Q), and from the CLR estimate

in the cube follows, in particular, that n±(ε, I|a|2, J1, H
1(Q)) is finite for

any ε > 0, in other words, due to the variational principle, there exists a

subspace Lε ∈ H1(Q) where I|a|2 [u] ≤ εJ1[u]. Now it remains to apply

Proposition 7.1. �

Notes on the Literature

There is a huge literature on estimates and asymptotics of the spectrum

of elliptic operators. Probably, the most complete presentation of results

obtained before 1989 and respective methods, with exhaustive bibliography,

can be found in [23]. The variational approach to the study of eigenvalues is

the only one which can handle very singular problems. It, however, cannot

give precise remainder estimates in asymptotic formulas or next terms in

asymptotics. The advanced technic for this kind of problems is presented

in [13].

The results of Lecture 2 are obtained in [5] (for bounded domains) and

in [21] for the general case. The results in Lecture 3 admit very far gen-

eralizations, see [6]. One can consider elliptic systems of any order, with

possible degeneration of ellipticity, and any self-adjoint differential operator

of a lower order standing in the place of the weight function. In certain

cases it is even possible to take into account cancellation of singularities in

asymptotic formulas.

The proof of CLR type estimates in Lecture 4 follows [21] and is an

extended version of the presentation in [18].

The semigroup domination approach to the study of the magnetic

Schrödinger operator presented in Lecture 5 originates from [18] and was

extended to an abstract situation in [22]. The condition of the magnetic
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potential belonging to L2,loc is not very restrictive but still it excludes some

important examples, in particular, the Aharonov-Bohm magnetic field. Re-

cently the CLR estimate and eigenvalue asymptotics for this case was found

in [19].

A comprehensive exposition of the discrete spectrum analysis of the

Schrödinger operator is given in [20]. One is directed to [11] and [25] for the

theory of compact operators, with a lot of useful inequalities for eigenvalues

and singular numbers, of which the Weyl and Fan inequalities are just the

first examples.
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Before acquiring the status of an autonomous geometrical chapter of

mathematics, the theory of one-parameter linear semigroups found some of

its most relevant motivationsa in problems related to linear differential and

integral operators.

Deep questions in a variety of fields of pure and applied research are

at the ouset of a theory of non-linear semigroups that should eventually

become an autonomous and self-contained mathematical theory. However,

this goal seems now to be still far away, at least in its most general contextb.

The main purpose of these notes (which are a concise résumé of a few

lectures delivered in the University of Padua in the Spring of 2002) is to

sketch, following essentially the current literature, an approach to one-

parameter semigroups of non-linear operators along the same lines followed

in the linear case.

aAs exposed, for example, in [6], [8], [5].
bWith the relevant exception of non-linear semigroups in real Hilbert spaces, [1]. See
also [2].

257
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8.1. Introduction to the spectral theory for

nonlinear operators

Let E and F be two complex Banach spaces with norms ‖ ‖E and ‖ ‖F , and

let K be a subset of E .

The set Lip(K,F) of all maps f : K → F such that

pL(f) := sup

{‖f(x) − f(y)‖F
‖x− y‖E

: x, y ∈ K,x 6= y

}
<∞

is a complex vector space: the space of all lipschitz maps K → F ; pL is a

seminorm on Lip(K,F).

Chosen any x0 ∈ K, the map

Lip(K,F) ∋ f 7→ ‖f(x0)‖F + pL(f)

is a norm on Lip(K,F) with respect to which Lip(K,F) is a Banach space.

Any f ∈ Lip(K,F) is uniformly continuous on K.

If A ∈ L(E ,F) (the Banach space of all bounded linear maps E → F),

then A ∈ Lip(K,F) and

pL(A) = sup

{‖Ax‖F
‖x‖E

: x ∈ E\{0}
}

= ‖A‖.

If E = F , ‖ ‖E , ‖ ‖F and Lip(K,F) will be replaced by ‖ ‖ and by

Lip(K).

If f ∈ Lip(K) and g ∈ Lip(f(K)), then g ◦ f ∈ Lip(K) and

pL(g ◦ f) ≤ pL(f)pL(g).

Let {fν} be a sequence of maps K → E all of whose elements are

contained in Lip(K).

Lemma 8.1. If

f(x) = lim
ν→∞

fν(x)

exists for all x ∈ K, and if there is a constant M > 0 such that

pL(fν) ≤M

for all ν, then f ∈ Lip(K) and pL(f) ≤M .

Proof. Let x 6= y in K, and, for any ǫ > 0, let ν be such that

‖f(x) − fν(x)‖ < ǫ

2
, ‖f(y) − fν(y)‖ < ǫ

2
.
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Then,

‖f(x) − f(y)‖
‖x− y‖ ≤ ‖(f(x) − fν(x)) − (f(y) − fν(y))‖

‖x− y‖ +

‖fν(x) − fν(y)‖
‖x− y‖ < ǫ+M.

�

Proposition 8.1. If pL(f) = k < 1, then:

1) I − f is injective, and

pL(I − f) ≤ 1

1 − pL(f)
; (8.1)

2) if B(xo, r) ⊂ K, then

(I − f)(B(xo, r)) ⊃ B(xo − f(xo), r(1 − k));

3) if K = E, I − f is bijective.

Proof. 1) For x1, x2 ∈ K,

‖x1 − x2‖ ≤ ‖(x1 − f(x1)) − (x2 − f(x2))‖ + ‖f(x1) − f(x2)‖
≤ ‖(x1 − f(x1)) − (x2 − f(x2))‖ + k‖x1 − x2‖,

i.e.,

‖x1 − x2‖ ≤ 1

1 − k
‖(x1 − f(x1)) − (x2 − f(x2))‖.

2) Choose any y ∈ B(xo − f(xo), r(1 − k)), and let g : B(xo, r) → E be

defined by

g(x) = f(x) + y.

Then, g ∈ Lip(B(xo, r)) and pL(g) = k.

Since moreover

‖g(x) − xo‖ ≤ ‖f(x) − f(xo)‖ + ‖y − xo + f(xo)‖
≤ kr + (1 − k)r = r,

then

g(B(xo, r)) ⊂ B(xo, r).

3) Since K = E , 1) and 2) yield 3). �
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In the following 2E and 2F will stand for the sets of all subsets of the

complex Banach spaces E and F .

Any subset Γ of E × F defines two subsets

D(Γ̂) ⊂ E : {x ∈ E : ∃y ∈ F such that (x, y) ∈ Γ},

R(Γ̂) ⊂ F : {y ∈ F : ∃x ∈ E such that (x, y) ∈ Γ},
and a set-valued map

Γ̂ : D(Γ̂) → 2F\{∅}
defined on x ∈ D(Γ̂) by

x 7→ Γ̂(x) = {y ∈ F : (x, y) ∈ Γ}.
Vice versa, given a subset E of E and a set-valued map

A : E → 2F\{∅},
the graph of A, i.e. the subset of E × F defined by

GA : {(x, y) : x ∈ E, y ∈ A(x)},
is such that

A = ĜA.

In the following, we will be dealing with the case E = F .

Let Υ(E) be the set of all set-valued maps

E ⊃ E → 2E\{∅}.
For any A ∈ Υ(E), the resolvent set r(A) of A is, by definition, the set

of all ζ ∈ C such that:

ζI −A has a dense image in E . That is to say, for any y ∈ E and any ǫ > 0

there are x ∈ D(A) and z ∈ A(x) such that

‖(ζx− z) − y‖ < ǫ;

ζI −A is injective;

(ζI −A)−1 ∈ Lip(Mζ), (8.2)

where

Mζ = ∪{ζI −A(x) : x ∈ D(A)}.
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The set σ(A) := C\r(A) is called the spectrum of A.

If A is a linear operator E → E , σ(A) is the spectrum of A as defined

in [10] (see also [9]).

Let ζ ∈ r(A). In view of (8.2), there exists M > 0 such that

∥∥(ζI −A)−1(y1) − (ζI −A)−1(y2)
∥∥ ≤M ‖y1 − y2‖ ∀ y1, y2 ∈ Mζ .

Letting

xj = (ζI −A)−1(yj) ∈ D(A),

there exist zj ∈ A(xj) for which

yj = ζxj − zj .

For every y ∈ E there are sequences {xν} and {zν}, with xν ∈ D(A)

and zν ∈ A(xν), such that

lim
ν→∞

(ζxν − zν) = y. (8.3)

Since

‖xν − xµ‖ ≤M ‖(ζxν − zν) − (ζxµ − zµ)‖ ,

{xν} is a Cauchy sequence. By (8.3), also {zν} is a Cauchy sequence.

If

x = lim
ν→∞

xν , z = lim
ν→∞

zν ,

then

y = ζx− z.

If the graph GζI−A of ζI − A is closed, then (x, z) ∈ GζI−A, that is,

x ∈ D(A) and z ∈ A(x).

Since, if GA is closed, GζI−A is closed, that proves

Lemma 8.2. If A is closed (i.e., GA is closed), then r(A) consists of all

ζ ∈ C for which: Mζ = E, ζI −A is injective, and

(ζI −A)−1 ∈ Lip(E).

The following lemma is a further consequence of the above arguments.

Lemma 8.3. If Mζ = E for some ζ ∈ r(A), then ζI −A is surjective.
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Theorem 8.1. For any A ∈ Υ(E),

r(A) ⊂ r(A),

or equivalently,

σ(A) ⊂ σ(A).

Proof. In view of Lemma 8.3, to show that, if ζ ∈ r(A), ζI−A is bijective,

we need only prove that ζI −A is injective.

Let x1, x2 ∈ D(A) and let z1 ∈ A(x1), z2 ∈ A(x2) be such that

ζx1 − z1 = ζx2 − z2. (8.4)

Since

GζI−A = GζI−A,

there exist sequences {xν1}, {xν2} in D(A) and sequences {zν1}, {zν2} with

zν1 ∈ A(xν1), zν2 ∈ A(xν2 ), converging respectively to x1, x2 and z1, z2.

The inequality

‖xν1 − xν2‖ ≤M‖(ζxν1 − zν1 ) − (ζxν2 − zν2 )‖ (8.5)

and (8.4) imply that x1 = x2 and z1 = z2.

Thus, for any ζ ∈ r(A), ζI −A is bijective.

We show now that the map (ζI −A)−1 is lipschitz.

For any choice of x1, x2 ∈ D(A) and z1 ∈ A(x1), z2 ∈ A(x2), let {xν1},

{xν2} in D(A) and {zν1}, {zν2} with zν1 ∈ A(xν1 ), zν2 ∈ A(xν2 ), be sequences

converging respectively to x1, x2 and z1, z2. The equation (8.5), implies

that

‖x1 − x2‖ ≤M‖(ζx1 − z1) − (ζx2 − z2)‖,
proving thereby that

(ζI −A)−1 ∈ Lip(E).

Summing up, ζ ∈ r(A). �

Let ζ ∈ r(A). For every y ∈ E there exist a unique x ∈ D(A) and a

unique z ∈ A(x) such that ζx − z = y, and the map y 7→ x is lipschitz.

Hence, if x ∈ D(A) for every y in the range of ζI −A, then ζ ∈ r(A).

This latter hypothesis is satisfied if the following condition holds:

i) for every x ∈ D(A) and for every sequence {xν} in D(A) converging to x

and such that for every ν there is yν ∈ A(xν) for which {yν} converges to

some y ∈ E , then x ∈ D(A) and A(x) ∋ y.
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If A is a linear operator, this hypothesis is equivalent to requiring that

A is closable, i.e. such that, for every sequence {xν} in D(A) converging to

0 and for which {A(xν)} converges to y ∈ E , then y = 0.

Extending this definition to the non-linear case, any operator A ∈ Υ(E)

satisfying condition i) will be called closable, and the following theorem

holds, which extends a well known fact in the linear casec

Theorem 8.2. If A ∈ Υ(E) is closable, then σ(A) = σ(A).

For any ζo ∈ r(A) let

so =
1

pL((ζoI −A)−1)

and let ∆(ζo, so) be the open disc in C with center ζ0 and radius s0. The fol-

lowing proposition implies that r(A) is open, or, equivalently, the spectrum

of A is closed.

Proposition 8.2. For any ζ0 ∈ r(A),

∆(ζo, so) ⊂ r(A),

and for any ζ ∈ ∆(ζo, so),

(ζI −A)−1 = (ζoI −A)−1 ◦
(
I + (ζ − ζo)(ζoI −A)−1

)−1

for any ζ ∈ ∆(ζo, so).

Proof. Being

|ζ − ζo| pL((ζoI −A)−1) < 1, (8.6)

by Proposition 8.1
(
I + (ζ − ζo)(ζoI −A)−1

)−1 ∈ Lip(E).

Letting

F = (ζoI −A)−1 ◦
(
I + (ζ − ζo)(ζoI −A)−1

)−1 ∈ Lip(E),

we have to show that F = (ζI − A)−1; that is to say, for all x ∈ E , the

equation

ζu− x ∈ A(u) (8.7)
cSee, e.g., [9], Theorem 1.9.8., pp. 55-56. The hypothesis whereby A ∈ Υ(E) is closable
was omitted in [9]. Hence, Theorem 1.18.3 of [9], must be replaced by Theorems 8.1 and
8.2.
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has the unique solution u = A(x).

To establish uniqueness, assume that ζu−x ∈ A(u), and let v = ζu−x.

Because v ∈ A(u), then

(ζoI −A)−1(ζou− v) = u,

i.e.,

(ζoI −A)−1(x+ (ζo − ζ)u) = u.

Thus u is fixed by the map C : E → E defined by

y 7→ C(y) = (ζoI −A)−1(x + (ζo − ζ)y).

Since, by (8.6), pL(C) < 1,

pL(Cn) ≤ (pL(C))n < 1

for n = 1, 2, . . .. The classical Banach fixed point theorem for strict con-

tractions of a complete metric space implies that u is the unique fixed point

of C (see, e.g., [4]).

To show that u = F (x), let

z =
(
I + (ζ − ζo)(ζoI −A)−1

)−1
(x),

so that

(ζoI −A)−1(z) = F (x),

then

ζF (x) − x = ζ(ζoI −A)−1(z) −
(
I + (ζ − ζo)(ζoI −A)−1

)
(z)

= ζo(ζoI −A)−1(z) ∈ A
(
(ζoI −A)−1(z)

)
= A(F (x)).

Thus, u = F (x) solves the equation (8.7). �

Theorem 8.3. For any x ∈ E the function

r(A) ∋ ζ 7→ (ζI −A)−1(x)

is locally lipschitz.

Proof. For ζ, ζo ∈ r(A), ζ 6= ζo,

(ζI −A)−1(x) − (ζoI −A)−1(x) = (ζI −A)−1(x)−
−(ζI −A)−1(x+ (ζ − ζo)(ζoI −A)−1(x)).
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Hence

‖(ζI −A)−1(x) − (ζoI −A)−1(x)‖ ≤ |ζ − ζo|pL((ζI −A)−1)‖(ζI −A)−1‖.
On the other hand,

pL((ζI −A)−1) = sup

{
1

‖x− y‖‖(ζI −A)−1(x) − (ζI −A)−1(y)‖ :

x, y ∈ E , x 6= y} = sup

{
1

‖x− y‖‖(ζoI −A)−1×

×(I + (ζ − ζo)(ζoI −A)−1)−1(x) −
(ζoI −A)−1(I + (ζ − ζo)(ζoI −A)−1)−1(y)‖ :

x, y ∈ E , x 6= y}
≤ ‖(ζoI −A)−1‖pL(I + (ζ − ζo)(ζoI −A)−1)−1

≤ ‖(ζoI −A)−1‖
1 − |ζ − ζo| pL(ζoI −A)−1)

,

because of Proposition 8.1, of the fact that (ζoI − A)−1 is injective and

because

|ζ − ζo| pL(ζoI −A)−1) < 1.

Hence,

‖(ζI −A)−1(x) − (ζoI −A)−1(x)‖ ≤
|ζ − ζo| ‖(ζoI −A)−1‖

1 − |ζ − ζo| pL(ζoI −A)−1)
‖(ζoI −A)−1(x)‖.

That proves the theorem. �

Let f : E → E and g : E → E be such that r(f) ∩ r(g) 6= ∅, and let

ζ ∈ r(f) ∩ r(g).

For all x ∈ E
(ζI − g)(x) = (ζI − f)(x) + (f − g)(x).

Hence, if x = (ζI − f)−1(y),

(ζI − g)((ζI − f)−1(y)) = y + (f − g)((ζI − f)−1(y)),

i.e.

(ζI − f)−1 = (ζI − g)−1 + (ζI − g)−1 ◦ (f − g) ◦ (ζI − f)−1. (8.8)

For ζ ∈ r(A) and x ∈ E , let

H(ζ, x) = (ζI −A)−1(x).
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As is well known, if A is a closable linear operator, the function ζ 7→
H(ζ, x) is holomorphic on r(A). Here is an extension of this fact to the

non-linear case.

Proposition 8.3. If H is Fréchet differentiable at x ∈ E for all x ∈ E and

all ζ ∈ r(A), H(•, x) is holomorphic in r(A). Furthermore,

d

dζ
H(ζ, x) = −dxH(ζ, x)(H(ζ, x))

for any x ∈ E and any ζ ∈ r(A).

Proof. For x, y ∈ E , with y 6= 0, and ζ ∈ r(A), let

h(y) := H(ζ, x+ y) −H(ζ, x) − dxH(ζ, x)(y).

Then

lim
y→0

‖h(y)‖
‖y‖ = 0.

If κ ∈ C is such that ζ + κ ∈ r(A), then, by (8.8),

H(ζ + κ, x) = ((ζ + κ)I −A)−1(x)

= (ζ −A)−1(x+ (ζ − ζ − κ)(ζ + κ)I −A)−1(x))

= (ζ −A)−1(x− κ)((ζ + κ)I −A)−1(x))

= H(ζ, x − κH(ζ + κ, x)),

and therefore

H(ζ + κ, x) −H(ζ, x)

= H(ζ, x− κH(ζ + κ, x)) −H(ζ, x)

= −κdxH(ζ, x)(H(ζ + κ, x)) + h(−κH(ζ + κ, x)).

Since H(•, x) is locally lipshitz, the conclusion follows. �

Theorem 8.4. Let K be a non-empty, closed and connected subset of C.

Let A ∈ Υ(E), let ζo ∈ K and let φ : K → R+ be

continuous and such that:

‖x1 − x2‖ ≤ φ(ζ)‖ζ(x1 − x2) − (z1 − z2)‖ (8.9)

for all x1, x2 ∈ D(A), all z1 ∈ A(x1), z2 ∈ A(x2) and all ζ ∈ K, and that

(ζoI −A)(D(A)) = E . (8.10)
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Then:

K ⊂ r(A); (8.11)

pL((ζI −A)−1) ≤ φ(ζ) ∀ ζ ∈ K, (8.12)

and

(ζI −A)(D(A)) = E ∀ ζ ∈ K. (8.13)

Proof. We begin by showing that, for all y ∈ E , there exists a unique

x ∈ D(A) solving the equation

ζox− y ∈ A(x). (8.14)

By (8.9), there exist sequences {xν}, with xν ∈ D(A), and {zν}, with

zν ∈ A(xν), such that, letting

ζoxν − zν = yν ,

then

lim
ν→∞

yν = y.

It follows from (8.9) that

‖xν − xµ‖ ≤ φ(ζo)‖yν − yµ‖

for all indices ν and µ.

Since E is complete, {xν} converges to some x ∈ D(A). Hence, {zν}
converges to some z ∈ A(x) for which

ζox− z = y.

Thus, (8.14) holds.

Let x′ ∈ D(A) and z′ ∈ A(x′) be such that

ζox
′ − z′ = y.

Since

‖x− x′‖ ≤ φ(ζo)‖(ζox− z) − (ζox
′ − z′)‖

= ‖y − y‖ = 0,

then x = x′, i.e., the solution of the equation (8.14) is unique.

Since, furthermore,

pL(ζoI −A)−1) ≤ φ(ζo) (8.15)
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then

ζo ∈ r(A) ∩K.
The intersection Ko = K ∩ r(A) is non-empty and open in K.

To establish (8.11), we prove now that Ko is also closed.

Let ζ ∈ Ko, and let {ζν}, with ζν ∈ Ko, be a sequence converging to ζ.

By Proposition 8.2 and by (8.9),

∆

(
ζν ,

1

φ(ζν)

)
∩K ⊂ Ko.

If ǫ > 0 is such that φ(ζν ) < 1
ǫ , then

∆(ζν , ǫ) ∩K ⊂ Ko,

and therefore ζ ∈ Ko. Since Ko is open in K, closed and non-empty, and

since K is connected, then K = Ko ⊂ r(A).

Thus

pL((ζI −A)−1) ≤ φ(ζ) ∀ ζ ∈ K.

We complete the proof of the theorem showing that (8.13) holds. Indeed,

if λ is a continuous linear form on E such that

〈ζx − y, λ〉 = 0 ∀ x ∈ D(A), ∀y ∈ A(x),

then λ = 0 because ζ ∈ r(A). �

Note Many of the results established in this section can be found in [4].

8.2. Accretive operators in Banach spaces

A linear operator X : D(X) ⊂ E → E is called accretive when

‖(sI +X)x‖ ≥ s‖x‖ ∀ x ∈ D(X), ∀ s ∈ R∗
+.

This definition has been extended to the non-linear case in the following

way. A map A ∈ Υ(E) is said to be accretive if

‖x1 − x2‖ ≤ ‖x1 − x2 + s(y1 − y2)‖
for all x1, x2 ∈ D(A), y1 ∈ A(x1), y2 ∈ A(x2), s ∈ R∗

+.

This section is devoted to sketching some elementary aspects of this

extension. Many deeper results can be found, e.g., in [4] and [3].

Clearly, if A is accretive, A is accretive, and αI + A is injective for all

α ∈ R∗
+.
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Lemma 8.4. If A is accretive and if

r(A) ∩ R∗
− 6= ∅, (8.16)

then

R∗
− ⊂ r(A) (8.17)

and

pL(ζI −A) ≤ 1

ζ
∀ ζ ∈ R∗

+. (8.18)

Proof. If ζ ∈ R∗
−,

‖x1 − x2‖ ≤ 1

|ζ| ‖ζ(x1 − x2) − (y1 − y2)‖

for all x1, x2 ∈ D(A), y1 ∈ A(x1), y2 ∈ A(x2).

Because of (8.16),

(ζ0I −A)(D(A)) = E

for some ζ0 ∈ R∗
−. By Theorem 8.4, (8.18) holds, and [c,+∞) ⊂ −r(A) for

all c > 0. �

If A is accretive and (8.17) holds, A is called m-accretive.

If

(I +A)(D(A)) = E , (8.19)

I + A is closed (and therefore A is closed) because otherwise I + A could

not be injective. Thus, −1 ∈ r(A) and therefore A is m-accretive.

At this point, one easily concludes that an accretive operator A is m-

accretive if, and only if, (8.19) holds. This fact can be improved showing

(exercise) that, if A is accretive and there is some α > 0 for which

(I + αA)(D(A)) = E ,

then A is m-accretive.

Ordering the operators by inclusion of their graphs, an accretive opera-

tor is said to be a maximal accretive operator if every accretive operator C

such that GA ⊂ GC coincides with A. By the Zorn lemma, every accretive

operator is contained in a maximal accretive operator.

Theorem 8.5. If A is m-accretive, A is maximal accretive.
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Proof. Let C be accretive and such that GA ⊂ GC . If x0 ∈ D(C) and

y0 ∈ C(x0), then x0 + y0 ∈ (I + C)(x0). As a consequence of (8.19), there

is some x1 ∈ D(A) for which

x0 + y0 ∈ x1 +A(x1) ⊂ x1 + C(x1). (8.20)

Since C is accretive, and therefore I +C is injective, then x0 = x1, so that,

by (8.20),

x0 + y0 ∈ x0 + C(x0),

i.e., y0 ∈ C(x0). Thus, A = C. �

Corollary 8.1. If A is m-accretive, A is closed.

Theorem 8.6. Let A ∈ Υ(E). If there exists ζo < 0 such that (−∞, ζo) ⊂
r(A) and

pL((ζI −A)−1) ≤ 1

|ζ| ∀ ζ ∈ (−∞, ζo),

then A is m-accretive.

Proof. Let: ζ < ζo, x1, x2 ∈ D(A), z1 ∈ A(x1), z2 ∈ A(x2), y1 = ζx1−z1,

y2 = ζx2 − z2.

Then,

(ζI −A)(x1) ∋ ζx1 − z1 = y1,

(ζI −A)(x2) ∋ ζx2 − z2 = y2,

and therefore

x1 = (ζI −A)−1(y1), x2 = (ζI −A)−1(y2).

Hence,

‖x1 − x2‖ ≤ pL((ζI −A)−1)‖y1 − y2‖ ≤ 1

−ζ ‖y1 − y2‖

=
1

−ζ ‖ζ(x1 − x2) − (z1 − z2)‖,

that is,

−ζ‖x1 − x2‖ ≤ ‖ζ(x1 − x2) − (z1 − z2)‖

for all ζ < ζo.
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Letting ζo − ζ = τ , then τ > 0 and the latter inequality yields

(τ − ζo)‖x1 − x2‖ ≤ ‖(ζo − τ)(x1 − x2) − (z1 − z2)‖
= ‖ − τ(x1 − x2) − (z1 − z2) + ζo(x1 − x2)‖
≤ ‖τ(x1 − x2) + z1 − z2‖ − ζo‖x1 − x2‖,

whence

τ‖x1 − x2‖ ≤ ‖τ(x1 − x2) + z1 − z2‖
for all τ > 0.

That shows that A is accretive. Since r(A)∩R∗
− 6= ∅, A is m-accretive.�

Examples show, [6], that being maximal accretive does not imply being

m-accretive. However this implication does hold in the case of Hilbert

spaces.

8.3. Monotone operators

Let H be a real Hilbert space with inner product ( | ). Accretive operators

on H are also called monotone operators.

Let A ∈ Υ(H).

Theorem 8.7. The operator A is monotone if, and only if,

(x− ξ|y − η) ≥ 0 (8.21)

for all x, ξ ∈ D(A) and all y ∈ A(x), η ∈ A(ξ).

Proof. First of all, for any s ∈ R,

‖x− ξ + s(y − η)‖2 = ‖x− ξ‖2 + s2‖y − η‖2 + 2s(x− ξ|y − η).

As a consequence of (8.21),

‖x− ξ + s(y − η)‖2 ≥ ‖x− ξ‖2

for all x, ξ ∈ D(A), all y ∈ A(x), η ∈ A(ξ) and all s ≥ 0. That shows that,

if (8.21) holds, A is accretive.

Viceversa, if A is accretive,

‖x− ξ‖2 ≤ ‖x− ξ‖2 + s2‖y − η‖2 + 2s(x− ξ|y − η),

that is

s‖y − η‖2 + 2(x− ξ|y − η) ≥ 0

for all s > 0. That yields (8.21) for all x, ξ ∈ D(A), all y ∈ A(x), η ∈ A(ξ)

and all s > 0. �
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As in the case of accretive operators, a monotone operator A on H is

said to be maximal monotone if GA is maximal in the set of the graphs of

all monotone operators on H, ordered by inclusion. By the Zorn lemma,

every monotone operator is contained in a maximal monotone operator.

An immediate consequence of Theorem 8.7 is the following characteri-

zation of maximal monotone operators.

Theorem 8.8. The operator A is a maximal monotone operator if, and

only if, A is monotone and the fact that (8.21) holds for all x, y ∈ H and

all ξ, η ∈ GA implies that x ∈ D(A) and y ∈ A(x).

Theorem 8.9. The operator A is maximal monotone if, and only if, it is

m-accretive.

Proof. The “if” part is Theorem 8.5. For a proof of the “only if” part,

see, e.g., [9], pp.249-252 and p.257. �

Here are some examples of monotone operators.

Lemma 8.5. Let K ⊂ H and let f : K → H be a contraction. Then,

A = I − f is monotone.

Proof. If x1, x2 ∈ K, yj = xj − f(xj), (j = 1, 2),

(x1 − x2|y1 − y2) = (x1 − x2|x1 − x2 − (f(x1) − f(x2)))

= ‖x1 − x2‖2 − (x1 − x2|f(x1) − f(x2))

≥ ‖x1 − x2‖2 − ‖x1 − x2‖ ‖x1 − x2‖ = 0.
�

Let A ∈ Υ(H) and, for x ∈ D(A), let convex(A(x)) be the convex hull

of A(x).

Lemma 8.6. If A is monotone, x 7→ conv(A(x)) is monotone.

Proof. Let x1, x2 ∈ D(A), j = 1, 2, n ≥ 1, yj,1, . . . , yj,n ∈ A(xj),

t1, . . . , tn ∈ R+, with t1 + · · · + tn = 1.

Then

(x2 − x1|
n∑

α=1

tα(y2,α − y1,α)) =

n∑

α=1

tα(x1 − x2|y2,α − y1,α) ≥ 0.

�

As a consequence, if A is maximal monotone, A(x) = convex(A(x)) is

closed and convex in H for all x ∈ D(A).
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Let M be a connected, C∞ Riemannian manifold of dimension N . Let

Ωq be the vector space of all real, exterior q-forms of class

C∞ on M , and Ωqc ⊂ Ωq be the subspace consisting of all compactly

supported elements of Ωq.

The Riemannian metric defines the Hodge isomorphism

∗ : Ωq
∼→ ΩN−q.

If dω is the volume element of the Riemannian metric, for φ, ψ ∈ Ωq,

and for any x ∈M , let 〈φ, ψ〉x be the real scalar defined by

(φ ∧ ∗ψ)x = 〈φ, ψ〉x dω(x);

the map φ, ψ 7→ 〈φ, ψ〉x ∈ R is a positive-definite bilinear form which is a

continuous function of x ∈ M for every choice of φ and ψ. Both 〈φ, ψ〉x
and

|φ|x =
√
〈φ, φ〉x

(which is a norm in the space of anti-symmetric q-vectors in RN) do not

depend on the local representations of φ and ψ in any coordinate neigh-

bourhood of x.

Setting, for φ, ψ ∈ Ωqc,

(φ|ψ) =

∫

M

〈φ, ψ〉 dω and ‖φ‖ = (φ|φ)
1
2 ,

we define a positive-definite inner product and a norm on Ωqc, which thus

acquires the structure of a real pre-Hilbert space. Let Lq be its completion.

If d : Ωq → Ωq+1 is the exterior differential operator, the operator

δ : Ωq → Ωq−1 defined by

δ = (−1)q∗−1 ◦ d ◦ ∗
is the formal adjoint of d, in the sense that

(dφ|χ) = (φ|δχ)

for all φ ∈ Ωqc , χ ∈ Ωq+1
c .

The Laplace-Beltrami operator

∆ = d δ + δ d : Ωqc → Ωqc

is linear, symmetric and positive on the domain Ωqc:

(∆φ|ψ) = (dφ|dψ) + (δφ|δψ) = (φ|∆ψ),
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(∆φ|φ) = ‖dφ‖2 + ‖δφ‖2 ≥ 0

for all φ, ψ ∈ Ωqc .

For p ≥ 2, the p-Laplacian, or p-Laplace-Beltrami operator,

∆p : Ωqc → Ωqc

is defined on any φ ∈ Ωqc by

∆p(φ) = δ
(
|dφ|p−2dφ

)
+ d

(
|δφ|p−2δφ

)
.

For φ, ψ ∈ Ωqc ,

(∆p(φ)|ψ) =
(
|dφ|p−2dφ|dψ

)
+
(
|δφ|p−2δφ|δψ

)

=

∫

M

[
|dφ|p−2〈dφ|dψ〉 + |δφ|p−2〈δφ|δψ〉

]
dω,

and, in particular,

(∆p(φ)|φ) = ‖dφ‖p + ‖δφ‖p,

where

‖ • ‖ =

(∫

M

| • |pdω
)
.

These identities, yield now

Theorem 8.10. If p ≥ 2, ∆p, with domain D (∆p) = Ωqc, is monotone.
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Proof. If φ1, φ2 ∈ Ωqc,

(∆p(φ1) − ∆p(φ2)|φ1 − φ2) =

‖dφ1‖p + ‖δφ1‖p + ‖dφ2‖p + ‖δφ2‖p −(
|dφ1|p−2dφ1|dφ2

)
−
(
|δφ1|p−2δφ1|δφ2

)
−

(
|dφ2|p−2dφ2|dφ1

)
−
(
|δφ2|p−2δφ2|δφ1

)

= ‖dφ1‖p + ‖δφ1‖p + ‖dφ2‖p + ‖δφ2‖p −∫

M

[(
|dφ1|p−2 + |dφ2|p−2

)
〈dφ1|dφ2〉+

(
|δφ1|p−2 + |δφ2|p−2

)
〈δφ1|δφ2〉

]
dω

≥
∫

M

[
|dφ1|p + |dφ2|p −

1

2

(
|dφ1|p−2 + |dφ2|p−2

)
×

(
|dφ1|2 + |dφ2|2

)
+ |δφ1|p + |δφ2|p −

1

2

(
|δφ1|p−2 + |δφ2|p−2

)
×
(
|δφ1|2 + |δφ2|2

)]
dω

=
1

2

∫

M

[
|dφ1|p + |dφ2|p − |dφ1|p−2|dφ2|2 − |dφ2|p−2|dφ1|2+

|δφ1|p + |δφ2|p − |δφ1|p−2|δφ2|2 − |δφ2|p−2|δφ1|2
]
dω.

Since, for p ≥ 2, a ≥ 0, b ≥ 0,

ap + bp − ap−2b2 − a2bp−2 =
(
ap−2 − bp−2

) (
a2 − b2

)
≥ 0,

then

(∆p(φ1) − ∆p(φ2)|φ1 − φ2) ≥ 0.
�

Lemma 8.7. If A is maximal monotone, D(A) is convex.

Proof. See, e.g., [9], Theorem 3.8.7, pp. 259-260. �

8.4. Nonlinear semigroups

Let A ∈ Υ(H) be a maximal monotone operator. For x ∈ D(A), let ΠA(x) be

the orthogonal projector of H onto the closed affine subspace of H spanned

by conv(A(x)) = A(x), and let Ao(x) = ΠA(x)(0).

The central role of the single valued operator Ao : D(A) → H is clarified

by the following theorem.
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Theorem 8.11. If A is maximal monotone, and if (x, y) ∈ D(A) × H is

such that

(Ao(ξ) − y|ξ − x) ≥ 0 ∀ξ ∈ D(A),

then

(η − y|ξ − x) ≥ 0 (ξ, η) ∈ GA,

i.e., x ∈ D(A) and y ∈ A(x).

As a consequence, Ao determines A in the sense that, if A1 and A2 are

maximal monotone, if D(A1) = D(A2) and if A1
o = A2

o, then A1 = A2.

The operator Ao establishes a link between maximal monotone opera-

tors and continuous semigroups, which can be viewed as a non-linear ex-

tension of the Lumer-Phillips theory in the linear case.

Let A ∈ Υ(H) be a maximal monotone operator.

Theorem 8.12. For every xo ∈ D(A) there exists a unique function x :

[0,+∞) → H which satisfies the following conditions:

x(t) ∈ D(A) for all t ∈ (0,+∞);

x is lipschitz on (0,+∞) (that is to say

dx

dt
∈ L∞((0,+∞),H)

in the sense of distributions) and
∥∥∥∥
dx

dt

∥∥∥∥
L∞((0,+∞),H)

≤ ‖Ao (xo)‖ ;

− dx
dt ∈ A(x(t)) a.e. on (0,+∞)).

The map t 7→ x(t) is a contraction D(A) → D(A) that can be extended,

in a unique way, to a contraction T (t) : K → K of

K = D(A). (8.22)

The map R∗
+ ∋ t 7→ T (t) is a semigroup of contractions of K which is

continuous, i.e.,

lim
t↓0

‖T (t)(x) − x‖ = 0 ∀ x ∈ K,
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and such that

‖T (t)(x1) − T (t)(x2)‖ ≤ ‖x1 − x2‖
for all x1, x2 ∈ K and all t ∈ R∗

+.

Furthermore

lim
t↓0

1

t
(x− T (t)(x)) = Ao(x) ∀ x ∈ D(A). (8.23)

Viceversa, the following theorem holds.

Theorem 8.13. Let K be a closed, convex subset of H and let R∗
+ ∋ t 7→

T (t) be a continuous semigroups of contractions of K. There exists a unique

maximal monotone operator A such that K = D(A) and (8.23) holds.

Proofs of these facts are given in [1].
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9.1. Introduction

From the general point of view, integral geometry can be understood as a

branch of analysis dealing with reconstruction of functions or distributions

from their integrals over families of submanifolds. The celebrated article

[R] of J. Radon on reconstruction of functions in R3 by their integrals

over 2-planes, published in 1917, may be considered as a starting point for

developing integral geometry.

More precisely, the general problem can be described as follows. Given

a Riemannian manifold M and a family of submanifolds Mα ⊂ M , one

defines the Radon transform as

Rf(Mα) =

∫

Mα

fdµα,

where dµα is an appropriate measures onMα and f is an integrable function.

Thus, we deal with integral operators of specific form.

The following questions are important:

• What is the kernel of the transform R (when is it injective)?

• What is the image of R?

• What is the inverse operator (inversion formula) to R on its image, in the

case of injectivity?

In these notes we will mainly deal with the problem of injectivity for

Radon transforms arising in certain analytic problems.

Let us consider, for example, the classical Radon transform. In this case

M = Rn and the family {Mα} is the family of all hyperplanes in Rn.

Parametrize the hyperplanes by the unit normal vector and the distance

to the origin: ξω,d = {x ∈ Rn : (ω, x) = d}, where d ∈ R and ω ∈ Sn−1, the

unit sphere in Rn.

Then the Radon transform R can be regarded as a function on Sn−1×R

defined by:

Rf(ξω,d) = Rf(ω, d) =

∫

ω,x)=d

f(x)dmn−1(x), (9.1)

where dmn−1 is the (n− 1)-dimensional volume.

One of the main properties of the transform is that it commutes with

transforms from the group M(n) of all rigid motions (isometries) of Rn : If

τ ∈M(n), then R(f ◦τ)(ξ) = Rf(τξ), where ξ is any hyperplane in Rn and

f belongs to the domain of R. This invariance implies that the transform

R is closely related to the Laplace operator ∆ = ∂2

∂x2
1

+ · · · + ∂2

∂x2
n

which is
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the only (up to a constant factor) second order M(n)-invariant differential

operator.

In this course, we will consider several important problems arising in

analysis and PDE which lead to such Radon transforms, i.e., to transforms

invariant under groups of isometries and where this invariance delivers fasci-

nating interaction between integral geometry and spectral analysis of differ-

ential operators naturally related to the transforms. The Radon transforms

over planes and spheres are important examples of such kind of transforms.

9.2. Radon Transform over Hyperplanes

This section contains more information about the classical Radon transform

defined in Section 9.1.

The regular functional classes on which the Radon transform (9.1) is

well-defined are: Cc(Rn), the space of all continuous compactly supported

functions, the Schwartz class S(Rn) of rapidly decreasing functions, and

certain spaces of functions with sufficient rate of decay at ∞.

It is convenient to introduce the Radon projection on the direction ω ∈
Sn−1 :

(Pωf)(d) = Rf(ω, d), d ∈ R.

In polar coordinates x = rω, x ∈ Rn, ω ∈ Sn−1, r ∈ R+, the Radon

projection is related to the Fourier transform

(Fnf)(λ) =

∫

Rn

e−i(λ,x)f(x)dx

in the following nice way:

Projection Slice Theorem.

(Fnf)(rω) = (F1P
ωf)(r), ω ∈ Sn−1, r ∈ R.

Proof.

(Fnf)(rω) =

∫

Rn

e−i(rω,x)f(x)dx

=

∫

R1

e−irs
(∫

(ω,x)=s

f(x)dmn−1(x)

)
ds

= (F1P
ω)(r).

(9.2)

�
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Corollary. Let f ∈ Cc(Rn) and Pωf = 0 for infinitely many directions

ω ∈ Sn−1. Then f = 0.

Proof. The Projection Slice Theorem implies (Fnf)(rω) = 0 for an infi-

nite set of vectors ω ∈ Sn−1 and for arbitrary r ≥ 0. The set {ω} has a limit

point and therefore the real-analysis function Fnf vanishes everywhere in

Rn. Then f = 0.

Thus, any compactly supported continuous function is uniquely defined

by its Radon projection on an infinite set of directions. �

The hyperplane Radon transform of f can be regarded as a function

ϕ(ξ) defined on a set Pn of all hyperplanes in Rn, equipped with the natural

topology, by

ϕ(ξ) =

∫

ξ

f(x)dmn−1(x), ξ ∈ Pn.

The dual transform ϕ̌ is defined by:

ϕ̌(x) =

∫

x∈ξ
ϕ(ξ)dµ(ξ),

where µ is the (unique) normalized measure on the set of all hyperplanes

ξ ∈ Pn through the point x, i.e., x ∈ ξ, that is invariant with respect to

rotations around x. The measure µ can be taken as the normalized area

measure dA(ω) on the sphere Sn−1 where ω is the unit normal vector to

ξ = {y ∈ Rn : (ω, y)} = (ω, x), so that

ϕ̌(x) =

∫

Sn−1

ϕ(ω, (ω, x))dω.

Inversion Formula: Let f ∈ S(Rn) Then

f(x) = const ∆
n−1

2 Rf(x). (9.3)

For n = 3, this formula was first written by J. Radon [R]. It says that

f(x) can be computed by averaging the Radon tranform Rf around the

point x and applying the iterated Laplacian to the result.

The inversion formula (9.3) needs clarification for the case of even di-

mensions n. The fractional power of ∆ is understood in a consistent way by

means of functional calculus, based on the Fourier transform, as the Riesz

potential

(∆
n−1

2 f)(x) =

∫

Rn

f(y)dy

|x− y|2n−1
.
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We refer the reader to the rigorous detailed proof of the inversion for-

mula (9.3) to the books of Helgason [He] and Natterer [Na], restricting

ourselves here to comments on the idea of the proof for odd n.

When (n − 1)/2 is an integer, the formula (9.3) is obtained as follows.

First, since the transform R commutes with rotations, the averaging Řf of

Rf coincides with the Radon transform R applied to the result of averaging

of f around x. In other words, it is enough to prove (9.3) for f invariant

with respect to rotations around x. Then consequently applying the Laplace

operator ∆ to Rf using the Euler-Darboux equation for spherical means

(see the next section) and integrating by parts finally reduces the left hand

side in (9.3) to f(x) times a constant.

Remarks.

1. The inversion formula (9.3) is local for n odd and is nonlocal for n

even. This means that in odd dimensions one needs to know integrals

of f over the hyperplanes near the points x, to reconstruct f(x). On

the other hand, for n even, one needs to know the integrals over all

hyperplanes.

In fact, this distinguishing feature of the character of the inversion

formula in even- and odd-dimensional spaces is related to the known

Huygen’s principle for the wave propagation.

2. The formula (9.3) gives a decomposition of the function f into the plane

waves ϕω(x) = ϕ(ω, (ω, x))-functions constant on parallel hyperplanes

with the same normal vector ω. Later on, we will consider such kinds of

decompositions related to spherical waves, that is, functions constant

on concentric spheres.

9.3. Spherical Radon Transform

The spherical Radon transform is defined by

Mf(x, r) = M rf(x) =

∫

S(x,r)

f(y)dA(y),

where S(x, r) = {y ∈ Rn : |y − x| = r} and dA is the area measure on the

sphere S(x, r).
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The transform M is M(n)-invariant and can be written in the group-

theoretical form:

Mf(x, r) =

∫

O(n)

f(x+ ky)dk,

where O(n) is the orthogonal group, dk is the Haar measure on O(n) and

y ∈ Rn is any vector |y| = r.

The spherical transform commutes with the Laplace operator, i.e.,

∆M r = M r∆, which can be readily checked.

Moreover, for C∞-functions with sufficient rate of decay at ∞, say for

functions in S(Rn), the transform can be decomposed into series of iterated

Laplacians:

Mf(x, r) =
1

2
n−2

2

∞∑

k=0

(r
2

)2k 1

k!Γ
(
n
2 + k

)∆kf(x)

(Pizzeti formula).

Formally, the decomposition can be obtained as follows. Write M rf as

the convolution

M rf = χr ∗ f,
where χr is the delta distribution on the sphere S(r) = S(0, r). Applying

the Fourier transform yields

M̂ rf = χ̂r · f̂ .
The Fourier transform χ̂r is the Bessel function:

χ̂r(λ) = Jn−2
2

(|λ|r)(|λ|r) 2−n
2 ,

and the Pizzeti formula now can be obtained by decomposition of the Bessel

function in the power series and taking the inverse Fourier transform.

The following identity is called the Darboux-Euler equation. Let

F (x, r) = M rf(x), f is twice differentiable. Then
(
∂2

∂r2
+
n− 1

r

∂

∂r

)
F (x, r) = ∆xF (x, r). (9.4)

The left hand side is just the radial part ∆r of the Laplacian ∆, so the

equation says ∆rF = ∆xF.

We now give the proof. Introduce the function F (x, y) = M |y|f(x).

Then

∆yF (x, y) =

∫

O(n)

∆yf(x+ ky)dk =

∫

O(n)

∆xf(x+ ky)dk = ∆ + xF (x, y)
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and the equation (9.4) follows, since ∆yF (x, y) = ∆rF (x, r) because F is

radial in the y-variable.

Moreover, the Aisgersson theorem says that any solution F (x, r) of the

Darboux-Euler equation is the spherical transform F (x, r) = Mf(x, r) of

the initial data f(x) = F (x, 0).

9.4. Pompeiu Transform and Pompeiu Problem

Both the plane Radon transform and the spherical transform integrate over

families of congruent sets (hyperplanes, spheres), that is, the motion group

M(n) acts on families of manifolds of integration.

The Pompeiu transform deals with integration over a family of congru-

ent compacts. Let M be a Riemannian manifold with the isometry group

Iso(M). With any compact K ⊂M of positive measure, one associates the

transform

(PKf)(τ) =

∫

τ(K)

f(x)dx, τ ∈ Iso(M),

defined on f ∈ L1
loc(M).

The transform

PK : L1
loc(M) → C(Iso(M))

is called the Pompeiu transform (associated with the compact K).

The spherical transform M r can be regarded as the Pompeiu transform

PS(r) associated with the sphere S(r) = {x ∈ Rn : |x| = r}.
The main problem regarding the Pompeiu transform is its injectivity.

In 1929, the Romanian mathematician, D. Pompeiu, published the ar-

ticle [Po] which contains the proof of injectivity of the transform PK in Rn

for arbitrary compact K ⊂ Rn, mesK > 0. However, the result in such

generality appeared to be false. Namely, Chakalov [Ch] poined out that

the transform PK , where K is a ball K = B(a, r) or a sphere K = S(a, r),

fails to be injective. Indeed, take

f(x) = ei(λ,x).

Then

PB(a,r)f(τ) =

∫

τ(B(a,r))

ei(λ,x)dx =

∫

B(τa,r)

ei(λ,x)dx

= ei(λ,τa)
∫

B(a,r)

ei(λ,y)dy = ei(λ,τa)Jn−2
2

(|λ|r)|rλ| 2−n
2 ,

(9.5)
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for any rigid motion τ ∈ M(n). Therefore, if λ is chosen so that |λ|r is a

zero for the Bessel function Jn−2
2
, then PB(a,r)f ≡ 0 while f 6= 0.

The following question is known as the Pompeiu problem and still re-

mains open (we formulate the problem for Rn) :

Pompeiu Problem. If balls are the only compact domains in Rn with

connected boundary, such that the corresponding Pompeiu transforms fail

to be injective?

The answer is unknown even for n = 2. Observe that a generic M(n)-

invariant family of compacts in Rn has dimM(n) = n(n+1)
2 parameters,

while the family of balls of a fixed radii is n-parametric. Thus, the ques-

tion is whether the lack of the number of parameters is the only reason of

noninjectivity of the transform?

Our immediate aim is to link the Pompeiu problem with the so-called

Schiffer problem on solvability of an over-determined boundary value prob-

lem for the Laplace operator. To this end, we need tools of spectral analysis

and synthesis.

9.5. Spectral Synthesis of Invariant Spaces

We will use the standard notations: E(Rn) – the space of all C∞-functions

in Rn with the topology of uniform convergence on compact sets, E ′(Rn) –

the dual space consisting of distributions with compact support.

Let T ∈ E ′(Rn). Then the Fourier transform of G is defined by

T̂ (λ) = 〈T, e−i(λ,·)〉, λ ∈ Rn.

According to the Paley-Wiener theorem [Ru], the image Ê ′(Rn) of the space

E ′(Rn) under Fourier transform coincides with the Paley-Wiener space

PW (Rn) of all functions f(x) in Rn possessing extension to Cn = Rn+ iRn

as entire functions f(z1, . . . , zn) satisfying the growth estimates

‖f‖k,A = supz∈Cn |f(z1, . . . , zn)|
∣∣ (1 + |z|)−ke−A| Im z| <∞,

k ∈ {0} ∪ N, A > 0.

The topology in the space PW (Rn) is defined by the seminorms ‖f‖k,A
and the Fourier transform is an isomorphism of the spaces.

We will denote PW (Cn) the space of entire extensions of functions in

PW (Rn) onto Cn.
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Definition. The subspace Y ⊂ E ′(Rn) is called translation-invariant if

f ∈ Y, a ∈ Rn, imply that the translation fa(x) = f(x− a) is also in Y. We

call Y M(n)-invariant if for any f ∈ Y and for any rigid motion τ ∈M(n),

the function fτ (x) = f(τx) belongs to Y.

Closed translation-invariant spaces Y ⊂ E ′(Rn) are characterized by invari-

ance under convolutions: if f ∈ Y and g ∈ E ′(Rn) then f ∗ g ∈ Y. In other

words, those subspaces Y are ideals with respect to convolution.

Let Y be a closed translation-invariant subspace in E ′(Rn). Since the

Fourier transform maps convolutions to products, the Fourier image Ŷ is

a closed ideal in Ê ′(Rn) ∼= PW (Rn) with respect to multiplication, i.e.,

f ∈ Ŷ , g ∈ Ê ′(Rn) implies fg ∈ Ŷ .

If the subspace Y ⊂ E ′(Rn) is M(n)-invariant, then the Fourier image

Ŷ ⊂ Ê ′(Rn) is a rotation-invariant ideal, which means that f ∈ Ŷ , k ∈ O(n)

imply f ◦ k ∈W.

The celebrated theorem of L. Schwartz (fundamental theorem of mean-

periodic functions) gives necessary and sufficient conditions for an ideal in

PW (C) to be dense in PW (C) :

Theorem. [Sch] Let W ⊂ PW (C) be an ideal (with respect to pointwise

mutiplication), whose functions have no common zero in C. Then W is

dense in PW (C).

This theorem can be translated for the space Ê ′(R) ∼= PW (R) =

PW (C)
∣∣
Rn as follows: a closed ideal W ⊂ PW (R) coincides with the whole

space PW (R) if and only if extensions of functions in W onto C have no

common zero.

It should be mentioned that the statement is not true for the space

PW (Rn), n > 1. This is related to the absence of isolated zeros for entire

functions in Cn when n > 1.

However, the spectral synthesis is possible for rotation-invariant ideals,

due to the fact that the orbit space Rn/O(n) is one-dimensional. Here is

the precise statement:

Theorem 9.1. [BST] Let W ⊂ PW (Rn) be a rotation-invariant closed

idea. If extensions of functions in W as entire functions in Cn have no

common zero in Cn then W = PW (Rn).

Proof. (Sketch) The proof is based on reducing to the Schwartz theo-

rem by means of radialization of functions in W. Namely, introduce the

radialization operator that maps any function in W to the function
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f#(x) =

∫

O(n)

f(kx)dk.

Clearly f# is radial, i.e., f# depends only on |x|. If f(z), z ∈ Cn, is the

entire extension of f onto Cn then the entire extension of f# is given by

f#(z) =

∫

O(n)

f(kz)dk,

where the action z → kz of the group O(n) in Cn is defined naturally:

k(x+ iy) = kx+ iky, x, y ∈ Rn.

The radialization operator maps the space PW (Cn) into itself. Func-

tions in the image, [PW (Cn)]#, of this operator can be identified, in a

natural way, with functions of one complex variable. Moreover, it appears

that they form an ideal in the space of even functions in the one-dimensional

Paley-Wiener space. The main part of the proof is to check that functions

in the ideal have no common zero. It is done by means of Banach alge-

bras. Then the Schwartz theorem yields that the closure of the above ideal

contains the function 1 and therefore 1 ∈W . This finishes the proof. �

Since M(n)-invariant subspaces in E ′(Rn) and rotation-invariant ideals

in PW (Rn) are isomorphic via the Fourier transform, we have

Corollary. Let Y ⊂ E ′(Rn) be a closed M(n)-invariant subspace, Fourier

transforms whose functions have no common zero in Cn. Then Y = E ′(Rn).

9.6. The Schiffer Conjecture

9.6.1. Characterization of Pompeiu compacts by zero sets of

Fourier transforms of their characteristic functions

We call a compact K ⊂ Rn Pompeiu compact (domain) if the Pompeiu

transform Pk, defined in Section 9.4, is injective.

Any rigid motion τ ∈ M(n) is the composition of translation and ro-

tation, hence a compact K being Pompeiu compact is equivalent to the

equation

χσ(K) ∗ f = 0, for all σ ∈ O(n), (9.6)

f ∈ L1
loc(R

n), has the only trivial solution f = 0.

Define YK as the translation-invariant closed space in E ′(Rn), spanned

by the functions χσ(K), σ ∈ O(n).
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The Hahn-Banach theorem and (9.6) yield:

Proposition 9.2. K ⊂ Rn is a Pompeiu compact if and only if YK =

E ′(Rn).

Proposition 9.3. K ⊂ Rn is a Pompeiu compact if and only if the Fourier

transforms ̂χσ−1(K) = χ̂K ◦ σ, σ ∈ O(n), have no common zero in Cn.

The functions χ̂K ◦ σ have a common zero z0 ∈ C means that χ̂K
vanishes identically on the orbit O(n) ◦ z0 = {σz0 : σ ∈ O(n)} of the point

z0 under the group O(n).

When σ runs the group O(n), the point σz0 = σx0 + iσy0 runs all

z = x + iy ∈ Cn such that |x| = |x0|, |y| = |y0| and (x, y) = (x0, y0). The

latter conditions can be written in complex form as

z2
1 + · · · + z2

n = α+ iβ, where α = |x0|2 − |y0|2

and β = 2(x0, y0), with the additional restriction |x| = |x0|.
Thus, the orbit O(n) · z0 is the intersection of the quadric Q : z2

1 + · · ·+
z2
n = α + iβ with the cylinder |Re z| = |x0|. This intersection is a 2n− 3-

dimensional real submanifold of the complex hypersurface Q in Cn and the

uniqueness theorem implies that the vanishing of the entire function χ̂K on

the orbit O(n) ·z0 is equivalent to the vanishing of χ̂K on the whole quadric

Q.

In view of Proposition 9.3, we have, by denoting α+ iβ = λ2 :

Theorem 9.4. [BST] The compact K ⊂ Rn fails to be Pompeiu if and

only if the Fourier transform χ̂K of its characteristic function vanishes on

a quadric Qλ = {z ∈ Cn : z2
1 + · · · + z2

n = λ2} for some λ ∈ C \ {0} (χ̂K
cannot vanish at λ = 0 because χ̂K(0) =

∫
K dx = mesK > 0).

9.6.2. Overdetermined Dirichlet-Neumann boundary value

problem

Let K ⊂ Rn be a non-Pompeiu compact of positive measure. Then, as we

already know, the Fourier transform χ̂k vanishes on a quadric z2
1 +· · ·+z2

n =

λ2, λ ∈ C \ {0}. It is equivalent for the entire function χ̂K in Cn to be

divisible by the polynomial z2
1 + · · · + z2

n − λ2 :

χ̂K = (z2
1 + · · · + z2

n − λ2)v,

where v is also an entire function in Cn.
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Moreover, v ∈ PW (Cn) and therefore v is the Fourier transform, v = û

of a compactly supported function u. Applying the Fourier transform yields:

(∆ + λ2)u = χK in Rn. (9.7)

The estimate

|v(x)| ≤ |χ̂K(x)|
|x|2 − |λ|2 ≤ 1

|x|2 − |λ|2 , x ∈ Rn,

shows, due to the known relation between the rate of decay of a function

and the smoothness of its Fourier transform, that u = v̌ (the inverse Fourier

transform) belongs to C1(Rn).

Outside of the compact K, the function u solves the equation (∆ +

λ2)u(x) = 0, x ∈ Rn \K, and therefore u is real analytic in the complement

of K. Since u has compact support, we conclude that u vanishes on the

unbounded component of Rn \K.
Conversely, if (9.7) is solvable, then applying the inverse Fourier trans-

form leads to the conclusion that χ̂K vanishes on the quadric z2
1+. . . z2

n = λ2

and therefore K fails to be Pompeiu compact.

From now on, we will deal with bounded domains Ω ⊂ Rn with con-

nected boundary. According to (9.7), the domain Ω is not Pompeiu if and

only if there exists u ∈ C1(Ω) and λ ∈ C \ {0} such that (∆ + λ2)u = 1 in

Ω and u(x) = 0, ▽u(x) = 0 for x ∈ ∂Ω (because u possesses a C1-extension

in Rn vanishing on Rn \ Ω).

Replacing u by −λ2u+1 reduces the equation to (∆+λ2)u = 0, u(x) =

1, ▽u(x) = 0 for x ∈ ∂Ω, and we arrive at

Theorem 9.5. [BST] Let Ω be a bounded domain in Cn with connected

boundary. Then Ω fails to be a Pompeiu domain if and only if the overde-

termined Dirichlet-Neumann boundary value problem

(∆ + λ2)u = 0 in Ω (9.8)

u
∣∣
∂Ω

= 1

▽u
∣∣
∂Ω

= 0

has a solution u ∈ C1(Ω) for some λ ∈ C \ {0}.

Remark. The condition of vanishing the gradient ▽u on ∂Ω can be re-

placed by the Neumann boundary condition ∂u
∂ν = 0, where ν is the unit

normal vector to ∂Ω. Also, since the Laplace operator with the Neumann

boundary condition is self-adjoint, the eigenvalue λ2 is real positive
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Now the Pompeiu problem can be reformulated in terms of solvability

of the boundary value problem (9.8). This reformulation is known as the

Schiffer’s problem:

Schiffer’s Conjecture. Euclidean balls are the only bounded domain with

connected Lipschitz boundary for which the problem (9.8) has a solution.

Remark. If Ω = B(0, R) is a ball in Rn (centered at 0), then the solution

to (9.8) exists. It is radial and is expressed via Bessel functions:

u(x) = const
Jn−2

2
(λ|x|)(λ|x|) 2−n

2 .

The constant is chosen to satisfy the condition u(R) = 1, and the spectrum

{λ} is countable and is defined by the conditin Jn

2 (λR) = 0. This follows

from the known identity d
dtJm(t)t−n = Jm+1t

−(m+1).

Let us formulate here briefly some known results on Schiffer’s Con-

jecture, For further information we refer the reader to the survey of L.

Zalcman [Za2], where the state of the art until 1991 is presented. The

articles [Za1] and [Za3] give a lovely introduction to the subject.

Regularity of the boundary. A result of Williams [Wi] states that if

the problem (9.8) is solvable and ∂Ω is Lipschitz then ∂Ω is real-analytic.

This means that domains with non real-analytic boundary of the Lipschitz

class, for instance polygons, possess the Pompeiu property, i.e., provide

injectivity of the Pompeiu transform. Therefore one can assume the real-

analytic boundary ∂Ω in the Schiffer Conjecture.

Infinite set of eigenvalues. C. Berenstein [Be] proved that if (9.8) is

solvable for infinitely many eigenvalues λ, then Ω is a ball.

Domains far from balls. Results of Brown and Kahane [BK] state that

if Ω is a convex domain whose length is twice its width (cigar-like domain),

then Ω is a Pompeiu domain, i.e., (9.8) is unsolvable.

Schiffer Conjecture for partial classes of domains.

Garofalo and Segala [GS] proved the Schiffer Conjecture for domains in

the plane whose boundaries are images of the unit circle under a trigono-

metric polynomia. Ebenfelt [E] proved the Schiffer Conjecture for so-called

quadrature domains – images of the unit disk under rational conformal

mappings.
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9.7. Characterization of Euclidean Balls by Multiplicity of

Dirichlet-Neumann Eigenvalues

Let us write again the over-determined Dirichlet-Neumann problem that

we deal with:

(∆ + λ2)u = 0 in Ω (DN)

u
∣∣
∂Ω

= c,
∂u

∂v

∣∣
∂Ω

= 0

where c is a constant and Ω is a bounded domain with connected real-

analytic boundary.

In a parallel way, we consider the Dirichlet problem:

(∆ + λ2)v = 0 in Ω (D)

u
∣∣
∂Ω

= 0.

By m(λ) we denote the multiplicity λ as a Dirichlet eigenvalue, i.e.,

m(λ) is the dimension of the solution space to (D).

Note that if Ω is a ball, Ω = B(0, R), and λ is an eigenvalue for the prob-

lem (DN) then separation of variables in spherical coordinates implies that

u(x) = const
Jn−2

2
(λ|x|)

|x|
n−2

2

, and the relation d
dt

(
Jn−2

2
(t)t

2−n
2

)
= Jn

2
(t)t−n/2,

and the condition on normal derivative ∂u
∂v

∣∣
∂B(0,R)

= 0 yields that λ must

be chosen so that Jn
2

(λR) = 0.

Again, it follows by separation of variables in the problem (D) that the

solution space for the problem (D) is spanned by n linearly indpendent

solutions

xiJn
2

(λ|x|)(|x|)−n/2 , i = 1, . . . , n.

Thus, if Ω is a ball, then the D-multiplicity m(λ) of any D-eigenvalue

λ is precisely n.

We want to prove that the opposite is also true. Namely, the following

holds:

Theorem 9.6. Let Ω be a bounded domain in Rn with real-analytic bound-

ary, homeomorphic to the Euclidean ball. If there exists a DN-eigenvalue

λ 6= 0 such that its D-multiplicity m(λ) satisfies m(λ) ≤ n, then D is a ball

(and, in fact, m(λ) = n).

Proof. We break the proof into 2 main steps.

Vector fields annihilating solutions.
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Let u 6= 0 be the (unique) solution for the problem (DN) with the given

eigenvalue λ. Since λ 6= 0 then u 6= const . Now we can generate solutions

to (D) in the following way. Let us consider the vector fields

Xi =
∂

∂xi
, i = 1, . . . , n, and Dij = xi

∂

∂xj
− xj

∂

∂xi
, 1 ≤ i ≤ j ≤ n

which form a basis in the Lie algebra G of the motion group M(n) of Rn.

Here Xi are infinitesimal translations and Dij are infinitesimal rotations.

Since transformations from the motion group M(n) commute with the

Laplace operator ∆, the infinitesimal generators Xi and Dij commute with

∆ as well. Therefore Xiu and Diju are eigenfunctions corresponding to the

eigenvalue λ. The boundary conditions for u in (DN) imply ▽u
∣∣
∂Ω

= 0 and

therefore Xiu and Diju vanish on ∂Ω.

Thus, Xiu and Diju solve the problem (D) in the domain Ω. Now ob-

serve that the functions X1u, . . . , Xnu are linearly independent. Indeed,

α1X1u+ · · · + αnXnu = 0 for some αi ∈ R would mean that u is constant

on any line orthogonal to the hyperplane α1x1 + · · · + αnxn = 0 which in

turn, along with u
∣∣
∂Ω

= c would imply u(x) = c for all x ∈ Ω, which is not

the case.

Therefore, since any n + 1 solutions to (D) are linearly dependent we

obtain that each solution Diju is a linear combination of X1u, . . . , Xnu :

Diju =
n∑

k=1

ckijXku.

Denote Tij = Dij −
n∑
k=1

ckijXk so that Tiju = 0.

Group symmetries of the level surfaces of the solution.

Let us consider the subspace N ⊂ G defined as

N = {T ∈ G : Tu = 0}.

The subspace N is a Lie subalgebra in G because T, S ∈ N imply that the

commutator [T, S] ∈ N ([T, S]u = TSu− STu = 0).

Denote by N the closed connected Lie subgroup N ⊂ M(n) with the

Lie algebra N, i.e., N = exp N and let us prove that N is compact. To

this end, pick a point x0 ∈ Ω such that u(x0) 6= c, where c is the boundary

value of u and consider the orbit

Nx0 = {gx : g ∈ N}
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of the point x0. By construction, u
∣∣
Nx0

= const . Since u(x0) 6= c = u
∣∣
∂Ω
,

the orbit Nx0 is disjoint from the boundry ∂Ω. Since Nx0 is a connected

manifold, it is entirely contained in ω and hence is bounded.

Additionally, Nx0 = N/N ∩ Ox0(n), where Ox0(n) ⊂ M(n) is the sta-

tionary subgroup at x0, is topologically closed and hence Nx0 is compact.

It follows that the group N is compact as N ∩ Ox0(n) is compact and the

coset space Nx0 is compact as well.

Any compact Lie subgroup N ⊂ M(n) is contained in a maximal com-

pact subgroup K of M(n) that is known to be conjugated to O(n) :

K = gO(n)g−1 for some g ∈M(n)

The corresponding inclusion for Lie algebras holds: N ⊂ K ∼= O(n),

O(n) is the Lie algebra of O(n). Then dim N ≤ dim K = dimO(n). On the

other hand, the vector fields Tij which were constructed earlier belong to

N and are linearly independent. Indeed, if
∑
αijTij = 0 then

∑

ij

αijDij −
∑

k


∑

ij

αije
k
ij


Xk = 0

and αij = 0 because the vector fields Dij , Xi are linearly independent( they

constitute a basis in G.)
The number of the vector fields Tij equals the number of the operators

Dij , i.e., the dimension of the Lie algebra O(n). Thus, dim N ≥ dimO(n)

and finally dim N = dimO(n) = dim K. But then N = K because N is a

subspace of the finite dimensional space K.

Coincidence of the Lie algebras implies local homomorphy of the cor-

responding Lie groups N ⊂ K = exp K, and the subgroup N is the factor

group N = K/H over a discrete, and therefore finite, normal subgroup

H ⊂ K.

Then any two orbits Nx and Kx, x ∈ Ω, have a common open subset

{kx : k ∈ U}, where H∩U = {e}, e is the unit element, and since the orbits

are connected real-analytic submanifolds,then they coincide everywhere,

Nx = Kx.

Observe that the orbit Kx = {gkg−1(x) : k ∈ O(n)} is the Euclidean

space centered at g(0) and passing through x. The function u is constant

on orbits of the group N and therefore the level sets of u are spheres Kx,

x ∈ Ω. Then the boundary ∂Ω must be one of the orbits since otherwise

u
∣∣
∂Ω

= const would imply u = const near ∂Ω and hence u = const on Ω

due to real-analyticity of u.
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Thus, ∂Ω is a sphere and, corresondingly, Ω is a Euclidean ball. �

9.8. Pompeiu-Schiffer Problem for Domains Close to Balls

Now we will use the result of the previous section to study stability in the

Pompeiu-Schiffer problem.

We will show that if a sequence of non-Pompeiu domains with bounded

DN-eigenvalues shrink to a ball, then all these domains, except a finite

number of them, are balls.

By convergence of a sequence of domains, we understand the following:

Let Ωn be a sequence of compact domains in Rn, each of which is C2-

diffeomorphic to the unit ball B ⊂ Rn, id stands for the identical mapping.

We say that Ωn C2-converge to B if the C2-diffeomorphisms Fn : B →
Ωn can be chosen so that Fn → id in C2(B).

Theorem 9.7. [AS] Let Ωn be a sequence of compact domains in Rn,

C2-diffeomorphic to the unit ball B ⊂ Rn. Suppose that each Ωn is a

non-Pompeiu domain, i.e., the problem (DN) is solvable, and assume that

sup |λn| <∞, where λn are the DN-eigenvalues. Then then there exists n0

such that all Ωn with n ≥ n0 are Euclidean balls.

We describe the main steps of the proof; for a detailed proof we refer

the reader to [AS].

Proof. (Sketch)

Step 1. If the conclusion of the theorem is not true, then there exists

a subsequence Ωnk
of domains different from the balls. By replacing the

sequence Ωn by subsequence Ωnk
, one can assume that no domain Ωn is a

ball.

There exists a converging subsequence λnk
of eigenvalues, λnk

→ λ0,

and, after one more renumerating, it can be assumed that λn → λ0.

The boundary value problem (DN) in each domain Ωn can be written

in the weak form ∫

Ωn

(un − cn)∆vdx = −λ2
n

∫

Ωn

wdx, (9.9)

for arbitrary v ∈ Lw(Rn)∩C2(Rn). Here un is the solution to (∆+λ2
n)un = 0

in Ωn with the boundary conditions un
∣∣
∂Ωn

= cn,
∂un

∂v

∣∣
∂Ωn

= 0, v is normal

vector to ∂Ωn.

Normalize un by the condition
∫
Ωn

|un|2dx = 0 and extend un to Rn by

un(x) = 0, x ∈ Rn\Ω. Using compactness of the unit sphere in L2(Rn) with



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

298 M. Agranovsky

respect to the weak topology, one can select a weak-converging subsequence

unk

w→ u0, k → ∞.

Again, we can assume that un
w→ u0, n→ ∞, by replacing the sequence

Ωn by its subsequence. It can be easily seen from the identity (9.9) that

the sequence cn is bounded (if cnk
→ ∞ then dividing both sides by cn and

taking into account boundedness of λn and ‖un‖L2 and letting k → ∞ we

would get
∫
Ωn

∆vdx = 0 which is not the case).

Thus there exists a convergent subsequence cnk
→ c0. One more renu-

meration leads us to the following situation:

un
w→ u0, λn → λ0, cn → c0.

Step 2. The L2-function u0 is a weak solution to
∫

B

(u0 − c0)∆vdx = −λ2
0

∫

Ωn

unvdx, v ∈ L2(Rn) ∩ C2(Rn). (9.10)

in the unit ball. The regularity theorem for elliptic equations implies that

u0 is a smooth solution. Moreover, it follows that u0 is radial and therefore

coincides with a Bessel function. In particular, u0 is in C1(B) and (9.10)

implies u0

∣∣
∂B

= c0,
∂u0

∂v

∣∣
∂B

= 0.

To conclude that u0 is a DN-eigenfunction, it remains to check that

u0 6= 0, or equivalently , c0 6= 0. This is done by energy estimates [AS].

Step 3. The final argument rests on Theorem 9.6 and the theory of

perturbations of operators (see [Ka]). First of all, the diffeomorphism Fk :

B → Ωk enables us to transfer the Laplace operator on Ωn to the differential

operator ∆k defined on a function in the unit ball B by

∆kv = ∆(v ◦ F−1
k ).

Then ∆k has the form

∆k =

n∑

ij=1

Akij(x)∂2
xixj

and Fk → id in C2(B) implies that the matrix Akij(x) converges to the unit

matrix as k → ∞, i.e., ∆k converge to ∆.

It was shown in Step 2 that λ0 is a DN-eigenvalue for the unit ball

and therefore the Dirichlet multiplicity m(λ0) = n. According to the per-

turbation theory, small perturbations do not increase the multiplicity and

hence the eigenvalues λk of the perturbed operators ∆k, close to λ0, have

D-multiplicities m(λk) ≤ n. Theorem 9.6 says that then Ωk is a ball. This

contradicts the assumption that no Ωk is a ball. �
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For the case n=2, a different proof of stability of discs in the Pompeiu

problem was given in [Ag]. There the proof uses conformal mappings and

family of domains in the question are images under conformal perturbations

of the identical map of the unit disc.

Theorem 8.1 implies that any small C2-deformation of the unit ball

by non-Pompeiu domains with bounded DN-eigenvalues reduces to trivial,

affine deformation of the unit ball by balls. In other words, balls constitute

a homotopy class in the space of all non-Pompeiu domains equipped with

a proper topology.

To confirm the Schiffer Conjecture, it would suffice to prove that any

non-Pompeiu domain can be deformed into a within the space of non-

Pompeiu domains. Consider the case n = 2. Let Ω be a simply-connected

bounded doman in C, with real-analytic boundary. A natural deformation

Ω into the unit disk can be constructed as follows. Assume that 0 ∈ Ω and

let

ω : ∆ → Ω

be a Riemannian mapping of the unit disk ∆ ⊂ C onto Ω with ω(0) = 0.

For any 0 < t < 1 define

ωt(z) =
1

t
ω(tz)

and let Ωt = ωt(∆). Then ωt(z) = c1z + tc2z + . . . , where ω(z) =
∞∑
n=1

cnz
n

and we see that ωt → id as t → 0. Therefore, Ωt tend to the unit disk ∆,

as t→ 0.

In view of Theorem 8.1, the positive answer to the following conjecture

would lead to solving the entire problem:

Conjecture. If Ω is a non-Pompeiu domain then for any 0 < t < 1 the

domain Ωt is also a non-Pompeiu domain.

It is natural to call the domains Ωt hyperbolically homothetic to Ω.

Therefore the above conjecture is that if the over-determined boundary

value problem (DN) in Section 9.7 is solvable for Ω then it is solvable

for any hyperbolically homothetic domain Ωt. Note that this statement is

consistent with the Schiffer-Pompeiu conjecture that (DN) is solvable only

for disks, because domains hyperbolically homothetic to disks are disks.

T.Kobayashi [Ko] obtained a stability result similar to Theorem 8.1 by

studying perturbations of zero sets of the Fourier transform of the char-
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acteristic functions of the domains Ωn. The relation of such sets to the

Pompeiu property is given in Theorem 6.3.

9.9. Spherical Transform Revisited

9.9.1. Injectivity of pairs of Pompeiu spherical transforms

(two-radii theorems)

Recall that the spherical transform is defined by

Mf(x, r) = M rf(x) =

∫

S(x,r)

f(y)dA(y),

where dA(y) is the normalized surface area on the sphere S(x, r) = {y ∈
Rn : |y − x| = r}.

Clearly, the spherical transform can be regarded as the Pompeiu trans-

form PK with K = S(0, r), defined in Section 9.6.

As we saw in Section 9.6, the transforms PS(0,r) and PB(0,r) (over spheres

or balls) fail to be injective. To get injectivity, one considers the pair of the

Pompeiu transforms over spheres:

Pr1,r2f(x) = (Mf(x, r1),Mf(x, r2))

that defines the operator

Pr1,r2 : L1
loc(R

n) → C(Rn,R2).

The following result, due to L. Zalcman, gives all values r1, r2 providing

injectivity of the transform Pr1,r2 :

Theorem. [Za2] The tranfsform Pr1,r2 (r1, r2 > 0) is injective so long as
r1
r2

6= z1
z2
, where zi are zeros of the Bessel function Jn−2

2
.

The proof is inferred from the fundamental thereom of Schwartz (Sec-

tion 9.4). The condition Pr1,r2f = 0 can be rewritten as the pair of the

convolution equations

f ∗ σr1 = f ∗ σr2 = 0,

where σr is the surface measure on the sphere S(0, r). Now, the condition

for the radii can be translated as the absence of common zeros for the

functions

σ̂ri(λ) = Jn/2(|λ|ri)(|λ|ri)
2−n

2 , i = 1, r
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which, in turn, implies by the Schwartz theorem that the ideal in E ′(Rn)

spanned by the distributions σr1 and σr2 is dense in E ′(Rn). This implies

f = 0. Conversely, if r1
r2

= z1
z2

with Jn−2
2

(z2) = Jn−2
2

(z0) = 0, then the

function f(x) = ei(λ,x), |λ| = z1
r1

= z2
r2
, is in the kernel of the transform

Pr1,r2 .

C. Berenstein and R. Gay [BY] proved local variant of two-radii theorem

where one integrates over pairs of spheres contained in a given ball. Series

of refined versions of two-radii theorems were obtained by V.Volchkov, see

his book [Vo] and the references there.

9.9.2. Injectivity problem for the spherical Radon projection

We will call the function Mf(x, ·) the spherical Radon projection of a func-

tional at the point x ∈ Rn.

Let X be a class of functions in Rn (e.g., X = C(Rn), Cc(Rn), Lp(Rn),

S(Rn)).

Definition. A set Γ ⊂ Rn is said to be a set of injectivity (on X) if

Mf(x, ·) = 0, for all x ∈ Γ, implies f = 0, for any f ∈ X.

In other words, a set Γ is a set of injectivity if vanishing of all spherical

means woth centers on Γ implies that the function is identicaly zero.

A trivial example of an injectivity set for C(Rn) is the whole space Rn.

The inversion formula for the spherical Radon projection in this case is also

trivial: f(x) = lim
r→0

Mf(x, r). A simple example of a set of non-injectivity

(in any reasonable class of functions) is a hyperplane Γ ⊂ Rn. Indeed, for

any function f that is odd with respect to reflections around Γ we have

Mf(x, r) = 0 if x ∈ Γ.

The general problem we are going to discuss is:

Problem. Given a class of functions X, characterize the injectivity sets of

the spherical Radon projection.

Let us emphasize the difference between the injectivity problems for the

Pompeiu spherical transform and for the spherical Radon projection. In

the first case, the centers of the spheres of integration are arbitrary and the

set of radii is under question, while in the second case, conversely, radii are

arbitrary and the set of the centers is to be described.

Let us show that this problem is reduced to the injectivity problem for

the plane Radon projection (see Section 9.1) restricted to a certain quadric.
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Let Γ ⊂ Rn. Associate with the set Γ the cone CΓ ⊂ Rn+1 :

CΓ = {−2xt, t) : x ∈ Γ, t ∈ R}.

Define the paraboloid Π ⊂ Rn+1 :

Π : xn+1 = x2
1 + · · · + x2

n.

Proposition 9.8. The set Γ ⊂ Rn is an injectivity set for the spherical

Radon projection on C(Rn) if and only if the cone CΓ is a cone of injectivity

for the plane Radon transform Pω on C(Π), that is if f is a continuous

function on the paraboloid Π and Pωf(d) = Rf(ω, d) = 0, for all directions

ω ∈ CΓ, and for all distances d ∈ R then f = 0. Here f is understood as a

distribution supported by the paraboloid Π and the Radon transform Rf is

understood in the distributional sense.

Proof. The cone CΓ being a cone of injectivity for Pω on the class C(Π)

means that if f ∈ C(Π) and Pωf = 0, ω ∈ CΓ, then f = 0.

Consider a hyperplane (ω, x) = d in Rn+1 with ωn+1 6= 0. The intersec-

tion of this hyperplane with the paraboloid Π is given by

n∑

i=1

(
xi +

1

2

ωi
ωn+1

)2

=
d

ωn+1
− 1

4

n∑

i=1

ω2
i

ω2
n+1

,

and therefore the orthogonal projection

π : Π → Rn, π(x1, . . . , xn, xn+1) = (x1, . . . , xn)

maps the cross-section Π ∩ {(ω, x) = d} onto the sphere S(a, r) ⊂ Rn with

a = − 1
2ωn+1

(ω1, . . . , ωn) and r = d
ωn+1

− 1
4

∑n
i=1

ω2
i

ω2
n+1

.

Denote t = ωn+1, then the vector ω is represented as

ω = (ω1, . . . , ωn, ωn+1) = (−2ta, t)

and ω ∈ CΓ whenever a ∈ Γ. Therefore, the family of spheres S(a, r), a ∈ Γ,

r > 0 is just the projection under π of the family of parallel cross-sections

of the paraboloid Π by the hyperplanes (ω, x) = d, d ∈ R. Then we have

the equivalence: Mf(a, ·) = 0 for all a ∈ Γ (f ∈ C(Rn)) if and only if

Pω(f ◦ π) = 0 for all ω ∈ CΓ and the proposition follows. �

Remark. Proposition 9.8 can be understood in analytic terms, in the spirit

of the Projection Slice Theorem.
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Indeed, assume that f decays at ∞, for instance, f ∈ Cc(Rn). The

condition Mf(x, r) = 0 for x ∈ B ⊂ Rn and r > 0 is equivalent to
∫

Rn

e−it|x−y|
2

f(y)dy = 0, for all x ∈ Γ and t ∈ R,

which is equivalent to
∫

Rn

e−i(−2t(x,y)+|y|2)f(y)dy = 0.

The latter can be written as

U(−2tx, t) = 0 for (x, t) ∈ Γ × R,

where

U(λ1, . . . , λn+1) =

∫

Rn

e−i(λ1y1+...λnyn+λn+1‖y |2)f(y)dy.

The function U is the Fourier transform of the distribution f ◦ π with the

support on the paraboloid P.

Thus we see that vanishing of spherical means Mf(x, ·) = 0, x ∈ Γ on

Γ is equivalent to vanishing of the Fourier transform on the generated cone

CΓ, U
∣∣
CΓ

= 0. In turn, by the Projection Slice Theorem vanishing of the

Fourier transform is equivalent to vanishing of integrals over all hyperplanes

with the normal vectors from CΓ: Pω(f ◦ π) = 0, ω ∈ CΓ.

9.10. Injectivity of the Spherical Radon Projection on

Compactly Supported Functions

9.10.1. The case n = 2

The following theorem gives a complete characterization of the injectivity

set for the spherical Radon projection on the space Cc(R2) of compactly

supported functions in the plane.

Theorem 9.9. [AQ1] A set Γ ⊂ R2 is a set of injectivity on Cc(R2) if

and only if Γ is contained in no set of the form Σ∪V, where V is finite and

Σ is a bunch of lines through one point with equal angles between adjacent

lines (Coxeter system of lines).

For the detailed proof, we refer the reader to the article [AQ1], while the

idea of the proof will be given later, when we discuss the case of arbitrary

dimension. Let us comment here only on the “if” part of Theorem 10.1.
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Any Coxeter system Σ of lines fails to be a set of injectivity for the

following reason. The group W (Σ) generated by reflections around the

lines in Σ is finite, and any function that is odd with respect to these lines

belongs to the kernel of the spherical transform with centers on Σ. It is a

little bit more complicated to show that adding any finite set V preserves

the kernel to be nontrivial.

Now, a Coxeter system Σ of lines in R2 can be described in the complex

form by the equation Re c(z−a)k = 0, z ∈ C, where c, a ∈ C, a is the vertex

(common point) of Σ and arg c defines rotation of the configuration of lines.

Any harmonic homogeneous polynomial h in R2 can be written as h(x, y) =

Re c(x+ iy)k and therefore Coxeter systems of lines are just translations of

zero sets of harmonic homogeneous polynomials. This rewording provides

a bridge to the expected result in higher dimensions.

9.10.2. The case n > 2

The problem of full characterization of an injectivity set on the space

Cc(R
n) with n > 2 is still open. On of the reasons is that not much is

known about zero sets of harmonic polynomias of n real variables, when

n > 2. For n = 2, the structure of these sets is well understood and this is

one of the ingredients of the proof of Theorem 9.9.

Here are some preliminary observations.

Proposition 9.10. Let Γ ⊂ Rn is not a set of injectivity on the space

Cc(Rn). Then there is a polynomial P in Rn with real coefficients, which

divides some nonzero harmonic polynomial (P is an harmonic divisor) and

an algebraic variety V ⊂ Rn of dimension dim V < n− 1 such that

Γ ⊂ P−1(0) ∪ V.
Proof. Let f ∈ Cc(Rn), f 6= 0, such that

Mf(x, r) = 0 for all(x, r) ∈ γ × R+.

Define polynomials Pk :

Pk(x) =

∫

Rn

|x− y|2kf(y)dy.

Not all Pk are zero since otherwise f = 0. It is easy to show that∫
|x−y|=r f(y)dy = 0, for all r > 0, is equivalent to Pk(x) = 0, for

k = 0, 1, . . . , and therefore

Γ ⊂
∞⋂

k=0

P−1
k (0).
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Let P̃k be the natural extension of Pk to Cn.

The Hilbert Finiteness Theorem [vW] states that the intersection of the

complex algebraic varieties P̃−1
k (0) is defined by the finite subfamily of the

polynomials Pm :

∞⋂

k=0

P̃−1(0) =

M⋂

k=m

P̃−1
k (0).

Herem is the minimal index k such that P̃k 6= 0. If P̃ is the greatest common

divisor (over C) of the polynomials P̃k, k = m, . . . ,M, then
M⋂
k=m

P̃−1
k (0) =

P̃−1(0)∪W, whereW is an algebraic variety in Cn with dimC W < n−1.The

decomposition follows from the fact that any two irreducible components

of two varieties P̃−1
k1

(0) and P̃−1
k2

(0) either coincide or intersect by algebraic

variety of lower dimensions.

Now we have, after restriction to Rn :

∞⋂

k=0

P−1
k (0) = P−1(0) ∪ V,

where P = P̃
∣∣
Rn , V = W ∩ Rn. Observe that

∆Pk(x) = const

∫

Rn

|x− y|2(k−1)f(y)dy = constPk−1(x).

Then ∆Pm = constPm−1 = 0. Therefore P divides harmonic polynomials

Pm 6= 0. It follows that P has real coefficients. Indeed, since Pm has real

coefficients, we have P̃m(z) = P̃m. The polynomial P̃ divides P̃m and if

P̃ ∗(z) = P̃ (z) 6= P̃ (z), then both P̃ and P̃ ∗ are divisors of P̃m. It follows

that Pm = |P |2Q for some polynomial Q. This contradicts the theorem

of Brelot-Choquet [BC] which states that no polynomial in Rn, preserving

the sign, can divide a nontrivial harmonic polynomial. Therefore P̃ ∗ = P̃

which means that P̃ has real coefficients. This completes the proof. �

Remark. The set P−1(0) is a (n−1)-dimensional submanifold with singu-

larities at the points where the gradient ∇P vanishes. Indeed, Rn \P−1(0)

must be disconnected since otherwise P (x) ≥ 0, x ∈ Rn, or P (x) ≤ 0,

x ∈ Rn and in both cases we would get a contradiction with the above-

mentioned theorem of Brelot-Choquet.
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Conjecture. The polynomial P in Proposition 9.10 can be chosen ho-

mogeneous after suitable translation. In other words, the main, (n − 1)-

dimensional component of any set of noninjectivity is contained in a cone

with respect to some point.

Theorem 9.9 confirms the conjecture for n = 2. Here is a partial de-

scription of injectivity sets in higher dimensions.

Theorem 9.11. [AQ2] Let Γ be a smooth hypersurface in Rn having the

property that there are two points a, b ∈ Γ, a 6= b, such that the segment

[a, b] is orthogonal to both tangent planes Ta(Γ), Tb(Γ). Then Γ is a set of

injectivity for the spherical Radon projection on the space Cc(Rn).

The proofs of Theorem 9.9 and Theorem 9.11 have microlocal analysis,

i.e., analysis of analytic wave front sets, as a key ingredient. This strong

analytic tool is the basis for proving the support theorem (see Quinto [Q]).

The main point in [Q] is: if f has compact support and Mf(x, ·) = 0 when

x belongs to a real-analytic hypersurface S, then a sphere S(x, r) can touch

supp f only at points symmetric with respect to the tangent plane Tx(S).

In turn, it is related to the fact that f is in a kernel of a real-analytic

elliptic Fourier integral operator (differential of the operator M) and, due

to the regularity theorem, analytic wave front sets must cancel at Tx(S)-

symmetric points, assuming that one of them is a touching point of S(x, r)

to supp f. This implies that the symmetric point must be also in supp f.

We are not going into more details of the proof, as it would require many

prerequisites, so we refer the reader to [AQ1], [AQ2], [AQ3].

For instance, the hyperboloid x2 +y2−z2 = 1 in R3 is a set of injectivity

on Cc(R3) while the cone x2 + y2 − 2z2 = 0 is not, as follows from

Theorem 9.12. The zero set of any nonzero harmonic homogeneous poly-

nomial fails to be a set of injectivity for the spherical Radon projection on

Cc(Rn).

Proof. Let P 6= 0 be a homogeneous harmonic polynomial in Rn, Γ =

P−1(0). Define the distribution T = Pδ(|x| − 1), δ is the delta-function at

the origin, supported on the unit sphere. The distribution T acts on test

functions ϕ by

〈T, ϕ〉 =

∫

|x|=1

P (x)ϕ(x)dx.
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Let ψ ∈ Cc(Rn) be a radial function ψ(x) = ψ(|x|), such that the

convolution f = T ∗ψ 6= 0 (it is easy to show that such a function ψ exists

since T 6= 0).

The function f is continuous and has compact support since T and ψ

do. Let us show that Mf(x, r) = 0, r > 0, when x ∈ P−1(0). We have

Mf(x, r) =

∫

|x−y|=r
f(y)dA(y)

=

∫

|x−y|=r

(∫

|z|=1

ψ(y − z)P (z)dA(z)

)
dA(y)

=

∫

|y|=r

(∫

|z|=1

ψ(y + x− z)P (z)dA(z)

)
dA(y).

(9.11)

Denote by Ox(n) the group of orthogonal transformations k of Rn such

that k(x) = x. Since ψ is radial and therefore O(n)-invariant, we have

ψ(y + x − z) = ψ(ky + x − kz), k ∈ Ox(n). The measures dA(y) and

dA(z) are invariant under rotations and hence, after changing of variables

we arrive to

Mf(x, r) =

∫

|y|=z

(∫

|z|=1

ψ(y + x− z)P (k−1z)dA(z)

)
dA(y).

Integrating against the normalized Haar measure dk yields

Mf(x, r)

=

∫

|y|=r

(∫

|z|=1

ψ(y + x− z)

(∫

Ox(n)

P (k−1z)dk

)
dA(z)

)
dA(y).

The inner integral against dk is proportional to the zonal spherical har-

monic Zx(z) [SW, Theorem 2.12]:
∫

Ox(n)

P (k−1z)dk = cP (x)Zx(z)

and since P (x) = 0 the integral vanishes for all z. Thus Mf(x, r) = 0. �

Theorem 9.13. Any algebraic variety V ⊂ Rn of dimV < n − 1 fails to

be a set of injectivity for the spherical Radon projection on Cc(Rn).

Proof. We have to prove existence of a function f ∈ Cc(Rn), f 6= 0, such

that Mf(x, r) = 0 for all x ∈ V and r > 0.

As in Theorem 9.12 we first prove existence of a nontrivial compactly

supported distribution in the kernel of the transformM and then regularize
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the distribution by convolution with a smooth radial function of compact

support to obtain a continuous (even smooth) nonzero function in the ker-

nel.

To this end, we exploit the construction in Section 9.10. We have proven

(Theorem 9.9) that Mf(x, r) = 0 for (x, r) ∈ Γ × R+, Γ ⊂ Rn, if and only

if the nonlinear Fourier transform

U(λ1, . . . , λn+1) =

∫

Rn

e−i(λ1y1+···+λnyn+...λn+1‖y‖2)f(y)dy (9.12)

vanishes on the cone

CΓ ⊂ Rn+1, CΓ = {(−2xt, t) : x ∈ Γ, t ∈ R)}.

According to the Paley-Wiener theorem, the function f is of compact

support corresponding to the functions U , regarded as the Fourier trans-

form of a distribution on the paraboloid Π : y2
1 + · · · + y2

n = yn+1, from

the Paley-Wiener class PW (Rn+1). Extending the construction to distri-

butions enables us to include the case of polynomials U, which corresponds

to distributions f supported at 0.

Observe that the function U satisfies the Schrödinger heat equation

∂U

∂λn+1
= i∆U (9.13)

where ∆ =
n∑
i=1

∂2

∂λ2
i
. Conversely, any function U ∈ PW (Rnn) satsifying the

equation (9.13) is the Fourier transform of a distribution with compact

support in the paraboloid Π and therefore we conclude that Γ ⊂ Rn is a

set of injectivity for the spherical Radon projection Mf(x, ·) if and only if

the equation (9.13) has the only trivial solution U ∈ PW (Rn+1) satisfying

the condition

U
∣∣
CΓ

= 0. (9.14)

Let us look for polynomial solutions to (9.13). All of them are of the

form

U(λ1, . . . , λn+1) = eiλn+1∆U0(λ1, . . . , λn)

where U0(λ1 . . . λn) = U(λ1, . . . , λn, 0) is the initial value. Therefore, the

dimension of polynomial solutions U of degU = m is dimPmn , where Pmn
is the space of all polynomials in Rn of degree m.

In our case Γ = V – an algebraic variety in Rn of dim V < n− 1. Then

dimCΓ < n. It is known in algebraic geometry that the dimension of the
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restriction Pmn+1

∣∣
W
, W is an algebraic variety, asymptotically, as m→ ∞,

depends only on the dimV and does not depend on the variety itself. This

means that

dim
(
Pmn+1

∣∣
CΓ

)
≍ dimPmdimCΓ

, as m→ ∞.

Since dimCΓ < n, then for m large

dim(Pmn+1)CΓ) < dimPmn = dim{U : degU = m}.

Therefore the reistriction operator

U → U
∣∣
CΓ

∈ Pn+1

∣∣
CΓ

has a nontrivial kernel when m is large, because it maps the finite dimen-

sional space of solutions U, degU = m, in the space of less dimension. Thus

there exists a polynoimial solution U 6= 0 to (9.13) satisfying the condition

(9.14), U
∣∣
CΓ

= 0. �

From the discussion above, the variety V is a set of noninjectivity for

the transform Mf(x, ·).

Remark 9.1. We have proven that for any algebraic variety V ⊂ Rn,

dimV < n − 1, (say, an algebraic curve in R3), there exists a nonzero

function f ∈ C∞(Rn) with compact support that integrates to zero over

any sphere centered on V.

In spite of the fact that the statement sounds like an analytic fact, both

its proof and its nature are rather algebraic, because for non-algebraic sets

such a function does not exist.

Remark 9.2. The reduction to the Schrödinger heat equation (9.14) deliv-

ers also an alternative proof of theorem Theorem 9.12. Indeed, if P 6= 0 is a

homogeneous harmonic polynomial in Rn, then P can be extended to Rn+1

by P (x1 . . . xn+1) = P (x1 . . . xn) and P (−2tx, t) = (−2t)degPP (x) = 0 for

any x ∈ P−1(0), so P
∣∣
C−1

P (0)
= 0. The equation (9.13) is satisfied in the

trivial way: ∂P
∂λn+1

= 0 = i∆P. Therefore, the Cauchy problem for (9.13)

with zero data on the cone P−1(0) has a nontrivial solution and hence

P−1(0) fails to abe a set of injectivity.

Theorem 9.14. [A] Any polynomial solution U to the equation

∂U

∂λn+1
= i∆U, U

∣∣
CP−1(0)=0

, (9.15)
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where P is a harmonic homogeneous polynomial, is of the form

U(λ′, λn+1) = eiλn+1∆U0(λ′) =

[ m
2 ]∑

s=0

is
λsn+1

s!
∆sU0(λ′),

m = degU, λ′ = (λ1, . . . , λn), where U0 is representable as

U0(λ′) =

[ m
2 ]∑

i=0

|λ′|2ihm−2i(λ
′)

and hm−2i are harmonic polynomials divisible by P.

Thus to understand the dimension of polynomial solutions to U to

v(9.14) one has to understand the dimension of harmonic polynomials di-

visibe by a given harmonic homogeneous polynomial (spherical harmonic)

P which is a very nontrivial problem.

In fact, Theorem 9.14, due to the proved relation between injectivity

of the spherical Radon projection and uniqueness for the Cauchy problem

(9.13),(9.14), characterizes the kernel of the transform Mf(x, ·) where x ∈
P−1(0) in the space of distributions supported at 0. It follows because

kerM and the space of solutions to (9.13),(9.14) are related via the Fourier

transform.

Moreover, when the set Γ is a cone, kerM has a similar characterization

in the much large space C(Rn) :

Theorem 9.15. [AVZ] Let Γ ⊂ Rn be a cone with vertex 0 and f ∈
C(Rn). Then Mf(x, r) = 0, x ∈ Γ, r > 0, if and only if the Fourier

decomposition in polar coordinates

f(rθ) =

∞∑

k=0

fk(r)Yk(θ)

includes only spherical harmonics Yk that vanish on Γ ∪ Sn−1.

We saw that understanding of sets of injectivity is closely related to

characterization of harmonic divisors, that is polynomials that divide non-

trivial harmonic polynomials. Some conditions are known for a long time,

for instance the Brelot-Choquet theorem [BC] states that harmonic divisors

in Rn must change sign. Complete characterization of harmonic divisors

seems to be a very difficult problem. Nevertheless, for quadratic polyno-

mials the complete answer can be given in algebraic terms. For simplicity,
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we will formulate the result for the case of quadratic forms with simple

eigenvalues:

Theorem 9.16. [AK] Let Q be a real quadratic polynomial in Rn,

Q(x) = (Ax, x) + (b, x) + c,

where A is a nondegenerate real n × n matrix and b, c are vectors in Rn.

Let ai = 1/λi, i = 1, · · · , n, where λi are the (simple) eigenvalues of the

matrix A. Then the polynomial Q is a harmonic divisor if and only if for

some natural N and numbers εi, i = 1, · · · , n, each of them is 0 or 1, the

nonlinear algebraic system (Niven system of equations):

n∑

j=1

2εj + 1

zs − aj
+

N∑

q=1,q 6=s

4

zs − zq
= 0, s = 1, · · · , N

has a solution zi ∈ Rn such that at least one zi is zero.

The proof is based on separation of variables for the Laplace operator in

ellipsoidal coordinates associated to the quadratic form Q. In these coordi-

nates, the quadric Q = 0 becomes a coordinate hyperplane and separation

of variables relates existence of a nonzero harmonic polynomial vanishing

on the quadric to the existence of a vanshing at the origin polynomial so-

lution to a Fuchsian ordinary differential equation. This ODE is the result

of the separation of variables in the Laplace equation. In turn, polynomail

solvability this ODE is equaivalent to solvabiulity of the Niven system.

This method works for quadratic polynomials only as it is known that

the separation of variables is possible only in second order coordinates. For

more detailed discussion of the problem of harmonic divisors we refer to

the articles [A], [AK].

Now we pass to the relation between the spherical Radon transform and

the wave and heat equations.

9.11. Stationary Sets for the Wave and Heat Equations

Let us consider the heat equation in Rn :

ut = ∆u, u = u(x, t), (x, t) ∈ Rn × R+ (9.16)

with the initial data

u(x, 0) = f(x) (9.17)
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and the wave equation

utt = ∆u, u = u(x, t), (x, t) ∈ Rn × R+ (9.18)

with the initial data

u(x, 0) = 0, ut(x, 0) = f(x) (9.19)

For each equation, we call a set S ⊂ Rn stationary if

S = S(f) = {x ∈ Rn : u(x, t) = 0, ∀t > 0},

where u 6= 0 is a solution to (9.16), (9.17) or (9.18), (9.19), respectively.

In other words, the stationary set for the wave equation is the set of

unmovable points, and that stationary set for the heat equation is the set

of zero temperature.

The description of stationary sets for the problems (9.16) and (9.18) and,

especially, for analogous problems in bounded domainsis of great interest.

If the solution u to (9.16) is time-harmonic, i.e., has the form u(x, t) =

sinλt ·ϕ(x), then ϕ is an eigenfunction, ∆ϕ = −λ2ϕ and S = ϕ−1(0). Zero

sets ϕ−1(0) of eigenfunctions of the Laplace operator are called nodal sets.

Extensive literature exists which is devoted to the study of nodal sets, a

field where many natural problems are still open.

The following proposition relates stationary sets for the problems (9.16),

(9.18) in the whole space Rn to injectivity sets for the spherical Radon

projection.

Proposition 9.17. Assume f ∈ Cc(Rn). For both equations (9.16) and

(9.18)

S(f) = {x ∈ Rn : Mf(x, r) = 0, ∀r > 0}.

Proof.

1. The solution to (9.16), (9.17) is given by the convolution of the initial

data with the heat kernel

u(x, t) =
1

(2πt)n/2

∫

Rn

e−
|x−y|2

t f(y)dy.

The condition x ∈ S, i.e., u(x, t) = 0 for all t > 0 can be rewritten, by

substitution λ = 1
t , as

∫

Rn

e−λ|x−y|
2

f(y)dy = 0, ∀λ > 0
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or
∞∑

n=0

(−λ)k

k!

∫

Rn

|x− y|2kf(y)dy = 0.

This is equivalent to
∫

Rn |x − y|2kf(y)dy = 0, k − 0, 1, . . . , and the Weier-

strass theorem about uniform approximation by polynomials yields
∫

Rn

ϕ(|x − y|)f(y)dy

for any radial function ϕ ∈ Cc(Rn). In turn, this is equivalent to vanishing

integrals over spheres

Mf(x, r) =

∫

S(x,y)

f(y)dA(y),

for all r > 0.

2. The solution to (9.18), (9.19) is given by Kirchhoff’s formula:

u(x, t) = const(∂t)
n−2F (x, t),

where

F (x, t) =

∫ 1

0

(t2 − r2)(n−3)/2rM(x, r)dr.

Therefore, u(x, t) = 0, t > 0 (i.e., x ∈ S) is equivalent to F (x, t) being

polynomial in the t-variable of degree < n− 2.

The change of variables r = ts yields

F (x, t) = tn−1

∫ 1

0

(1 − s2)(n−3)/2sMf(x, ts)ds

and hence F (x, t) = O(tn−1), t→ 0. As degF < n− 2, this is possible only

if F (x, t) = 0 for all t > 0. Thus, Mf satisfies Abel equation
∫ t

0

(t2 − r2)(n−3)/2rMf(x, r)dr = 0, t > 0,

that is known to have the unique solution Mf(x, r) = 0, r > 0. The

proposition is proved. �

Remark. The Proposition is valid for larger classes of initial data f, e.g.,

for the function of the Schwartz class. One can also consider evolution

equations of the type (9.16) or (9.18), involving higher derivatives in t, but

we restrict ourselves by the equations having clear physical meaning.
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Now we can immediately translate results on injectivity of the transform

M on the language of stationary sets.

Theorem 9.18. For n = 2, the stationary sets for the problem (9.16),

(9.17) (the membrame equation), with compactly supported initial data, are

of the following types:

1) finite sets

2) union of finite sets and Coxeter configuration of lines.

This theorem is an immediate consequence of Theorem 9.9. It explains

vibration of an infinite membrame, which is flat at the initial moment and

when the initial velocity is different from zero only in a bounded region.

Two possibilities exist: either only a finite set of points remain unmovable,

or the membrame vibrates leaving stationary an equiangular configuration

of lines through one point. Moreover, the latter case occurs only if the initial

velocity f has odd symmetry with respect to a Coxeter configuration and

this odd symmetry preserves in time when the membrame oscillates.

Other results of Section 9.10 can be also translated for stationary sets.

For instance, Theorem 10.3 says that no hypersurface Γ ⊂ Rn having two

opposite points a and b (as in Theorem 10.3) can be stationary set of a

nontrivial solution of the wave equation with compactly supported initial

data.

9.12. Closed Stationary Hypersurfaces

In the last section we discussed stationary sets corresponding to compactly

supported initial data f in (9.17) and (9.19).

Now we consider the case f ∈ Lp(Rn). In this case one cannot expect

conical structure of the stationary sets as it takes place for the compactly

supported initial data f, f ∈ Cc(R
n) and explicit description of the geom-

etry of stationary sets seems to be too difficult a problem.

Nevertheless, we are able to answer the following question: When can

stationary sets contain a closed hypersurface?

This question is of special interest and is one of the central problems in

the study of nodal sets. One of the reasons is that, for the wave equation,

the energy in a bounded region Ω ⊂ Rn

E(t) =

∫

Ω

(u2
t + |∇u|2)dx
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is constant, E(x) = const, if the boundary ∂Ω is stationary. This can be

easily checked by showing E′(t) = 0 with help of the equation (9.16) and

Green’s formula.

Theorem 9.19. [ABK] The boundary of no bounded domain Ω ⊂ Rn can

be stationary for the equations (9.16) or (9.18) with initial data f ∈ Lp(Rn)

when p ≤ 2n
n−1 . For p > 2n

n−1 , the assertion fails.

Proof. (Sketch) We will give the idea of the proof. All details can be

found in [ABK].

Let Ω be a bounded domain in Rn and Γ = ∂Ω. Suppose that Γ is a

stationary set for the problem (9.16), (9.17) with f ∈ Lp(Rn and u is the

solution such that u(x, t) = 0 for x ∈ Γ at any time t > 0.

The Laplace operator ∆ with Dirichlet conditions on Γ is a self-adjoint

operator in L2(Ω) with discrete spectrum {−λ2
k}∞k=0. Let {ψk}∞k=1 be the

corresponding orthonormal basis in L2(Ω) of eigenfunctions of ∆. For any

fixed t decompose u(x, t) in to an L2-convergent series

u(x, t) =

∞∑

k=0

ck(t)ψk(x).

The wave equation (9.18) implies c′′k(t) = −λ2
ϕck(t) and ck(t) = sinλkt.

Convolving u in the t-variable with an appropriate function χ(t) leads

to the function

v(x, t) = sinλkt · ψk(x) 6= 0

that still satisfies v(x, t) = 0 for (x, t) ∈ Γ × R+.

The next step is constructing an eigenfunction radial with respect to a

certain point x0 ∈ Ω and vanishing on Γ. To this end, we choose a point

x0 ∈ Ω such that ψk(x0) 6= 0 and radialize v by

v#(x, t) =

∫

O(n)

v(x0 + σ(x − x0), t)dσ,

where dσ is the Haar measure on the orthogonal group O(n). Then v# is

still an eigenfunction of ∆ but the Dirichlet condition for v# on Γ may no

longer be fulfilled. Note that radialization preserves conditions of the type

“v belongs to Lp.”

Assume, without loss of generality, that x0 = 0. The radialized function

ψ#
k is a radial eigenfunction of the Laplace operator in a ball B(0, ε) ⊂ Ω

with no singularity at x = 0, and hence it is a solution of the corresponding
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Bessel equation. Therefore

ψ#
k (x) = const |x|1−n

2 Jn
2 −1(λk|x|)

in B(0, ε) and thus ψ#
k extends to a global solution of the equation ∆ψ#

k = 0

in Rn. Correspondingly, sinλkt · ψ#
k (x) extends to a global solution to the

wave equation in Rn.

The uniqueness theorem for the wave equation (Section 17, Ch.VI of

[CH]) implies that

v#(x, t) = sinλkt · |x|1−
n
2 ψ#

k (x)

for al (x, t) ∈ Rn×R+. The known asymptotic for the kernel function yields

ψ#
k (x) ∼ const cos

(
|x| − π

2
− n− 2

2

)
|x| 1−n

2

and therefore

ψ#
k /∈ Lp(R

n)

when p ≤ 2n
n−1 .

It can be proved by estimates that all the transformations under f

which led us to ψ#
k (Kirchhoff transform, convolving in the t-variable and

radialization) preserve membership in Lp(Rn). Therefore we conclude that

f /∈ Lp(Rn) if p ≤ 2n
(n−1) .

The second part of the Theorem follows from the fact that the function

u(x, t) = sin t · |x|1−n
2 Jn

2
−1(|x|)

solves (9.16), (9.17) with f(x) = |x|1−n
2 Jn

2 −1(|x|), and u(x, t) = 0 for all

t > 0 and all x on the sphere S(0, R) where R is any zero of the Bessel

function Jn
2 −1(R) = 0. Thus, S(0, R) is a stationary set, corresponding to

the initial data f. It remains to observe that f ∈ Lp(Rn) for any p > 2n
n−1 .�

Due to equivalence between stationary sets and noninjectivity sets for

the transform M, we have

Theorem 9.20. Let Ω be a bounded domain Rn and Γ = ∂Ω. Then Γ is a

set of injectivity for the spherical Radon projection Mf(x, r) in any space

Lp(Rn) with p ≤ 2n
n−1 . The assertion is not true for p > 2n

n−1 .

Remark. The result can be interpeted as follows: if the initial velocity

decays too fast at infinity, then the energy can be preserved in no bounded

region. The critical rate of decay is given by the asymptotic of the Bessel

function and is of const |̇x|−n−1
2 .
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For further development see [AQ3], [AQ4]. In the first article station-

ary sets for the wave equation in the whole space Rn with the initial data

which are finitely supported distribution are fully described. The essential,

(n − 1)− dimensional, component of the stationary sets in this case is a

cone associated with a harmonic divisor, similarly to the two-dimensional

case desribed by Theorem 11.2. In the second article the case of the wave

equation in bounded domains is treated. Namely, stationary sets in crys-

tallographic domains are completely described, under assumption that the

initial data vanish near the boundary. It turned out that all (n − 1)−
dimensional stationary sets are formed by hyperplanes which are faces of

crystallic substructures.

In [NT], [AR] results of Section 12 about closed stationary hypersur-

faces are transfered to the Heisenberg group. Finally, we should mention

the recent work [FP] where, in particular, explicit inversion formulae are

obtained for the spherical Radon transform with centers on a sphere, and

also further generalizations and development of Theorem 12.1 are given.

9.13. Approximation by Spherical Waves

We saw that the problems on injectivity sets for the spherical Radon pro-

jection M and on stationary sets for the wave and heat equations are equiv-

alent.

Now we will translate those problems and corresponding results on the

language of approximation theory.

We will call spherical wave centered at the point a ∈ Rn any function f

in Rn of the form f(x) = ϕ(|x− a|). Given a set S ⊂ Rn denote W (S) the

linear span of all spherical waves centered at points a ∈ S.

Let X be one of the functional spaces: C(Rn) (equipped with the topol-

ogy of uniform convergence on compact sets), Lp(Rn), 1 ≤ p < ∞. The

dual spaces are correspondingly M(Rn)–the space of Radon measures in

Rn with compact support, Lq(Rn), where 1
p + 1

q = 1.

Theorem 9.21. Given a set S ⊂ Rn, the space W (S) ∩X is dense in X

if and only if S is a set of injectivity for the spherical Radon projection M

on the space X ′ ∩ C(Rn).

Proof. Let W⊥(S) ⊂ X be the annihilator of the space W (S), i.e.,

W⊥(S) = {µ ∈ X ′ : µ(f) = 0, f ∈ W (S)}. The functions in W (S) are

translates f(x) = ϕa(x) = ϕ(|x− a|), a ∈ S of radial functions ϕ. Then the

convolution f ∗ ψ with any radial function ψ ∈ Cc(Rn) is in the closure of
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W (S). This implies that W⊥(S) is invariant with respect to convolutions of

its elements with continuous radial functions with compact support. These

convolutions of measures µ ∈M(Rn) or functions f ∈ Lq(Rn) are continu-

ous functions, and on the other hand the convolutions are dense in W⊥(S)

because one can construct an approximative unit of radial functions from

Cc(Rn). Therefore, W⊥(S) ∩ C(Rn) is dense in W⊥(S).

By the Hahn-Banach theorem W (S) ∩ X is dense in X if and only if

W⊥(S) = 0. Due to the denseness, W⊥(S) = 0 is equivalent to W⊥(S) ∩
C(Rn) = 0. If f ∈W⊥(S) ∩ C(Rn), then

∫

Rn

ϕ(|x − a|)f(x)dx = 0

for any ϕ ∈ Cc(R
n) radial and any a ∈ S. Taking a sequence {ψk} that

tends to a δ-function on a sphere S(a, r), we obtain
∫

S(a,r)

f(x)dA(x) = 0, a ∈ S,

i.e., Mf(a, r) = 0 for all a ∈ S, r > 0.

Conversely, if f ∈ C(Rn), then Mf(a, r) = 0, (a, r) ∈ S × R+ implies

f ∈ W⊥(S) ∩ C(Rn). Therefore, W (S) ∩ X is dense in X if and only if

Mf
∣∣
S×R+

= 0, f ∈ C(Rn) ∩X ′ implies f = 0, i.e., S is a set of injectivity.�

Due to proven duality, Theorem 9.9 now can be translated as follows:

Theorem 9.22. The system of spherical waves ϕ(|x − a|), a ∈ S ⊂ R2,

ϕ ∈ C(R), is complete in C(R2), unless either S is finite or S = V ∪ Σ,

where V is a finite set and Σ is a Coxeter system of lines in the plane.

It is easy to understand the reason why W (Σ) is not dense in C(R2).

Indeed, any function ϕ(|x−a|) is even with respect to reflexion around any

straight line through a. Therefore, all functions from W (Σ) are invariant

under reflections around straight lines constituting the Coxeter configura-

tion Σ, while not all functions in C(R2) possess this property.

The corollary of Theorem 9.19 and Theorem 9.20 is

Theorem 9.23. Let Ω be a bounded domain in Rn, Γ = ∂Ω. Then W (Γ)∩
Lq(Rn) is dense in Lq(Rn) so long as q ≥ 2n

n+1 . The statement is not true

for q < 2n
n+1 .

Remark. Since 2n
n+1 < 2, the spherical waves in L2(Rn), centered on the

boundary of any bounded domain, form a complete system in L2(Rn). The
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statement fails for Γ = S(0, R) = {x ∈ Rn : |x| = R} when q < 2n
n+1 ,

as it follows from the argument with the Bessel function in the proof of

Theorem 9.19.
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10.1. Introduction

This paper is based on the lectures the author gave in Padova at the Mini-

corsi di Analisi Matematica in June, 2002. The author wishes to thank the

organizers, the participants, and the fellow lecturers for many interesting

and useful remarks. The author also wishes to thank Georgiy Arutyun-

yants, Leonardo Colzani, Julia Garibaldi, Derrick Hart, and Bill McClain

for many useful comments and suggestions about the content and style of

the paper.

The main theme of this paper is an old and beautiful subject of geomet-

ric combinatorics. We will not even attempt to cover anything resembling a
∗Research supported in part by the NSF grant DMS02-45369
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significant slice of this broad and influential discipline. See, for example, [22]

for a thorough description of this subject. The purpose of this article is

to describe Szekely’s [28] beautiful and elementary proof of the Szemeredi-

Trotter incidence theorem ( [26]), a result that found a tremendous number

of applications in combinatorics, analysis, and analytic number theory. We

shall describe some of the consequences of this seminal result and its in-

teraction with problems and techniques of Fourier analysis and additive

number theory.

Definition 10.1. An incidence of a point and a line is a pair (p, l), where

p is a point, l is a line, and p lies on l.

Theorem 10.2 (Szemeredi-Trotter). Let I denote the number of inci-

dences of a set of n points and m lines (or m strictly convex closed curves).

Then

I . n+m+ (nm)
2
3 , (10.1)

where here and throughout the paper, A . B means that there exists a

positive constant C such that A ≤ CB.

Quite often in applications, one uses the following ”weighted” version

the the Szemeredi-Trotter theorem due to L. Szekely ( [28]).

Theorem 10.2’. Given a set of n points and m simple (no self-intersec-

tions) curves in the plane, such that any two curves intersect in at most

α points and any two points belong to at most β curves, the number of

incidences is at most C(αβ)
1
3 (nm)

2
3 +m+ 5βn.

The probabilistic proof of Theorem 10.2 (due to Szekely) given below,

can be modified (as it is done in [28], Theorem 8) to yield Theorem 10.2’.

We outline these modifications at the end of Section 10.2 below where we

also briefly describe some of the applications of weighted incidence theory

to the theory of diophantine equations.

Corollary 10.3. Let S be a subset of R2 of cardinality n. Let ∆(S) =

{|x− y| : x, y ∈ S}, where | · | denotes the Euclidean norm. Then

#∆(S) & n
2
3 . (10.2)

This estimate is not sharp. It is conjectured to hold with the exponent

1 in place of 2
3 . For the best known exponents to date (around .86), see [23]
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and [24]. However, Corollary 10.3 is still quite useful as we shall see in the

final section of this paper.

Corollary 10.4. Let A be a subset of R of cardinality n. Then either

A + A = {a + a′ : a, a′ ∈ A} or A · A = {aa′ : a, a′ ∈ A} has cardinality

& n
5
4 .

This estimate has been recently improved in a number of ways by several

authors. See, for example, [3] and references contained therein.

10.2. Proof of Theorem 10.2, Corollary 10.3 and Corollary

10.4

We shall deduce Theorem 10.2 from the following graph theoretic result

due to Ajtai et al ( [1]), and, independently, to Leighton. Note that for the

purposes of this paper, a pair of vertices in a graph can be connected by at

most one edge.

Definition 10.5. The crossing number of a graph, cr(G), is the minimal

number of crossings over all the possible drawings of this graph in the plane.

A crossing is an intersection of two edges not at a vertex.

Definition 10.6. We say that a graph G is planar if there exists a drawing

of G in the plane without any crossings.

Theorem 10.7. Let G be a graph with n vertices and e edges. Suppose

that e ≥ 4n. Then

cr(G) &
e3

n2
. (10.3)

Before proving Theorem 10.7, we show how it implies Theorem 10.2.

Take the points in the statement of the Theorem as vertices of a graph.

Connect two vertices with an edge if the two corresponding points are

consecutive on some line. It follows that

e = I −m. (10.4)

If e < 4n we get I < 4n+m, which is fine with us. If e ≥ 4n, we invoke

Theorem 10.7 to see that

cr(G) &
e3

n2
=

(I −m)
3

n2
. (10.5)
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Combining (10.5) with the obvious estimate cr(G) ≤ m2, we complete

the proof of Theorem 10.2. Observe that strictly speaking, we have only

proved Theorem 10.2 for lines and points. In order to extend the argument

to translates of the same strictly convex curve, one needs to replace (10.4)

with an (easy) estimate e & I.

We now turn our attention to the proof of Theorem 10.7. Let G be a

planar graph with n vertices, e edges, and f faces. Euler’s formula (proved

by induction) says that

n− e+ f = 2. (10.6)

Combined with the observation that 3f ≤ 2e, we see that in such a planar

graph

e ≤ 3n− 6. (10.7)

It follows that if G is any graph, then

cr(G) ≥ e− 3n. (10.8)

We now convert this linear estimate into the estimate we want by ran-

domization. More precisely, let G be as in the statement of Theorem 10.7

and let H be a random subgraph of G formed by choosing each vertex with

probability p to be chosen later. Naturally, we keep an edge if and only

if both vertices survive the random selection. Let E() denote the usual

expected value. An easy computation yields

E(vertices) = np, (10.9)

E(edges) = ep2, (10.10)

E(crossing number of H) ≤ p4cr(G). (10.11)

Observe that the inequality in (10.11) is due to the fact that the number

of avoidable crossings in G may decrease once a smaller random subset is

extracted.

It follows by linearity of expectation that

cr(G) ≥ e

p2
− 3n

p3
. (10.12)

Choosing p = 4n
e we complete the proof of Theorem 10.7, and conse-

quently of Theorem 10.2. Theorem 10.2’ can be proved in a similar fash-

ion. First one shows that under the assumption that any two vertices are

connected by at most β edges, the conclusion of Theorem 10.7 becomes

cr(G) & e3

βn2 . Then, in the application of this estimate to incidences, the
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upper bound on cr(G) is no longer m2, but rather m2α. Combining this

with the trivial estimates yields the conclusion of Theorem 10.2’.

Further developments in weighted incidence theory have recently led to

the following result proved in the case d = 2 by S. Konyagin ( [20]), and by

Iosevich, Rudnev and Ten ( [18]) for d > 2.

Theorem 10.8. Let {bj}Nj=1 denote a strictly convex sequence of real num-

bers (in the sense that vectors (j, bj) lie on a strictly convex curve). Then

the number of solutions of the equation

bi1 + · · · + bid = bj1 + · · · + bjd (10.13)

is

. N2d−2+2−d

. (10.14)

Taking bj = j2, for example, shows that N2d−2+2−d

in (10.14) cannot be

replaced by anything smaller than N2d−2. We conjecture that O(N2d−2) is

the right estimate, up to logarithms, for any strictly convex sequence {bj}.

10.3. Proof of Corollary 10.3

Draw a circle of fixed radius around each point in S. By Theorem 10.2, the

number of incidences is . n
4
3 . This means that a single distance cannot

repeat more than ≈ n
4
3 times. It follows that there must be at least ≈ n

2
3

distinct distances since the total number of distances is ≈ n2. In other

words, we just proved that ∆(S) & n
2
3 as promised.

10.3.1. Proof of Corollary 10.4

The choice of lines and points is less obvious here. Let P = (A+A)×(A·A).

Let L be the set of lines of the form {(ax, a′ + x) : a, a′ ∈ A}. We have

#P = #(A+A) × #(A · A), (10.15)

#L = n2, (10.16)

while the number of incidences is clearly n× n2 = n3. It follows that

n3 . (#P )
2
3n

4
3 , (10.17)

which means that

#P & n
5
2 . (10.18)

It follows that either #(A+A) or #(A ·A) exceeds a constant multiple

of n
5
4 . This completes the proof of Corollary 10.4.
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10.4. Application to Fourier analysis

Definition 10.9. We say that a domain Ω ⊂ Rd is spectral if L2(Ω) has

an orthogonal basis of the form {e2πix·a}a∈A.

The following result is due to Fuglede ( [8]). It was also proved in higher

dimensions by Iosevich, Katz and Pedersen ( [12]).

Theorem 10.10. A disc, D = {x ∈ R2 : |x| ≤ r}, is not spectral.

Proof. [of Theorem 10.10] Let A denote a putative spectrum. We need

the following basic lemmas:

Lemma 10.11. A is separated in the sense that there exists c > 0 such

that |a− a′| ≥ c for all a, a′ ∈ A.

Lemma 10.12. There exists s > 0 such that any square of side-length s

contains at least one element of A.

For a sharper version of Lemma 10.12 see [16].

The proof of Lemma 10.11 is straightforward. Orthogonality implies

that
∫

D

e2πix·(a−a
′)dx = 0, (10.19)

whenever a 6= a′ ∈ A. Since
∫
D dx = 2πr and the function

∫
D e

2πix·ξdx is

continuous, the left hand side of (10.19) would have to be strictly positive

if |a−a′| were small enough. This implies that |a−a′| can never be smaller

than a positive constant depending on r.

The proof of Lemma 10.12 is a bit more interesting. By Bessel’s in-

equality we have
∑

A

|χ̂D(ξ + a)|2 ≡ |D|2, (10.20)

for almost every ξ ∈ Rd, since the left hand side is a sum of squares of

Fourier coefficients of the exponential with the frequency ξ with respect to

the putative orthogonal basis {e2πix·a}a∈A. We have

∑

Aξ

|χ̂D(a)|2 =
∑

Aξ∩Qs

+
∑

Aξ∩Qc
s

= I + II, (10.21)

where Aξ = A−ξ and Qs is a square of side-length s centered at the origin.
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We invoke the following basic fact. See, for example, [25]. We have

|χ̂D(ξ)| . |ξ|− 3
2 . (10.22)

It follows that

II .
∑

Aξ∩Qc
s

|a|−3 . s−1. (10.23)

Choosing s big enough so that s−1 << |D|2, we see that I 6= 0, and,

consequently, that Aξ∩Qs is not empty. This completes the proof of Lemma

10.12.

We are now ready to complete the proof of Theorem 10.10. Intersect A

with a large disc of radius R. By Lemma 10.11 and Lemma 10.12, this disc

contains ≈ R2 points of A. We need another basic fact about χ̂D(ξ), that

it is radial, and in fact equals, up to a constant, to |ξ|−1
J1(2π|ξ|), where

J1 is the Bessel function of order 1. We also need to know that zeros of

Bessel functions are separated in the sense of Lemma 10.11. This fact is

contained in any text on special functions. See also [29].

With this information in tow, recall that orthogonality implies that

|a− a′| is a zero of J1. Since the largest distance in the disc of radius R is

2R and zeros of J1 are separated, we see that the total number of distinct

distances between the elements of A in the disc or radius R is at most ≈ R.

This is a contradiction since Corollary 10.3 says that R2 points determine

at least R
4
3 distinct distances. This completes the proof of Theorem 10.10.�

It turns out that not only does L2(D) not possess an orthogonal basis of

exponentials, the numbers of exponentials orthogonal with respect to D is

in fact finite. This is a theorem due to Fuglede ( [9]) which was extended to

all sufficiently smooth well-curved symmetric convex domains by Iosevich

and Rudnev ( [17]). The latter paper is based on the generalization of the

following beautiful geometric principle due to Erdos ( [5]).

Theorem 10.13 (Erdos integer distance principle). Let S be an in-

finite subset of Rd such that the distance between any pair of points in S is

an integer. Then S is a subset of a line.

10.5. Applications to convex geometry

The following result is due to Andrews ( [2]).
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Theorem 10.14. Let Q be a convex polygon with n integer vertices. Then

n . |Q| 13 .

10.5.1. Proof of Theorem 10.14

Let C denote a strictly convex curve running through the vertices of Q. Let

Ω denote the convex domain bounded by C. Let L denote the set of strictly

convex curves obtained by translating C by every lattice point inside Ω.

Let P denote the set of lattice points contained in the union of all those

translates. By Theorem 10.2 the number incidences between the elements

of P and elements of L is . |Ω| 43 since #L ≈ #P ≈ |Ω|. Since each

translate of C contains exactly the same number of lattice points,

#C ∩ Z2 .
|Ω| 43
|Ω| = |Ω| 13 . (10.24)

This completes the proof of Theorem 10.14. Observe that proof implies

the following (easier) estimate.

Lemma 10.15. Let Γ be a closed strictly convex curve in the plane. Then

#{RΓ ∩ Z2} . R
2
3 . (10.25)

What sort of an incidence theorem would be required to prove a more

general version of this result?

Definition 10.16. We say that A ⊂ Rd is well-distributed if the conclu-

sions of Lemma 10.11 and Lemma 10.12 hold for A.

Let A be a well-distributed set, and let AR denote the intersection of A

and the ball of radius R centered at the origin. Observe that #AR ≈ Rd.

Let U be a strictly convex hyper-surface contained in the unit ball. Suppose

we had a theorem which said that the number of incidences between A5R

and a family of hyper-surfaces {RU + x}x∈AR
is . Rdα. Repeating the

argument above, we would arrive at the conclusion that if P is a convex

polyhedron with N lattice vertices, then

|P | & N
1

α−1 . (10.26)

However, a higher dimensional version of the aforementioned theorem

of Andrews says that

|P | & N
d+1
d−1 . (10.27)
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This leads us to conjecture that the putative incidence theorem de-

scribed above should hold with α = 2 − 2
d+1 , which was recently proved

in [15] under additional smoothness assumptions. This result is sharp in

view of (10.21) and the following result due to Barany and Larman ( [4]).

Theorem 10.17. The number of vertices of PR, the convex hull of the

lattice points contained in the ball of radius R >> 1 centered at the origin

is ≈ Rd
d−1
d+1 .

10.6. Higher dimensions

Theorem 10.18. If R > 0 is sufficiently large, then

#(∆(A ∩ [−R,R]d) & R2− 1
d . (10.28)

This result was recently proved in a more general setting, using different

methods, by Solymosi and Vu ( [27]).

Corollary 10.19. The ball Bd = {x : |x| ≤ 1} is not spectral in any

dimension greater than 1.

Corollary 10.19 follows from Theorem 10.18 in the same way as Theo-

rem 10.10 follows from Corollary 10.3. Lemma 10.11 and Lemma 10.12 go

through without change except that in Rd,

|χ̂Bd
(ξ)| . |ξ|−

d+1
2 , (10.29)

χ̂Bd
(ξ) is a constant multiple of

|ξ|−d
2 J d

2
(2π|ξ|), (10.30)

and the zeroes of J d
2

are still separated.

See [25], [29] and/or any text on special functions for the details.

We are left to prove Theorem 10.18. Since A is well-distributed, there

is s > 0 such that every cube of side-length s contains at least one point of

A. Without loss of generality let s = 1. Since A is well-distributed, we can

find points P1, P2, . . . , Pd, such that |Pi − Pj | ≤ 10 and such that for any

sequence R1, R2, . . . , Rd >> 1 with |Ri − Rj | ≤ 10, the intersection of d

spheres centered at each Pi or radius Ri is transverse. Let O be the center

of mass of the polyhedron with vertices given by the points P1, . . . , Pd.

Construct a system of annuli centered at O of width 10, with the first

annulus of radius ≈ R. Construct ≈ R such annuli.
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It follows from the assumption that A is well distributed that each

constructed annulus A has ≈ Rd−1 points of A. Let

∪di=1{|x− Pi| : x ∈ A} = {d1, . . . , dk}. (10.31)

Let

Alj = {x ∈ A ∩A : |x− Pl| = dj}. (10.32)

It is not hard to see that

Alj = ∪1≤jm≤k ∪d−1
m=1 A

l
j ∩l′ 6=l Al

′

jm . (10.33)

Taking unions of both sides in j and counting, we see that

Rd−1 . kd. (10.34)

This follows from the fact, which follows by a direct calculation, that

the intersection of d spheres in question consists of at most two points.

Taking d’th roots and using the fact that we have ≈ R annuli with ≈ Rd−1

point of A, we conclude that

#∆(A ∩ [−R,R]
d
) & R1+ d−1

d = R2− 1
d , (10.35)

as desired.

Observe that while the intersection claim made above is not difficult

to verify for spheres, the situation becomes much more complicated for

boundaries of general convex bodies, even under smoothness and curvature

assumptions. This issue is partially addressed in [10].

Another point of view on distance set problems was recently pursued

by Iosevich and Laba ( [13]) and, independently, by Kolountzakis ( [21]).

Theorem 10.20. ( [13] for d = 2 and [21] for d > 2). Let A be a well-

distributed subset of Rd, d ≥ 2. Let K be a symmetric bounded convex

set. Then ∆K(A) is separated only if K is a polyhedron with finitely many

vertices.

The more difficult question of which polyhedra can result in separated

distance sets is partially addressed in both aforementioned papers, but the

question is, in general, unresolved.

10.7. Some comments on finite fields

In this section we consider incidence theorems in the context of finite fields.

More precisely, let Fq denote the finite field of q elements. Let F dq denote
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the d-dimensional vector space over Fq. A line in F dq is a set of points

{x+ tv : t ∈ Fq} where x ∈ F dq and v ∈ F dq \ (0, . . . , 0). A hyperplane in F dq
is a set of points (x1, . . . , xd) satisfying the equation A1x1 +· · ·+Adxd = D,

where A1, . . . , Ad, D ∈ Fq and not all Aj ’s are 0.

It is clear that without further assumptions, the number of incidences

between n hyper-planes and n points is ≈ n2 and no better, since we can

take all n planes to be rotates of the same plane about a line where all the

points are located. We shall remove this ”difficulty” by operating under

the following non-degeneracy assumption.

Definition 10.21. We say that a family of hyperplanes in F dq is non-

degenerate if the intersection of any d (or fewer) of the hyper-planes in

the family contains at most one point.

The main result of this section is the following:

Theorem 10.22. Suppose that a family F of n hyper-planes in F dq is non-

degenerate. Let P denote a family of n points in F dq . The the number of

incidences between the elements of F and P is . n2− 1
d . Moreover, this

estimate is sharp.

We prove sharpness first. Let F denote the set of all the hyper-planes

in F dq and P denote the set of all the points in F dq . It is clear that #F ≈
P ≈ qd. On the other hand, the number of incidences is simply the number

of hyper-planes times the number of points on each hyper-planes, which is

≈ q2d−1. Since q2d−1 = (qd)
2− 1

d , the sharpness of the Theorem 10.22 is

proved.

We now prove the positive result. Consider an n by n matrix whose

(i, j) entry if 1 if i’th point lies on j’s line, and 0 otherwise. The non-

degeneracy condition implies that this matrix does not contain a d by 2

sub-matrix consisting of 1’s. Using Holder’s inequality we see that the

number of incidences,

I =
∑

i,j

Iij ≤



∑

i


∑

j

Iij



d



1
d

× n
d−1

d (10.36)

=


∑

i

∑

j1,...,jd

Iij1 . . . Iijd




1
d

× n
d−1

d . n× n
d−1

d = n2− 1
d , (10.37)
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because when jk’s are distinct, Iij1 . . . Iijd can be non-zero for at most one

value of i due to the non-degeneracy assumption. If jk’s are not distinct,

we win for the same reason. This completes the proof of Theorem 10.22.

Why should the finite field case be different from the Euclidean case?

The proof of Szemeredi-Trotter theorem given above suggests that main

difference may be the notion of order. In the proof of Szemeredi-Trotter

we used the fact that points on a line may be ordered. However, no such

notion exists in a finite field. Nevertheless, Tom Wolff conjectured that if

q is a prime, then there exists ǫ > 0 such that the number of incidences

between n points and n lines in F 2
q should not exceed n

3
2−ǫ for n ≈ q. This

fact has recently been proved by Bourgain, Katz, and Tao ( [3]).

10.8. A Fourier approach

In this sections we briefly outline how some results in geometric combina-

torics can be obtained using Fourier analysis. For a more complete descrip-

tion, see, for example, [11], [14], and [15].

We could take a more direct approach, but we take advantage of this

opportunity to introduce the following beautiful problem in geometric mea-

sure theory.

Falconer Distance Conjecture. Let E ⊂ [0, 1]d, d ≥ 2. Suppose that

the Hausdorff dimension of E is greater than d
2 . Then ∆(E) = {|x − y| :

x, y ∈ E} has positive Lebesgue measure.

We shall not discuss the history and other particulars of the Falconer

Distance Problem in this paper. See, for example, [30] and references con-

tained therein for a thorough description of the problem and related ma-

chinery. The main thrust of this section is to show that any non-trivial

theorem about the Falconer Distance Conjecture can be used to deduce

a corresponding ”discrete” result about distance sets of well-distributed

subsets of Rd.

Theorem 10.23. Let K be a bounded convex set in Rd, d ≥ 2, symmetric

with respect to the origin. Suppose that the Lebesgue measure of ∆K(E)

is positive whenever the Hausdorff dimension of E ⊂ [0, 1]
d

is greater than

s0, with 0 < s0 < d. Let A be a well-distributed subset of Rd. Then

#∆K(A ∩ [−R,R]
d
) ' R

d
s0 .
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The following result is essentially proved in [7].

Theorem 10.24. Let E ⊂ [0, 1]
d
, d ≥ 2, of Hausdorff dimension greater

than d+1
2 . Suppose that K is a bounded convex set, symmetric with re-

spect to the origin, with a smooth boundary and everywhere non-vanishing

Gaussian curvature. Then the Lebesgue measure of ∆K(E) is positive.

Theorem 10.23 and 10.24 combine to yield the following ”discrete” the-

orem.

Theorem 10.25. Let A be a well-distributed subset of Rd, d ≥ 2. Suppose

that K is a bounded convex set, symmetric with respect to the origin, with a

smooth boundary and everywhere non-vanishing Gaussian curvature. Then

#∆K(A ∩ [−R,R]
d
) ' R2− 2

d+1 .

Observe that while this result is not as strong as the one given by

Theorem 10.18, it is more flexible since it does not require K to be the

Euclidean ball.

Proof. [of Theorem 10.23] Let q1 = 2 and choose integers qi+1 > qii. Let

Ei = {x ∈ [0, 1]
d

: |xk − pk/qi| ≤ q
− d

s

i (10.38)

for some p = (p1, . . . , pd) ∈ A ∩ [0, qi]
d}.

Let E = ∩Ei. It follows from the proof of Theorem 8.15 in [6] that

the Hausdorff dimension of E is s. Suppose that there exists an infinite

subsequence of qis such that #∆K(A ∩ [0, qi]
d
) . qβi for some β > 0.

Then we can cover ∆K(Ei) by . qβi intervals of length ≈ q
− d

s

i . If β < d
s ,

|∆K(Ei)| → 0 as i → ∞. It follows that ∆K(E) has Lebesgue measure

0. However, by assumption, ∆K(E) is positive if s > s0. The conclusion

follows. �

The proof of Theorem 10.23 suggests that one may be able to make

further progress on the Erdos Distance Conjecture for well-distributed sets

using Fourier methods by studying the Falconer Distance Conjecture for

special sets constructed in the previous paragraph.
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11.1. Introduction

In this paper we shall present material from lectures given by the author in

a workshop in Padova, Italy in June of 2003. The author is very grateful

for the hospitality shown to him, especially that of Massimo Lanza de

Cristoforis and Paolo Ciatti.

The main goal of the lectures was to see how “geometry”, especially

long term dynamics of geodesic flow influences the “size” of eigenfunctions

on compact Riemannian manifolds. This is also known as the “quantum

correspondence principle”. In addition, we went over problems in harmonic

analysis related to this, such as the restriction theorem for the Fourier

transform and estimates for Riesz means. We also presented recent work

on manifolds with boundary.

∗The author was partially supported by the NSF

337
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11.2. Review: Restriction theorem and wave equation

Much of what we shall present is related to the Stein-Tomas [26] restriction

theorem for the Fourier transform. Recall that the Fourier transform of an

L1(Rn) function is

f̂(ξ) =

∫

Rn

e−ix·ξf(x) dx.

Since f̂ is continuous if f ∈ L1(Rn) the restriction of f̂ to Sn−1 makes

perfect sense in this case. This is not the case for L2(Rn) functions. For in-

stance the inverse Fourier transform of f̂(ξ) = (1− |ξ|2n)−1/3 is in L2(Rn),

but clearly f̂(ξ) does not restrict to Sn−1 as a function or even a distribu-

tion.

The Stein-Tomas theorem tells us that if 1 < p < 2 is close enough to

1 and if f ∈ Lp(Rn) then one can define the restriction of f̂ to Sn−1 when

n ≥ 2:

Theorem 11.1 (Stein-Tomas [26]). Let n ≥ 2 and suppose that

1 ≤ p ≤ 2(n+ 1)

n+ 3
. (11.1)

Then there is a uniform constant C so that if f ∈ S(Rn) then

(∫

Sn−1

|f̂(ξ)|2 dσ(ξ)

)1/2

≤ C‖f‖Lp(Rn), (11.2)

if dσ is the induced Lebesgue measure on Sn−1. Consequently, if p is as in

(11.1) then there is a bounded linear map R : Lp(Rn) → L2(Sn−1) so that

Rf(ξ) = f̂(ξ)|Sn−1 when f ∈ S(Rn).

It is conjectured that if 1 ≤ p < 2n
n+1 then f̂ restricts to Sn−1 as an

element of Lq(Sn−1) with q = (n+1)p′

n−1 , with

p′ =
p

p− 1
.

This result is known to hold when n = 2 ( [30]). For n ≥ 3 only partial

results are known. See, e.g. ( [5]).

One of our main goals will be to obtain discrete analogs of this result

when Rn is replaced by a compact Riemannian manifold. To motivate what

happens in this case, let us first state a couple of results that are equivalent

to the Stein-Tomas restriction theorem.
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To do this, we first notice that (11.2) holds if and only if

lim sup
λ→+∞

λ

∫

{ξ∈Rn: |ξ|∈[1,1+λ−1]}
|f̂(ξ)|2 dξ ≤ C‖f‖2

Lp(Rn),

1 ≤ p ≤ 2(n+ 1)

n+ 3
. (11.3)

If we let

mλ(ξ) = λ1/2χ|ξ|∈[1,1+λ−1],

then, by duality, we conclude that (11.2) and (11.3) are equivalent to the

statement that the multiplier operators

(2π)−n
∫
eix·ξmλ(ξ)f̂(ξ) dξ

are uniformly bounded from L2(Rn) to Lq(Rn) when q ≥ 2(n+1)
n−1 . Finally,

if we let

χλf(x) = (2π)−n
∫

|ξ|∈[λ,λ+1]

eix·ξf̂(ξ) dξ, (11.4)

then we conclude by scaling that the above inequalities are equivalent to

the one that says there is a uniform constant C so that for λ ≥ 1

‖χλf‖Lq(Rn) ≤ Cλn(1/2−1/q)−1/2‖f‖L2(Rn), q ≥ 2(n+ 1)

n− 1
. (11.5)

By Plancherel’s theorem the χλ operators are uniformly bounded from

L2(Rn) to L2(Rn), and so if we apply the M. Riesz interpolation theorem,

we also get the bounds

‖χλf‖Lq(Rn) ≤ Cλ
n−1

2 (
1
2− 1

q )‖f‖L2(Rn), 2 ≤ q ≤ 2(n+ 1)

n− 1
, (11.6)

for the remaining range of exponents in [2,∞]. Using the fact that the

range of exponents in the Stein-Tomas L2 restriction theorem is sharp, we

see that the favorable bounds in (11.5) cannot hold for a larger range of

exponents. Similarly, the counterexamples that verify this fact can be used

to show that the bounds in (11.6) for the complimentary range of exponents

cannot be improved (see e.g., [22]).

Let us give another equivalent formulation of (11.2) that shows how we

can use properties of the wave equation for small values of t to prove (11.2).

To do this, we choose an even function ρ ∈ S(R) satisfying

ρ(τ) ≥ 1, |τ | ≤ 1, and ρ̂(t) = 0, |t| ≥ 1.
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We then define a variation of the operators in (11.4) by setting

χ̃λf(x) = (2π)−n
∫

Rn

eix·ξρ(|ξ| − λ)f̂(ξ) dξ

+ (2π)−n
∫

Rn

eix·ξρ(|ξ| + λ)f̂(ξ) dξ. (11.7)

Then, by duality and Plancherel’s theorem, (11.5) and hence (11.2) hold if

and only if there is a constant C so that when λ ≥ 1

‖χ̃λf‖Lq(Rn) ≤ C(1 + λ)n(1/2−1/q)−1/2‖f‖L2(Rn), q ≥ 2(n+ 1)

n− 1
. (11.8)

Let us rewrite the approximate spectral projection operators χ̃λ using

the wave equation. We notice that since ρ̂ is even and vanishes for |t| > 1

ρ(|ξ| ± λ) = (2π)−1

∫ 1

−1

eit(|ξ|±λ)ρ̂(t) dt

= (2π)−1

∫ 1

−1

ρ̂(t) cos(t(|ξ| ± λ)) dt.

Consequently,

ρ(|ξ| − λ) + ρ(|ξ| + λ)

= (2π)−1

∫ 1

−1

ρ̂(t)
[
cos(t(|ξ| − λ)) + cos(t(|ξ| + λ))

]
dt

= 2(2π)−1

∫ 1

−1

ρ̂(t) cos(t|ξ|) cos(tλ) dt.

Therefore,

χ̃λf(x) = 2(2π)−n−1

∫

Rn

(∫ 1

−1

ρ̂(t) cos tλ cos t|ξ| dt
)
eix·ξf̂(ξ) dξ

= 2(2π)−n−1

∫ 1

−1

ρ̂(t) cos tλ

(∫

Rn

eix·ξ cos t|ξ| f̂(ξ) dξ

)
dt

=
2

π

∫ 1

0

ρ̂(t) cos tλ u(t, x) dt,

where u solves the Cauchy problem in R+ × Rn with Cauchy data (f, 0),

i.e.,
{

�u(t, x) = (∂2/∂t2 − ∆)u(t, x) = 0

u(0, ·) = f(·), ∂tu(0, ·) = 0.
(11.9)
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∆ is of course the Laplacian for Rn with the flat metric:

∆ =

n∑

j=1

∂2/∂x2
j .

We point out that, in order to prove the Stein-Tomas L2 restriction, we

only need to know the behavior of the the solution u to the wave equation

for small values of t (|t| < 1 in the above formulation). Note further that

the kernel of χ̃λ is given by

χ̃λ(x, y) =
2

π

∫ 1

0

ρ̂(t) cos tλU(t;x, y) dt,

where

U(t;x, y) = (2π)−n
∫

Rn

ei(x−y)·ξ cos t|ξ| dξ, (11.10)

is the kernel for the solution of the Cauchy problem (11.9).

Let us make a few important observations about this kernel. First

χ̃λ(x, y) = 0 if |x − y| > 1 by the finite propagation speed for �, i.e.,

U(t;x, y) = 0 if |x− y| > t. Second, by applying the method of stationary

phase one can see that

χ̃λ(x, y) ≈
{
λ(n−1)/2 cos(λ|x−y|)

|x−y|(n−1)/2 , λ−1 ≤ |x− y| ≤ 1

λn−1, |x− y| ≤ λ−1.
(11.11)

To handle the χ̃λ operators directly we need to appeal to a special case

of Stein’s oscillatory integral theorem [25]:

Theorem 11.2. Let η ∈ C∞
0 (Rn) and suppose that Φ(x, y) ∈ C∞(Rn×Rn)

is a real function satisfying

rank
( ∂2Φ

∂xj∂yk

)
= n− 1, x, y ∈ supp η

and

Σx = {∇xΦ(x, y) : y ∈ supp η}, x ∈ supp Φ (11.12)

has everywhere nonvanishing principal curvatures. If we then set

Tλf(x) =

∫
eiλΦ(x,y)η(x, y) f(y) dy, (11.13)

then

‖Tλf‖Lq(Rn) ≤ Cλ−n/q‖f‖L2(Rn), q ≥ 2(n+ 1)

n− 1
. (11.14)
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Note that the second hypothesis in the theorem makes sense. This is

because when the mixed Hessian of Φ has rank n − 1 then the sets Σx
defined in (11.12) are smooth (immersed) hypersurfaces in Rn.

To be able to use the theorem in applications to eigenfunctions on Rie-

mannian manifolds, we have stated the oscillatory integral theorem for gen-

eral phase functions whose Hessians have rank n− 1 and satisfy the curva-

ture condition that the surfaces Σx in (11.12) have nonvanishing principal

curvatures. To handle the Euclidean case and prove (11.8) we shall need

to apply the special case of the theorem where

Φ(x, y) = |x− y|.
In this case the hypotheses are fulfilled away from the diagonal {(x, y) :

x = y} since clearly the mixed Hessian has rank n − 1, while, for this

phase function for every x the sets Σx is a subset of the sphere of radius

one centered at the origin. Therefore, let us fix an amplitude β ∈ C∞
0 (R)

satisfying, say, β(s) = 0, s /∈ [1/4, 2]. If we then set

Tλf(x) =

∫
eiλ|x−y|β(|x− y|) f(y) dy, (11.15)

then, by Theorem 11.2, the operators must satisfy (11.14).

We can use these bounds to prove (11.8). If we require additionally that∑∞
−∞ β(2js) = 1, s ≥ 0, then, by a scaling argument, the integral operator

with kernel β(λ2−j |x− y|)χ̃λ(x, y), j ≥ 1, must have an L2(Rn) → Lq(Rn)

norm which is (λ2−j)n(1/2−1/q)−n times that of the one with kernel

β(|x− y|)χ̃λ(2jx/λ, 2jy/λ).

By Stein’s theorem and (11.11) the latter integral operator sends L2 to

Lq with norm O(λn−1 2−j(n−1)/2 2−nj/q), assuming that q ≥ 2(n+1)
n−1 . By

putting these two steps together, we conclude that for such q,

‖χ̃λ‖L2→Lq ≤ C
∑

1≤2j≤λ
(λ2−j)n(1/2−1/q)−n × (λn−1 2−j(n−1)/2 2−nj/q)

= Cλ−1+n(1/2−1/q)
∑

1≤2j≤λ
2j/2 = Cλn(1/2−1/q)−1/2,

as claimed.

Thus, by using properties of the wave equation for small values of t,

stationary phase and Stein’s oscillatory integral theorem, we have argued

that we can obtain bounds that are equivalent to the sharp ones in

‖χλf‖Lq(Rn) ≤ C(1 + λ)σ(p)‖f‖L2(Rn), 2 ≤ q ≤ ∞, (11.16)
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if

σ(p) =

{
n(1/2 − 1/q) − 1/2, q ≥ 2(n+ 1)/(n− 1),
n−1

2 (1/2 − 1/q), 2 ≤ q ≤ 2(n+ 1)/(n− 1),
(11.17)

and if, as before, χλ are the Euclidean spectral projection operators defined

in (11.4). Note that if χ(τ) = χ[0,1](τ) is the characteristic function of [0, 1],

then

χλ = χ(
√
−∆ − λ). (11.18)

Later we shall show that we can generalize the bounds in (11.17) to the

setting of compact Riemannian manifolds without boundary (M, g) of di-

mension n ≥ 2 by showing that we have the analog of (11.17) if χλ is

the operator χ(λ −
√
−∆g), with ∆g being the Laplacian on (M, g). As

above, these bounds can be seen to be sharp, and this result is the natural

extension of the Stein-Tomas restriction theorem to compact Riemannian

manifolds without boundary. We shall also go over what happens if M

has a boundary. In this case, a counterexample of Grieser [11] shows that

less favorable bounds can hold. Recent results of Grieser [12] and the au-

thor [23] established the bounds when q = ∞, and recently Smith and

the author [18] established sharp results in the two-dimensional case for

Riemannian manifolds with boundary.

11.3. Eigenfunctions on compact Riemannian manifolds

without boundary

We shall now consider the setting of compact boundaryless Rieman-

nian manifolds M = Mn of dimension n and Riemannian metrics g =∑
gjk(x)dxjdxk. Recall that the associated Laplace-Beltrami operator is

given in local coordinates by the formula

∆g = |g(x)|−1/2
∑

∂kg
jk(x)∂j , |g| = det gjk,

where (gjk) is the inverse matrix of (gjk). We shall be interested in proving

Lp estimates for eigenfunctions of the Laplacian, i.e., solutions of

−∆gφλ(x) = λ2φλ(x).

Recall that the set of eigenvalues of −∆g is discrete here and tends to +∞.

Thus, we can order the eigenvalues with respect to multiplicity

0 = λ2
0 ≤ λ2

1 ≤ λ2
2 ≤ · · · . (11.19)
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We have normalized things so that λj is the jth eigenvalue of the first order

operator
√
−∆g. We are interested in sharp estimates for

Lp(λj , g) =
‖φλj‖Lq(M)

‖φλj‖L2(M)
(11.20)

as λj → ∞. Here Lq(M) denotes the Lq norm with respect to the volume

element for g. We shall also want sharp bounds of the form

‖χλf‖Lq(M) ≤ C(1 + λ)δ(q,n)‖f‖L2(M),

if χλ are the spectral projection operators that are the natural analogs of

the ones defined in (11.4) for the Euclidean case:

χλf(x) =
∑

λj∈[λ,λ+1]

ej(f), (11.21)

with ej(f) being the projection of f onto the jth eigenspace for −∆g.

Thus, if {ej(x)} is an orthonormal basis with ej being an eigenfunction

with eigenvalue λj , then

ej(f)(x) = ej(x) ×
(∫

M

f(y)ej(y) dy
)
,

with dy denoting the volume element. Note also that, by the spectral

theorem, we have the analog of (11.18)

χλ = χ(
√
−∆g − λ),

if as before χ is the characteristic function of [0, 1].

In this section we wish to present the following sharp theorem first

proved in [20]:

Theorem 11.3. Let (M, g) be an n-dimensional Riemannian compact ma-

nifold without boundary. Then there is a uniform constant C so that if

q ≥ 2 and if σ(p) is as in (11.17), then

‖χλf‖Lq(M) ≤ C(1 + λ)σ(p)‖f‖L2(M). (11.22)

Note that the bounds in (11.22) automatically imply that the ratio in

(11.20) is O((1 + λj)
σ(p)). As we shall see, that if our Riemannian satisfies

certain geometric assumptions these bounds can be improved if q is large

enough, and in particular if q = ∞.

On the other hand, if (M, g) is that standard sphere Sn with the round

metric the bounds

‖φλj‖Lq(M)

‖φλj‖L2(M)
≤ C(1 + λj)

σ(p) (11.23)
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cannot be improved for any q ≥ 2. Recall (see, e.g. [19]) that in this case

the distinct eigenvalues of −∆g are k(k + n − 1), and they repeat with

multiplicity

dk =
(n+ k)

n! k!
− (n+ k − 2)!

n! (k − 2)!
= kn−1(2 +O(1/k))/(n− 1)! . (11.24)

Furthermore, if φk is the zonal spherical harmonic of degree k, which cor-

responds to λj =
√
k(k + n− 1), then

‖φk‖Lq(Sn)

‖φk‖L2(Sn)
≈ kn(1/2−1/q)−1/2, q ≥ 2(n+ 1)

n− 1
,

while if φk is the highest weight spherical harmonic of degree k

‖φk‖Lq(Sn)

‖φk‖L2(Sn)
≈ k

n−1
2 (1/2−1/q), 2 ≤ q ≤ 2(n+ 1)

n− 1
,

which implies that (11.23) is sharp in for this particular Riemannian man-

ifold.

To prove Theorem 11.3 we shall use the template that was presented in

the last section. To do this, we choose an even function ρ ∈ S(R) satisfying

ρ(τ) = 1, |τ | ≤ 1, and ρ̂(t) = 0, |t| ≥ r0,

where now, instead of taking r0 = 1 as we did for the Euclidean case, we

take

r0 = Inj(M)/2,

with Inj(M) being the injectivity radius of (M, g). We then define a varia-

tion of the operators in (11.22) by setting

χ̃λf(x) =

∞∑

j=0

ρ(λ− λj)ej(f) +

∞∑

j=0

ρ(λ+ λj)ej(f). (11.25)

Then, by duality and Plancherel’s theorem, (11.22) holds if and only if there

is a constant C so that when λ ≥ 1

‖χ̃λf‖Lq(Rn) ≤ C(1 + λ)σ(p)‖f‖L2(Rn), q ≥ 2. (11.26)

If we use the Fourier transform then, as before, we conclude that

χ̃λf(x) =
2

π

∫ r0

0

ρ̂(t) cos tλ u(t, x) dt, (11.27)

where u solves the Riemannian version of the Cauchy problem (11.9), i.e.,
{

�gu(t, x) = (∂2/∂t2 − ∆g)u(t, x) = 0

u(0, ·) = f(·), ∂tu(0, ·) = 0.
(11.28)
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Here the kernel of χ̃λ is given by

χ̃λ(x, y) =
2

π

∫ r0

0

ρ̂(t) cos tλU(t;x, y) dt,

where

U(t;x, y) =

∞∑

j=0

cos tλj ej(x)ej(y)

is the kernel for the solution of the Cauchy problem (11.28).

As in the Euclidean case, we can make a couple important observations

about this kernel. First, if dist(x, y) is the Riemannian distance between x

and y, then χ̃λ(x, y) = 0 if dist(x, y) > r0 by the finite propagation speed

for �g. Second, by applying the method of stationary phase one can see

that

χ̃λ(x, y) ≈
{
λ(n−1)/2 cos(λdist(x,y))

dist(x,y)(n−1)/2 , λ−1 ≤ dist(x, y) ≤ r0

λn−1, dist(x, y) ≤ λ−1.
(11.29)

This calculation follows from the arguments for the Euclidean case if one

uses the Hadamard parametrix for �g, which says that, in local coordinates,

if dist(x, y) ≤ t ≤ r0,

U(t;x, y) = URn(t; dist(x, y)) + Lower order terms,

where URn(t; |x−y|) = URn(t;x, y) is the corresponding kernel for the wave

equation in R+ × Rn defined in (11.10).

Since the kernels of χ̃λ satisfy (11.29) we can argue as before and see

that (11.26) must hold if we can verify that Φ(x, y) = dist(x, y) satisfies

the conditions of Theorem 11.2. But this just follows from Gauss’ lemma.

Indeed, since Φ is the Riemannian distance function we have that the mixed

Hessian must have rank n − 1, and if we work in local coordinates, the

hypersurfaces Σx defined in (11.12) are just

Σx = {ξ ∈ Rn :
∑

gjk(x)ξjξk = 1},

which of course have positive principal curvatures due to the fact that

(gjk(x)) is a positive definite matrix.

This completes the sketch of the proof of (11.26), and hence the bounds

(11.22) for the spectral projection operators χλ.
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11.4. Bochner-Riesz Means

In Rn the Bochner-Riesz means of index δ are given by the formula

Sδf(x) = (2π)−n
∫

|ξ|<1

eix·ξ(1 − |ξ|2)δ f̂(ξ) dξ.

Just by a dilation argument if Sδ : Lp(Rn) → Lp(Rn) then the operators

Sδλf(x) = (2π)−n
∫

|ξ|<λ
eix·ξ(1 − |ξ/λ|2)δf̂(ξ) dξ

are uniformly bounded on Lp(Rn) and Sδλf → f in Lp(Rn) if f ∈ Lp(Rn).

Recall also the Bochner-Riesz conjecture which says that if

δ > δ(p) = max
(
n|12 − 1

p | − 1
2 , 0
)

(11.30)

then one should have Sδ : Lp(Rn) → Lp(Rn) if δ > δ(p). For this reason,

δ(p) is called the critical index for Bochner-Riesz summation. It follows

from C. Fefferman’s [10] celebrated negative solution of the ball multiplier

and earlier work that δ > δ(p) is a necessary condition for Sδ : Lp(Rn) →
Lp(Rn).

Many partial results are known. For instance it was shown by C. Fef-

ferman [9] that if one has the Lp(Rn) → L2(Sn−1) restriction theorem

(11.2), then the Bochner-Riesz conjecture is valid for this value of p. Thus,

by the Stein-Tomas restriction theorem and duality, the conjecture holds

for p ∈ [1, 2(n + 1)/(n + 3)] ∪ [2(n + 1)/(n − 1),∞]. Also, Carleson and

Sjölin [7] proved that the Bochner-Riesz conjecture is valid for all p when

the dimension n equal to 2. Much later Bourgain [5] made an important

breakthrough when he showed that for n ≥ 3 the conjecture is valid for cer-

tain p < 2(n+1)/(n−1). Many authors have worked to improve Bourgain’s

results (see [28]), but the conjecture is still unresolved in the Euclidean case

when n ≥ 3.

Let us now consider the corresponding problems on n-dimensional com-

pact Riemannian manifolds without boundary, (M, g). In this case, the

Bochner-Riesz means are given by the forumla

Sδλf(x) =
∑

λj≤λ


1 −

∣∣∣∣∣
λ2
j

λ

∣∣∣∣∣

2


δ

ej(f)(x), (11.31)

if, as before, ej(f) is the projection of f onto the j-th eigenspace with

eigenvalue −λ2
j for ∆g. Since eigenfunctions of the Laplacian are smooth

and since the spectrum is discrete, it is automatic that if one fixes λ then
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Sδλ : Lp(M) → Lp(M) for every p regardless of the value of δ. Thus,

the analog of the Bochner-Riesz conjecture for the Riemannian case must

involve uniform bounds for the operators Sδλ as λ→ ∞. Specifically, given

M , the conjecture for Lp(M) would be that if δ > δ(p) then there must be

a uniform constant C = Cp,δ so that

‖Sδλf‖Lp(M) ≤ C‖f‖Lp(M), λ > 0. (11.32)

Just as in the euclidean case the condition that δ > δ(p) is necessary for

these bounds to hold. On the other hand, counterexamples of Bourgain [6]

and Minicozzi and the author [16] suggest that these bounds might not hold

for all values of p if the dimension n is larger than 2.

Let us see how this might be related to the bounds for eigenfunctions

presented in the preceding section. Recall that if χλ are the spectral pro-

jection operators defined by (11.21) then we have the bounds

‖χλf‖L2(M) ≤ C(1 + λ)σ(p)‖f‖Lp(M),

with

σ(p) =

{
n(1/p− 1/2) − 1/2, 1 ≤ p ≤ 2(n+ 1)/(n+ 3)
n−1

2 (1/p− 1/2), 2(n+ 1)/(n+ 3) ≤ p ≤ 2.

Thus, in the “good” range 1 ≤ p ≤ 2(n+ 1)/(n+ 3) we have that the sharp

exponent for Lp bounds for eigenfunctions agrees exactly with the critical

index for Bochner-Riesz summation:

‖χλf‖L2(M) ≤ C(1 + λ)δ(p)‖f‖Lp(M), 1 ≤ p ≤ 2(n+1)
n+3 . (11.33)

On the other hand, if 2(n+ 1)/(n+ 3) < p ≤ 2, we have that σ(p) > δ(p).

Thus, we might expect to be able to prove the sharp bounds for Bochner-

Riesz summation using the above estimates for χλ only in the favorable

range of exponents.

It turns out that we can do this:

Theorem 11.4 ( [21]). If 1 ≤ p ≤ 2(n+1)
n+3 or if 2(n+1)

n−1 ≤ p ≤ ∞ then

whenever δ > δ(p) (11.32) holds.

By duality, we only need to prove (11.32) when

1 ≤ p ≤ 2(n+1)
n+3 .
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To prove these inequalities, as in the proof of (11.33), we shall need to use

the wave equation. We start with the exact formula

Sδλf =
∑

λj≤λ
(1 − λ2

j/λ
2)δej(f) (11.34)

=

√
πΓ(1 + δ)

2π

∫ ∞

−∞
λ

(
λ|t|
2

)−δ−1/2

Jδ+1/2(λ|t|)
∞∑

j=0

cos tλj ej(f) dt

=

√
πΓ(1 + δ)

2π

∫ ∞

−∞
λ

(
λ|t|
2

)−δ−1/2

Jδ+1/2(λ|t|)
(
cos t

√
−∆gf

)
(x) dt,

with Jµ being the Bessel function of order µ, and

u(t, x) = (cos t
√
−∆gf)(x)

being the solution of the Cauchy problem (11.28).

To use this formula, as in the preceding section, we choose an even

function ρ ∈ S(R) satisfying

ρ(τ) = 1, |τ | ≤ 1, and ρ̂(t) = 0, |t| ≥ r0,

where, as before, r0 is half the injectivity radius. We then split

Sδλf = Cδ

∫ ∞

−∞
λρ(t)

(
λ|t|
2

)−δ−1/2

Jδ+1/2(λ|t|)
(
cos t

√
−∆gf

)
(x) dt

(11.35)

+ Cδ

∫ ∞

−∞
λ(1 − ρ(t))

(
λ|t|
2

)−δ−1/2

Jδ+1/2(λ|t|)
(
cos t

√
−∆gf

)
(x) dt

= S̃δλf +Rδλf,

with Cδ =
√
πΓ(1+δ)

2π . One thinks here of S̃δλ as the “main” term and Rδλ as

the remainder. We shall be able to compute the kernel of S̃δλ very precisely

and then estimate it by appealing to Stein’s oscillatory integral theorem.

On the other hand, the operatorsRδλ are not “local” and so one cannot hope

to compute their kernels with the necessary degree of precision on general

compact Riemannian manifolds. On the other hand, fortunately, for the

above range of exponents, the bounds for Rδλ are a direct consequence of

(11.33).

To verify the last assertion we use asymptotics for Bessel functions of a

fixed order to see that we can write

Rδλf =

∫ ∞

∞
(1 − ρ(t))

∑

±
λm±

δ (λt)e±iλt cos t
√
−∆gf dt,
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where

λ|tj∂jtm±
δ (λt)| ≤ Cδ,jλ

−δ|t|−1−δ, |t| > r0/2.

Consequently, if we fix δ and let βλ be the inverse Fourier transform of

t→ m±
δ (λt)(1 − ρ(t)) then we have

|βλ(τ)| ≤ CNλ
−δ(1 + |τ |)−N ,

for every N , with constants independent of λ. Since

Rδλf = βλ(λ−
√
−∆g)f + βλ(λ +

√
−∆g)f,

we can use Hölder’s inequality, (11.33) and orthogonality to get

‖Rδλf‖2
p ≤ C‖Rδλf‖2

2 =
∑

j

|βλ(λ− λj) + βλ(λ+ λj)|2‖ej(f)‖2
2

≤ C
∑

k

(1 + |λ− k|)−Nλ−2δ‖χkf‖2
2

≤ C
[∑

k

(1 + |λ− k|)−Nλ−2δk2δ(p)
]
‖f‖2

p

≤ Cλ−2δλ2δ(p)‖f‖p ≤ C‖f‖2
p,

assuming in the second to last inequality that N > 1 + δ(p), and using in

the last inequality our assumption that δ > δ(p).

To handle the “main term” we note that, since it only involves a su-

perposition of wave kernels for small values of t, we can compute its kernel

using the Hadamard parametrix and stationary phase. By doing so we

conclude that the kernel of S̃δλ is of the form

S̃δλ(x, y) ≈




λ
n−1

2 −δ cos(λdist (x,y))
(dist (x,y))(n+1)/2+δ , dist (x, y) ≥ λ−1

λn, dist (x, y) ≤ λ−1,

where, as before, dist ( · , · ) is the Riemannian distance function. Because

the kernel has this form, we can appeal to Stein’s oscillatory integral theo-

rem (Theorem 11.2) to see that

S̃δλ : Lp → Lp

uniformly in λ if δ > δ(p) and p is as above, which completes the proof of

Theorem 11.4.

The argument that we have just given is modelled after the proof of the

sharp Weyl formula, which says that if N(λ) is the number of eigenvalues

λj which are ≤ λ (counted with multiplicity), then

N(λ) = (2π)−nVol Bn Vol M λn +O(λn−1), (11.36)
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where Vol Bn is the volume of the unit ball in Rn, and Vol M is the volume

of M with respect to the metric g. By (11.24) the O(λn−1) bounds for the

error term in the Weyl formula cannot be improved for the sphere with the

standard metric.

Let us conclude this section by showing how the special case of (11.33)

can be used to establish this result. We first note that

N(λ) =

∫

M

Sλ(x, x) dx,

where Sλ(x, x) is the restriction to the diagonal of the kernel

Sλ(x, y) =
∑

λj≤λ
ej(x)ej(y) = S0

λ(x, y),

with S0
λ being the Bochner-Riesz mean of index 0. Thus, if S̃λ = S̃0

λ is

defined as above then we can use the Hadamard parametrix to see that

S̃λ(x, x) = c(x)λn +O(λn−1),

where c(x) integrates to the appropriate constant for (11.36). Consequently,

to finish, we just need to see that

Rλ(x, x) = O(λn−1). (11.37)

To see this, we can argue as above to get that

|Rλ(x, x)| =
∣∣∣
∑

j

(βλ(λ− λj) + βλ(λ+ λj))|ej(x)|2
∣∣∣

≤ CN
∑

j

(1 + |λ− λj |)−N |ej(x)|2

≤ CN
∑

j

(1 + |λ− λj |)−N

 ∑

λ∈[j,j+1]

|ej(x)|2

 ,

which means that we would have (11.37) if

χλ(x, x) =
∑

λj∈[λ,λ+1]

|ej(x)|2 ≤ Cλn−1.

But this follows from the dual version of the p = 1 special case of (11.33)

since

sup
x

( ∑

λj∈[λ,λ+1]

|ej(x)|2
)1/2

= sup
x

(∫ ∣∣ ∑

λj∈[λ,λ+1]

ej(x)ej(y)
∣∣2 dy

)1/2

(11.38)

= ‖χλ‖L2→L∞ ≤ Cλ
n−1

2 .
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11.5. Manifolds with boundary

Let M be an n-dimensional C∞ open manifold with compact closure and

boundary ∂M . Consider a Riemannian metric g = gjkdx
jdxk on M and

the associated Dirichlet-Laplacian ∆ = ∆g,D. We shall then be concerned

with estimates for the eigenfunctions,

{
−∆φλ(x) = λ2φλ(x), x ∈M

φλ(x) = 0, x ∈ ∂M.
(11.39)

The eigenvalues are discrete and tend to +∞. As before, we count them

with respect to multiplicity and order them as 0 < λ2
1 ≤ λ2

2 ≤ λ2
3 ≤

· · · . Also, as before, we wish to study the behavior of the Lp norms, i.e.,

(11.20), as the eigenvalue goes to infinity. We are also interested in stronger

estimates like (11.22) for the spectral projection operator.

Thus, a goal would be try to extend Theorem 11.3 to the setting of

compact Riemannian manifolds with boundary. We immediately encounter

two difficulties:

• It is much harder to use the wave operator � in manifolds with bound-

ary.

• Less is true: Rayleigh whispering gallery modes say that the bounds

in (11.22) cannot hold for all values of 2 ≤ p ≤ ∞. Specifically in

every dimension n ≥ 2 the favorable bounds (11.33) can only hold for

a smaller range of exponents.

Let us give a brief explanation of these two facts. We start with the first

one. In order to explain the complicated nature of parametrices for wave

operators in manifolds with boundary, we start by reviewing what happens

for the very simple case of the Dirichlet-wave equation for the half-plane

(t, x) ∈ R × (Rn−1 × R+), i.e.,





�u = 0

u(t, x′, 0) = 0

u(0, x) = f(x), ∂tu(0, x) = 0.

Here we are writing x = (x′, xn), with x′ = (x1, . . . , xn−1). The kernel for
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the solution operator is given by the formula

UD(t;x, y) = (2π)−n
∫

Rn

ei(x−y)·ξ cos t|ξ| dξ

− (2π)−n
∫

Rn

ei(xr−y)·ξ cos t|ξ| dξ, (11.40)

where xr is the reflection of x across the boundary.

In a manifold with boundary it is difficult to construct the second term

in the parametrix for the solution kernel. Here, we work in geodesic normal

coordinates about y and then think of (xr − y) as the reflected geodesic

normal coordinates of x about y. Simple examples where M is either the

interior or exterior of a euclidean ball show that these coordinates become

degenerate as x approaches the boundary in a tangential direction from

y. Indeed, these two examples tell us that if y is a geodesic distance d =

d(y) << 1 from the boundary ∂M , then we cannot hope to construct the

phase functions corresponding to the second term in (11.40) for all x if the

time variable satisfies t > cd1/2 for some fixed constant c.

Let us address the other difficulty that arises in trying to extend The-

orem 11.3. This is an observation of D. Grieser [11]. We shall focus on

the case where n = 2, but similar considerations show that the bounds

(11.22) in Theorem 11.3 cannot hold for all 2 ≤ q ≤ ∞ for higher dimen-

sions as well. Grieser observed that if (M, g) is the interior of the unit disk

with the euclidean metric and if φλ is a so-called whispering gallery mode

with eigenvalue λ2 then, for q ≤ 8, fλ has most of its Lq mass in a λ−2/3

neighborhood of the boundary. Hence

‖fλ‖2

‖fλ‖q
≥ cλ

2
3 (

1
2−1

q )
, q ≤ 8.

Since fλ is an eigenvalue, we conclude that, for such exponents, we can

have the favorable 2-dimensional estimates

‖χλf‖q ≤ Cλ2(1/2−1/q)−1/2‖f‖2,

only when

2(1/2 − 1/q) − 1/2 ≥ 2
3 (1/2 − 1/q),

which means that the best possible analog of (11.22) for manifolds with

boundary when n = 2 would be

‖χλf‖q ≤ Cλ2(1/2−1/q)−1/2‖f‖2, q ≥ 8, (11.41)

instead of q ≥ 6 as in (11.22) for the boundaryless case when n = 2.
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Let us turn to positive results now. We shall first indicate how one can

obtain sharp pointwise estimates for eigenfunctions and then discuss recent

joint work with H. Smith [18] that shows that when n = 2 the optimal

estimates, i.e., (11.41), are valid.

The pointwise estimate says that for compact Riemannian manifolds

with boundary we have

‖χλf‖∞ ≤ C(1 + λ)
n−1

2 ‖f‖2. (11.42)

By (11.38), this estimate is valid if and only if the kernels of the spectral

projections have the following bounds when evaluated along the diagonal

χλ(x, x) = O(λn−1). (11.43)

Next, by the arguments from Section 11.2, this holds if

χ̃λ(x, x) = O(λn−1), (11.44)

where

χ̃λ(x, x) =

∫
ρ(t) cos tλUD(t;x, x) dt,

with ρ ∈ C∞
0 (R) being a fixed function supported in a small neighborhood

of the origin.

It turns out that the parametrix for the wave kernel at the diagonal,

UD(t;x, x) only allows one to show (11.44) when d(x) ≥ cλ−1 for some fixed

constant c > 0, where d(x) is the geodesic distance of x from the boundary.

Thus, by using wave equation techniques that are more technical but similar

to the ones described in Section 11.2, one can show the following special

case of (11.42)

χλ(x, x) ≤ Cλn−1, if d(x) ≥ cλ−1, (11.45)

where c and C are uniform constants which are independent of λ.

To prove the bounds for the missing case, a O(λ−1) neighborhood of

∂M , it turns out that one can use a maximum principle argument. This

observation goes back to Grieser [12] for the case of eigenfunctions, and

Grieser’s argument can be modified to handle the case of functions whose

spectrum lies in unit bands [λ, λ + 1]. In the latter case, one can use a

variant of the maximum principle to see that if c is fixed then

sup
{x: d(x)≤cλ−1}

χλ(x, x) ≤ C sup
{x: d(x)=cλ−1}

χλ(x, x),

which, by (11.45) means that (11.43) must hold and thus completes the

proof of (11.42).
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Using the arguments presented earlier, the pointwise bounds (11.42) can

be used to show that the operators Sδλ are uniformly bounded on L1(M) and

L∞(M) when δ > (n− 1)/2. Recently, X. Xu [29] has proven more refined

pointwise estimates that include sharp pointwise bounds for the gradient

of eigenfunctions on compact Riemannian manifolds with boundary. Using

these estimates, he was able to show that the Hörmander multiplier theorem

extends to this setting.

Let us turn to the other estimate, (11.41). In a work in progress, Smith

and Sogge [18] have shown that the estimate (11.41) holds for general two-

dimensional Riemannian manifolds with boundary on the range q ≥ 8 .

Interpolation with the trivial boundedness of χλ on L2(M) then yields Lq

estimates on spectral clusters which are the best possible, as shown by

Grieser’s observation. The proof depends on the fact that, for functions

with microlocal support disjoint from a thin set in phase space consisting

of geodesics tangent to the boundary, the full spectral estimates hold. This

is because the wave group for transverse reflections has the same essential

properties as the free wave group.

To handle the contribution of directions in phase space that are nearly

tangent to the boundary, Smith and Sogge exploited ideas of Smith [17]

and Tataru [27] developed to handle wave speed metrics of low regularity.

The latter work involved a combination of paradifferential and frequency

dependent scaling arguments to show that functions similar to the Rayleigh

whispering gallery modes are the worst case. Interpolating between the

tangent and transverse reflection cases yields the desired L8 estimates for

all functions.

One can obtain estimates for eigenfunctions on manifolds with boundary

from appropriate estimates for Lipschitz metrics since one can reflect the

eigenfunctions and metric normally across the boundary to obtain equiv-

alent Lp estimates for the resulting Lipschitz metrics. Fortunately, the

problems are tractable, at least in two-dimensions, since the metrics one

obtains by doubling are piecewise smooth with special types of Lipschitz

singularities contained in the image of the boundary.

To motivate this proof, let us see what happens for the analogous result

in R2, which of course is much simpler. We recall from Section 11.2 that

the euclidean analog of the dual form of the L2(M) → L8(M) estimates for

the χλ operators would be the L8/7(R2) → L2(S1) restriction theorem for

the Fourier transform,

‖f̂‖L2(S1) ≤ C‖f‖L8/7(R2), f ∈ S(R2). (11.46)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

356 C. D. Sogge

Let us see how one can give a simple proof of this estimate. If we square

the left side, and use Hölder’s inequality, we get

‖f̂‖2
L2(S1) =

∫

S1

f̂ f̂dθ =

∫
f(x) (f ∗ d̂θ)(x) dx

≤ ‖f‖L8/7(R2)‖ f ∗ d̂θ‖L8(R2).

Thus, (11.46) would hold if

‖ f ∗ d̂θ‖L8(R2) ≤ C‖f‖L8/7(R2).

But, d̂θ ≈ cos |x|/|x|1/2, and so this estimate would be a consequence of

‖f ∗ |x|−1/2 ‖L8(R2) ≤ C‖f‖L8/7(R2), (11.47)

which follows from the classical Hardy-Littlewood-Sobolev theorem for frac-

tional integrals.

Estimate (11.46) and the above proof is due to Stein (unpublished),

and this was the first restriction theorem for the Fourier transform. Ear-

lier Schwartz had noticed that the restriction to the circle of the Fourier

transform of an Lp(R2), p < 4/3, makes sense as a distribution, and K.

DeLeeuw raised the question of whether this distribution was actually a

function. Stein’s result of course answered this in the affirmative when

n = 2 for exponents 1 ≤ p ≤ 8/7. Stein’s L8/7(R2) theorem was fol-

lowed by much activity, including the optimal L2 restriction theorems of

C. Fefferman, P. Tomas, and Strichartz, and the flurry of activity in the

1990’s on trying to sharpen these results and prove the higher dimensional

versions of the sharp two-dimensional restriction theorem, which is due to

Zygmund [30] and says that, for p < 4/3, f ∈ Lp(R2) has Fourier transform

which restricts as a function to Lq(S1), q = p′/3.

The situation for compact manifolds with boundary studied by Smith

and the author [18] is much more technical. However, the fact that the

estimate (11.46) follows from estimate (11.47) which does not involve oscil-

lation implicitly carries over to this setting. Indeed a key fact in the proof

of (11.41) is that after microlocally breaking up the operators that arise

according to the angle from tangency to the boundary one can add up the

contributions of the various pieces and still get (11.41). Heuristically, this

works for the same reason that in two-dimensions it is a special property

of L8/7 that the estimate (11.46), which seems to be an estimate involving

oscillatory integrals, actually follows from estimate (11.47) which of course

does not.
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11.6. Riemannian manifolds with maximal eigenfunction

growth

We shall discuss some joint work with Steve Zelditch [24]. Recall that the

eigenfunction estimates

Lp(λ, g) = sup
‖φλ‖2=1

‖φλ‖p = O(λσ(p)), (11.48)

with p > 2 and

σ(p) = max
{
n(1/2 − 1/p) − 1/2, n−1

2 (1/2 − 1/p)
}
, (11.49)

for eigenfunctions on n-dimensional compact Riemannian manifolds cannot

be improved. This is because, as mentioned before, Lp(λ, g) ≈ λσ(p) when

(M, g) is the round sphere Sn. On the other hand, there are plenty of

examples, such as tori with flat metrics, where the bounds (11.48) for indi-

vidual eigenfunctions can be improved. The goal of [24] was to characterize

those Riemannian manifolds for which, like the sphere, Lp(λ, g) = Ω(λσ(p)),

where Ω(λσ(p)) means O(λσ(p)) but not o(λσ(p)).

The main result, Theorem 11.48, implies a necessary condition on com-

pact boundaryless Riemannian manifolds (M, g) with maximal eigenfunc-

tion growth: there must exist a point x ∈M for which the set

Lx = {ξ ∈ S∗
xM : ∃T : expx Tξ = x} (11.50)

of directions of geodesic loops at x has positive measure. Here exp is the

exponential map for geodesic flow, and the measure |Ω| of a set Ω is the

one induced by the metric gx on the fiber T ∗
xM over x of the cotangent

bundle, T ∗M . For instance, the poles xN , xS of a surface of revolution

(S2, g) satisfy |Lx| = 2π. Note also that the geodesic loops do not have to

close smoothly.

Theorem 11.5. Suppose that |Lx| = 0. Then given ε > 0 there exists a

neighborhood N = N (ε) of x and a positive number Λ = Λ(ε), so that

sup
φ∈Vλ

‖φ‖L∞(N )

‖φ‖L2(M)
≤ ελ

n−1
2 , λ ∈ spec

√
−∆ ≥ Λ, (11.51)

if Vλ is the space of eigenfunctions, −∆φ = λ2φ. Furthermore, if |Lx| = 0

for every x ∈M then

sup
φ∈Vλ

‖φ‖Lp(M)

‖φ‖L2(M)
= o(λσ(p)), p > 2(n+1)

n−1 . (11.52)
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The part of the theorem corresponding to p = ∞ can be thought of

as the natural pointwise analog of the Duistermaat-Guillemin [8] theorem,

and the proof relies on ideas of Ivrii [14].

The main part of Theorem 11.5 says that if L∞(λ, g) = Ω(λ
n−1

2 ) then

there must be an x ∈ M so that |Lx| > 0. However, the naive converse

to this sup-norm result is simply false. This is because there are examples

of Riemannian manifolds (M, g) where there is a x so that |Lx| > 0 but

L∞(λ, g) = o(λ
n−1

2 ). In [24] a C∞ torus of revolution with this property

was constructed.

We also remark that the bounds in (11.52) all follow from the spe-

cial case where p = ∞. One sees this just by interpolating with the esti-

mate that says that Lp(λ, g) = O(λσ(p)) when p = 2(n+1)
n−1 . An interesting

open question would be to determine a condition that would imply that

Lp(λ,M) = o(λσ(p)) for p = 2(n+1)
n−1 . By interpolation, this would lead to

o(λσ(p)) bounds for 2 < p < 2(n+1)
n−1 .

The author and Zelditch were also able to show that generically

L∞(λ, g) = o(λ
n−1

2 ). This follows from Theorem 11.48 and the follow-

ing result which was also proved in [24].

Theorem 11.6. There exists a residual set R on the space G of C∞ metrics

with the Whitney C∞ topology such that |Lgx| = 0 for every x ∈ M when

g ∈ R.

Corollary 11.7. L∞(λ, g) = o(λ
n−1

2 ) for a generic Riemannian metric on

any manifold.

Thus, even though the sphere Sn with the round metric, or more gen-

erally surfaces of revolution have L∞(λ, g) = Ω(λ
n−1

2 ), a generic metric on

the sphere will have L∞(λ, g) = o(λ
n−1

2 ).

Even though the standard 2-torus T2 = R2/Z2 certainly satisfies

L∞(λ, g) = o(λ1/2), one could ask whether there are other metrics on

T2 for which this quantity is Ω(λ1/2). It turns out that if one considers

real analytic metric the answer is no. Indeed, we have the following result

from [24] that characterizes real analytic manifolds with maximal eigen-

function growth:

Theorem 11.8. Suppose that (M, g) is a real analytic manifold and that

L∞(λ, g) = Ω(λ
n−1

2 ). Then (M, g) is a Y mℓ -manifold, i.e., a pointed Rie-

mannian manifold (M,m, g) such that all geodesics issuing from the point m
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return to m at time ℓ. In particular, if dim M = 2, then M is topologically

the two-sphere or two-dimensional projective space.

For the definition and properties of Y mℓ manifolds, we refer to [4] (Chap-

ter 7). By a theorem due to Bérard-Bergery (see [3], [4]) Y mℓ manifolds M

satisfy π1(M) is finite and H∗(M,Q) is a truncated polynomial ring in

one generator. This implies that in 2-dimensions M must be the sphere

or projective space. We remark that the loops are not assumed to close

up smoothly. An interesting example of this is the tri-axial ellipsoid,

Ea1,a2,a3 = {(x1, x2, x3) ∈ R3 :
x2
1

a2
1

+
x2
2

a2
2

+
x2
3

a2
3

= 1} with the standard

metric and a1 < a2 < a3. For this manifold all geodesics leaving the 4

umbilical points return at the same time, but all but one do not loop back

smoothly (see [1]).
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12.1. Introduction

The aim of these lectures is to present some concrete examples which show

the interplay between geometry and certain aspects of harmonic analysis.

To that end, let us consider the following initial value problems defined on

the half space Rn+1
+ = Rn × R+:

361
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Heat Equation

∂tu(x, t) = ∆xu(x, t), (x, t) ∈ Rn+1
+

u(x, 0) = u0(x), x ∈ Rn,

Laplace Equation

∂ttu(x, t) + ∆xu(x, t) = 0, (x, t) ∈ Rn+1
+

u(x, 0) = u0(x), x ∈ Rn,

Wave Equation

∂ttu(x, t) = ∆xu(x, t), (x, t) ∈ Rn+1
+

u(x, 0) = u0(x), x ∈ Rn

∂tu(x, 0) = v0(x), x ∈ Rn.

Schrödinger Equation

∂tu(x, t) =
i

4π2
∆xu(x, t), (x, t) ∈ Rn+1

+

u(x, 0) = u0(x), x ∈ Rn.

The Fourier transform for an integrable function f is defined by

f̂(ξ) =

∫

Rn

f(x) e−2πi<x,ξ>dx.

The Fourier transform relates to differential operator via the identity

P̂ (D)f(ξ) = P (2πiξ)f̂(ξ),

where P is a polynomial in n variables and f is an appropriate smooth

function. By using this transform on the x-variable in the above equations

we find that they can be transformed, respectively, into the following o.d.e.’s

in the variable t for each fixed ξ, with y(t) = ûx(ξ, t);
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y′(t) = −4π2|ξ|2y(t), y(0) = û0

y′′(t) = 4π2|ξ|2y(t), y(0) = û0

y′′(t) = −4π2|ξ|2y(t), y(0) = û0, y′(0) = v̂0
y′(t) = −2πi|ξ|2y(t), y(0) = û0,

and so, the corresponding solution can be given by the inverse Fourier

transform, by

u(x, t) =

∫

Rn

e−4π2t|ξ|2 û0(ξ) e2πixξdξ

u(x, t) =

∫

Rn

e−2πt|ξ|û0(ξ) e2πixξdξ

u(x, t) =

∫

Rn

cos(2πt|ξ|)û0(ξ) e2πixξdξ +

∫

Rn

sin(2πt|ξ|)
2π|ξ| v̂0(ξ) e2πixξdξ

u(x, t) =

∫

Rn

e−2πit|ξ|2 û0(ξ) e2πixξdξ.

We want to study the properties of the flux map

Φt : {space of initial data} → {space of solutions},

that is, its regularity, the conservation laws that inherits, the existence of

limits as t→ 0+, etc. It is clear that the first two examples have “symbols”

which are rapidly decreasing for large values of the variable ξ, whereas the

other two simply oscillate and have no decay at all. This is determinant for

the properties of Φt and, in particular, for the size of the space of initial

data so that a proper solution exists.

12.1.1. The role of maximal functions

When dealing with pointwise convergence, the natural objects that arise

are the so called maximal functions. Let us start with the classical example

of Lebesgue differentiation theorem:

Define for f ∈ L1(Rn), the average means

u(x, t) = mtf(x) =
1

|Bt(x)|

∫

Bt(x)

f(y) dy.

(Bt(x) represents the ball centered at x ∈ Rn and radious t > 0.) The

theorem says that we can recover the function f pointwise as t→ 0+, that
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is

lim
t→0+

mtf(x) = f(x), a.e.

The result is clearly true for a dense class of functions, for instance the

Schwartz class, S (here, the class of continuous functions with compact

support suffices). Moreover, the maximal operator

Mf(x) = sup
t>0

|mtf(x)| = sup
t>0

1

|Bt(x)|

∣∣∣∣
∫

Bt(x)

f(y) dy

∣∣∣∣

satisfies the remarkable inequality

|{x ∈ Rn : Mf(x) > λ}| ≤ C

λ

∫

Rn

|f(y)|dy, ∀λ > 0.

To show the convergence property, suffices to prove that

lim sup
t→0+

mtf(x) = lim inf
t→0+

mtf(x), a.e.,

or equivalently, that the set

Aλ = {x : lim sup
t→0+

mtf(x) − lim inf
t→0+

mtf(x) > λ}

has measure 0 for every λ > 0. If g is any “nice” function in our dense

class, then one has

Aλ = {x : lim sup
t→0+

mt(f − g)(x) − lim inf
t→0+

mt(f − g)(x) > λ},

and since

Aλ ⊂ {x ∈ Rn : 2M(f − g)(x) > λ},
we conclude

|Aλ| ≤
2C

λ

∫

Rn

|f(y) − g(y)|dy.

Now, the density of our class does the rest.

This argument, due to Hardy and Littlewood, is standard in our ap-

proach to the problem of the a.e convergence to the initial datum in the

above examples: the boundedness of the maximal function

U∗(x) = sup
t>0

|u(x, t)| = sup
t>0

|Φtu0(x)|

on certain class of functions L, in which S is dense, implies the a.e. con-

vergence for all initial values u0 ∈ L.
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The maximal function associated to the heat and Laplace equations are

pointwise majorized by the Hardy-Littlewood maximal function. It fact,

it is known that if the function K has an L1 radial decreasing majorant,

K∗, then |K ∗ f(x)| ≤ ‖K∗‖L1Mf(x) ( [53]). The solution to the heat and

Laplace equations are given, respectively, by the convolution

Gt ∗ u0(x), Pt ∗ u0(x),

where G1 is the Gaussian kernel and Gt = t−n/2G1(·/t1/2) and P1 is the

Poisson kernel, with Pt = t−nP1(·/t). Therefore,

sup
t>0

|Gt ∗ u0(x)|, sup
t>0

|Pt ∗ u0(x)| ≤ CMu0(x).

Hence, a.e. convergence holds in all spaces Lp(Rn), 1 ≤ p.

M controls, with more generality, the convergence phenomena associ-

ated to the so called Calderón-Zygmund singular integrals (see Section 2).

The wave and the Schrödinger equations have maximal functions

bounded on smaller classes of functions. For example, in the case of the

Schrödinger equation, L. Carleson [15] obtained, in dimension n = 1, the

result of the pointwise convergence of the solution to the initial datum for

all functions u0 ∈ H1/4(R) via the corresponding estimate of the maximal

function in that space. Here, Hs denotes the space of s “derivatives” in L2;

that is

Hs(Rd) = { u0 ∈ L2(Rd) ;

∫

Rd

|û0(ξ)|2(1 + |ξ|)2s dξ < +∞}.

Also, the homogeneous Sobolev space Ḣs is defined as

Ḣs(Rd) = { u0 ∈ L2(Rd) ;

∫

Rd

|û0(ξ)|2|ξ|2s dξ < +∞}.

The exponent 1/4 is sharp. It is conjectured that 1/4 of derivative in L2

suffices in any dimension for the a.e. convergence in this problem.

Convergence and boundedness of the associated maximal function are

in general equivalent, as was shown by Stein ( [54], [32]).

As an example of this, the fact that the double iterated convergence in

Lebesgue theorem fails in L1(R2) can be viewed as the failure of the strong

maximal function of Jessen-Marcinckiewicz-Zygmund, Ms, to be bounded

L1(R2) → L1,∞(R2) ( [35]).
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In many cases, the singularities appear along significative directions in

space. This motivates the study of maximal functions associated to a given

set of unit vectors. As we will see, the boundedness properties depend

largely on the geometrical structure of this set.

Another interesting feature of maximal functions is the control they have

on weighted inequalities for a given singular integral T ; that is, estimates

of the form ∫
|Tf |2w ≤

∫
|f |2Pw,

where w is a “weight” (a positive, locally integrable function). The bound-

edness of w → Pw gives a complete profile of the properties of T , via the

extrapolation theorem of Rubio de Francia ( [31]).

For example, when T is a Calderón-Zygmund singular integral, one can

take (see [31])

Pw = (Mwα)1/α, α > 1.

On the other hand, it is not known whether Ms controls the L2-inequalities

of multi-parameter C-Z singular integrals (Product Domains).

Also, K∞, the Kakeya maximal function (that is, averages on rectangles

in any direction) is expected to control “strongly” singular operators, like

the Disc Multiplier. This is the so called Stein Conjecture.

A less standard operator is the so called spherical maximal function of

Stein and Bourgain:

Mσf(x) = sup
t>0

∣∣∣∣Stf(x)

∣∣∣∣,

where

Stf(x) =

∫

|y|=1

f(x− ty)dσ(y),

and dσ denotes the Lebesgue measure on the unit sphere. Observe that

Ŝtf(ξ) = f̂(ξ)d̂σ(tξ). In dimension n = 3 this is related to the wave

equation since in that case

d̂σ(ξ) =
sin(2π|ξ|)

2π|ξ| .

In the next lectures we will study the boundedness of some of these maximal

functions as well as the boundedness of the singular operators whose a.e.

convergence phenomena they control.
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12.2. Second lecture: spherical maximal function

The (Stein) spherical maximal function is defined as

Mσf(x) = sup
t>0

∣∣∣∣
∫

|y|=1

f(x− ty)dσ(y)

∣∣∣∣,

where dσ denotes the Lebesgue measure on the unit sphere.

Spheres are sets of null Lebesgue measure and, for a general function f ∈
Lp, the integral could be undefined. We will see, however, that Mσf(x) <

∞ a.e. for all f ∈ Lp(Rn), pn < p ≤ ∞, pn depending on the dimension.

This is shown by proving “a priori” estimates ‖Mσf‖Lp ≤ Cp,n‖f‖p for

f ∈ C∞
0 and then extending the estimates to all of Lp by density.

Remarks: 1) Let us take n = 1. Then,

Mσf(x) = sup
t>0

1

2

{
|f(x+ t)| + |f(x− t)|

}

So, if f is unbounded in only one point, Mf(x) = ∞, for all x. Actually,

for f ∈ C∞
0 (R) Mσf(x) ≈ ‖f‖L∞.

2) For n > 1, if f = XB(0,1) we have for |x| ≥ 1,

Mσf(x) ∼ 1

|x|n−1
.

Hence, if Mσf ∈ Lp(Rn), then p(n − 1) > n. Thus, a necessary condition

for Mσ to be bounded on Lp(Rn) is p > n
n−1 . This condition turns out to

be also sufficient. This was proven by Stein for n ≥ 3 and by Bourgain in

the case of R2.

Theorem 12.1 (E. M. Stein). If n ≥ 3 and p > n
n−1 , then Mσ :

Lp(Rn) → Lp(Rn).

Theorem 12.2 (J. Bourgain). If p > 2, then Mσ : Lp(R2) → Lp(R2).

Theorem 12.1 follows from a more general result due to J. L. Rubio de

Francia ( [47]).
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Proposition 12.1. Let σ be a compactly supported Borel measure with

|σ̂(ξ)| ≤ C|ξ|−a. Define Tt as

T̂tf(ξ) = f̂(ξ)σ̂(tξ)

and T∗f(x) = supt>0 |Ttf(x)|. Then, we have,

T ∗ : Lp(Rn) → Lp(Rn) for p > pa =
2a+ 1

2a
and a > 1/2.

Examples. If dσ is the Lebesgue measure on Sn−1, then |d̂σ(ξ)| ≤ C

|ξ|
n−1

2

(see [51], chapter 4). In general, if σ is smooth, compactly supported in a

hypersurface of Rn with k non-vanishing principal curvatures (n ≥ k > 1),

then |d̂σ(ξ)| ≤ C
|ξ|k/2 .

Notice that a = n−1
2 > 1/2 if and only if n > 2. So, Proposition 12.1

does not apply to the case of Theorem 12.2.

Proof of Proposition 12.1. Set φ0 ∈ C∞
0 such that φ0(0) = 1. We define

a partition of the unity:

ψj(ξ) = φ0(2−jξ) − φ0(2−j+1ξ) for j ∈ Z.

Then
∞∑
j=1

ψj(ξ) + φ0(ξ) ≡ 1. We now define a partition of the operator Tt.

Set

T̂ jt f(ξ) = ψj(tξ)σ̂(tξ)f̂(ξ) for j = 1, 2, 3, . . . , and

T̂ 0
t f(ξ) = φ0(tξ)σ̂(tξ)f̂(ξ).

Set also T j∗f(x) = supt>0 |T jt f(x)|. Then we have

T∗f(x) = sup
t>0

|(d̂σ(tξ)f̂ (ξ))ˇ(x)| ≤
∞∑

j=0

T j∗f(x).

2

Lemma 12.1. T 0
∗ f(x) ≤ CMf(x) and therefore T 0

∗ f : Lp → Lp for all

1 < p ≤ ∞.

To prove this lemma we just have to observe that the kernel of this

operator, K0(x) = φ̌0 ∗ dσ(x), belongs to the Schwartz class. Therefore it

has an L1 radial decreasing majorant. By a remark in the introduction,
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it follows that T 0
∗ f(x) ≤ CMf(x), where M is here the Hardy-Littlewood

maximal function.

We need to obtain a deeper estimate for the operators T j∗ , j ≥ 1.

Lemma 12.2. T j∗ : L2 → L2 has norm less than or equal to C2−j(a−1/2).

Lemma 12.3. T j∗ : L1 → L1,∞ with constant not bigger than Cj2j.

Using Marcinkiewick’s interpolation theorem we obtain that T j∗ is

a bounded operator in Lp, 1 < p ≤ 2, with norm not bigger than

Cp(j2
j)

2−p
p 2−j(2a−1) p−1

p . Therefore,

‖T∗f‖Lp ≤ ‖T 0
∗ f‖Lp +

∞∑

j=1

‖T j∗f‖Lp

≤
[
Cp +

∞∑

j=1

Cp(j2
j)

2−p
p 2−j(2a−1) p−1

p
]
‖f‖Lp ≤ Cp‖f‖Lp,

provided

(2a− 1)(p− 1) > 2 − p, i.e. p >
2a+ 1

2a
.

Proof of Lemma 12.2. We use the Fundamental Theorem of Calculus.

Given a differentiable function F : R → R such that F (0) = 0, we have,

(F (t))2 ≤ 2

∫ ∞

0

F (s)F ′(s)

≤ 2

(∫ ∞

0

|F (s)|2 ds
s

)1/2(∫ ∞

0

|sF ′(s)|2 ds
s

)1/2

.

Hence

|T j∗f(x)|2 ≤ 2

(∫ ∞

0

|T jt f(x)|2 dt
t

)1/2(∫ ∞

0

|t d
dt
T jt f(x)|2 dt

t

)1/2

.

In general, for m a bounded multiplier, we define

Gmf(x) =

(∫ ∞

0

|(m(t·) ∗ f̂ )̌ (x)|2 dt
t

)1/2

.

Then, by Plancherel

‖Gmf‖L2 =

(∫ ∞

0

|m(tξ)|2 dt
t

)1/2

‖f‖L2.
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(Note that the integral is independent of ξ 6= 0.)

With this notation,

|T j∗f |2 ≤ 2(Gmjf)(Gm̃jf),

where

mj(ξ) = ψj(ξ)d̂σ(ξ) and m̃j(ξ) =< ξ,∇mj(ξ) > .

The support of mj is contained in {ξ ∈ Rn : |ξ| ∼ 2j}. More-

over, ‖mj‖∞ ≤ 2−ja; therefore,
(∫∞

0 |mj(tξ)|2 dtt
)1/2 ≤ 2−ja. m̃j is

also supported around |ξ| ∼ 2j. In this case ‖m̃j‖∞ ≤ 2j2−ja, so that(∫∞
0 |m̃j(tξ)|2 dtt

)1/2 ≤ 2−j(a−1).

Hence, using Cauchy-Schwarz’s inequality,

‖T j∗f‖L2 ≤ 2‖Gmjf‖1/2
L2 ‖Gm̃jf‖1/2

L2 ≤ 2−j(a−1/2)‖f‖L2.

We have to justify a couple of details. First, T j0 f(x) = 0 for all x ∈ Rn

whenever f̂ ∈ L1; this is an application of Lebesgue convergence theo-

rem. The claim that ‖mj‖L∞ ≤ 2j−ja comes from the estimate |∇σ̂(ξ)| ≤
C|ξ|−aj . To prove this one, note that ∂iσ̂(ξ) = σ̂ ∗ Φ̂(ξ), for any Φ ∈ C∞

0 so

that Φ(x) = xi for |x| ≤ 2. 2

The argument above proves a more general statement ( [47]):

Corollary 12.1. Let m ∈ L∞(Rn). Set mt(ξ) = m(tξ). If m satisfies

|m(ξ)| ≤ 1
(1+|ξ|)a and |∇m(ξ)| ≤ 1

(1+|ξ|)b then, the maximal operator

T ∗f(x) = sup
t

|m̌t ∗ f(x)|

is bounded on L2 provided a+ b > 1.

Proof of Lemma 12.3. Fix f ∈ L1 and λ > 0. Consider the Calderón-

Zygmund decomposition of f at λ ( [53]). We write f = g +
∑
bβ

with

• |g| ≤ Cλ,
∫
|g| ≤ C

∫
|f |

• supp bβ ⊂ Qβ, where {Qβ} is a family of disjoint dyadic cubes.

•
∫
bβ = 0 and

∑ ‖bβ‖L1 ≤ C
∫
|f |.

• | ∪Qβ | ≤ C
∫ |f |

λ .
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From the L2 estimate we deduce

|{T j∗ g > λ}| ≤ C

∫ |g|2
λ2

≤ C

λ

∫
|f |.

As in the theorems for the classical singular integral operators, we only

need to estimate

∣∣{x ∈ [∪(3Qβ)]c : T j∗
(∑

bβ
)
> λ

}∣∣

≤ C

λ

∑∫

(3Qβ)c

|T j∗ bβ(x)| dx

=
C

λ

∑

β

∫

(3Qβ)c

sup
t

∣∣∣∣
∫ (

Kj
t (x− y) −Kj

t (x− yβ)
)
bβ(y) dy

∣∣∣∣dx,

where Kj = ψ̌j ∗ dσ, Kj
t (x) = 1

tnK
j(xt ) and yβ is the center of Qβ . The

last expression is bounded by

C

λ

∑

β

∫

Qβ

|bβ(y)|
(∫

(3Qβ)c

sup
t>0

|Kj
t (x− y) −Kj

t (x− yβ)|dx
)
dy.

It suffices to prove that

I =

∫

|x|>2|y|
sup
t>0

|Kj
t (x− y) −Kj

t (x)|dx ≤ Cj2j.

(This is a Maximal Hörmander condition.) This is a tedious but not too

difficult computation. We use that

Kj
t (x) =

∫ t

0

d

ds
(Kj

s(x))ds

=

∫ t

0

{
−ns−n−1Kj

(
x

s

)
− s−n−1

〈
∇Kj

(
x

s

)
,
x

s

〉}
ds.

Then

I ≤ C

∫ ∞

0

∫

|x|>2|y|
|Kj

t (x− y) −Kj
t (x)|dxdt

t

+2jC

∫ ∞

0

∫

|x|>2|y|
|K̃j

t (x− y) − K̃j
t (x)|dxdt

t
,

where K̃j
t (x) = 1

tn

〈
2−j∇Kj

(
x
t

)
, x
〉
. Each term is bounded by Cnj. We

will show this for the first term (the second one is similar). For a fix y we
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use the mean value theorem to write∫ ∞

0

∫

|x|>2|y|
|Kj

t (x− y) −Kj
t (x)|dxdt

t

=

∫ ∞

0

∫

|x|>2|y|

∣∣∣∣Kj

(
x− y

t

)
−Kj

t

(
x

t

)∣∣∣∣ dx
dt

tn+1

≤ 2

∫ |y|2j

0

∫

|x|>|y|

∣∣∣∣Kj

(
x

t

)∣∣∣∣dx
dt

tn+1

+

∫ ∞

|y|2j

∫

|x|>2|y|

∫ 1

0

|y|
t

∣∣∣∣∇Kj

(
x− ry

t

)∣∣∣∣ dr dx
dt

tn+1

≤ 2

∫ |y|2j

0

∫

|x|>|y|/t
|Kj(x)|dxdt

t

+

∫ ∞

2j |y|

∫

|x|>|y|/t
|y||∇Kj(x)| dx dt

t2

≤ 2

∫ ∞

2−j

∫

|x|>s
|Kj(x)|dxds

s

+

∫ 2−j

0

∫

|x|>s
|∇Kj(x)| dx ds.

Now, recall the definition of Kj. Note that it is essentially supported in

||x| − 1| < 2−j and that ‖Kj‖L∞ ≤ 2j . To be more precise, |Kj(x)| ≤
Cl

2j

(1+2j ||x|−1|)l for all l ∈ N. Therefore,
∫

|x|>t
|Kj(x)|dx ≤ C

1 + |t| .

Hence,
∫ ∞

2−j

∫

|x|>t
|Kj(x)|dxdt

t
≤ C log 2j = Cj.

A similar argument gives the bound 1 for the other term. 2

12.2.1. Spherical dyadic maximal function

We define the spherical dyadic maximal operator, Md as

Mdf(x) = sup
j∈Z

∣∣∣∣∣

∫

|y|=1

f(x− 2jy)dσ(y)

∣∣∣∣∣ .

We will see that the behavior of this operator is much better than that of

Mσ. In order to do that we need to introduce new machinery.
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12.2.2. Littlewood-Paley Theory

Roughly speaking this theory consists in estimating the Lp behavior of

f → (
∑

|fk|2)1/2

where fk collects the spectrum (frequencies) of f in certain region Ak.

A necessary and sufficient condition for its L2 boundedness is
∑

k

XAk
(y) ≤ C <∞.

Theorem 12.3 (“Dyadic” Littlewood-Paley). Let Ψ ∈ C∞
0 ([14 , 2]).

Set

Ŝjf(ξ) = Ψ(2−jξ)f̂(ξ).

Then

‖(
∑

j

|Sjf |2)1/2‖Lp ≤ Cp‖f‖Lp, 1 < p ≤ 2.

Moreover, if
∑
j∈Z

|Ψ(2−jt)|2 ≡ 1, t 6= 0, then

cp‖(
∑

j

|Sjf |2)1/2‖Lp ≤ ‖f‖Lp ≤ Cp‖(
∑

j

|Sjf |2)1/2‖Lp , 1 < p <∞.

To prove this result we need a generalization of the classical Calderón-

Zygmund theory.

12.2.3. Vector valued Calderón-Zygmund theory

In a previous result we were estimating
∫

|x|>2|y|
‖Kt(x− y) −Kt(x)‖L∞(dt)dx.

This generalizes to other Banach spaces. Let B be a Banach space (B = C

represents the “classical” theory). Denote

LpB(Rn) = {f : Rn → B : ‖f‖(Lp
B(Rn)) :=

(∫

Rn

‖f(x)‖pB dx
)1/p

<∞}.

Given a kernel K : Rn → B, we define the operator

TKf(x) = pv

∫
K(x− y)f(y)dy = K ∗ f(x) ∈ B.
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Theorem 12.4. Assume that TK : L2(Rn) → L2
B(Rn) and that K satisfies

the vector valued Hörmander condition
∫

|x|>2|y|
‖K(x− y) −K(x)‖Bdx ≤ C, independently of y.

Then TK : Lp → LpB(Rn), 1 < p <∞ and is also of weak type 1, i.e.

|{x ∈ Rn : ‖TKf(x)‖B > λ}| ≤ C

λ
‖f‖L1

B
, λ > 0.

The proof of this theorem is essentially the same as in the scalar case

(see [31]). We are now ready to prove Theorem 12.3.

Proof of Theorem 12.3. Denote φ̂j(ξ) = Ψ(2−jξ). Define the operator

f → Tf ≡ {φj ∗ f}j ∈ ℓ2,

Then, T : L2 → L2
ℓ2 (since

∑
j |Ψ(2−jt)|2 ≤ C). Its kernel, {φj}j∈Z

satisfies

I(y) =

∫

|x|>2|y|

[∑

j

(
(φj(x− y) − φj(x)

)2
]1/2

dx ≤ C.

To see this, note that for |x| > 2|y|,

|φj(x− y) − φj(x)| ≤ |φj(x− y)| + |φj(x)| ≤ Cm2jn

(2j|x|)m

and |φj(x − y) − φj(x)| ≤ |∇(φj)(x̄)||y| ≤ Cm2j(n+1)|y|
(2j |x|)m .

Take m = n+ ε. Then

I(y) ≤ C

∫

|x|>2|y|

1

|x|n+ε
dx

(∑

j

[
2−jεΛ2j(1−ε)|y|

]2)1/2

≤ C|y|−ε
( ∑

j≥log2(1/|y|)
2−2jε

)1/2

+C|y|−ε
( ∑

j<log2(1/|y|)
(2j(1−ε)|y|)2

)1/2

≤ C.

If
∑
j∈Z

|Ψ(2−jt)|2 ≡ 1, t 6= 0, then, by Parceval’s identity and duality
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‖f‖p = sup
‖g‖p′=1

∫
fg =

∫ ∑

j

SjfSjg

≤ ‖(
∑

|Sjf |2)1/2‖p‖(
∑

j

|Sjg|2)1/2‖p′ ≤ Cp′‖(
∑

|Sjf |2)1/2‖p.

2

We now go back to the spherical dyadic operator. The measure dσ is

just one particular example for which we can prove the following result.

Theorem 12.5. Let dσ be a positive and finite measure with |d̂σ(ξ)| ≤
C|ξ|−a, for some a > 0. We define

Tdyadf(x) = sup
j∈Z

∣∣∣∣
∫
f(x− 2jy) dσ(y)

∣∣∣∣ .

Then Tdyad : Lp → Lp, 1 < p <∞.

Proof. With the notation of Proposition 12.1,

Tdyadf(x) = sup
k∈Z

|T2kf(x)|.

Notice that

T̂ j
2kf = d̂σ(2kξ)ψ(2−j2k|ξ|)f̂(ξ) = d̂σ(2kξ)ψ(2−j2k|ξ|)Ŝj−kf(ξ),

where Ŝlfl = Ψ(2−l|ξ|)f̂(ξ), for some Ψ ≡ 1 on support of ψ. There is an

L2-estimate,
∫

|T j∗f(x)|2 ≤
∑

k

∫
|T j

2kf |2

=
∑

k

∫
|d̂σ(2kξ)|2|ψ(2k−jξ)|2|Ŝj−kf(ξ)|2

≤ C(2−ja)2
∫ ∑

k

|Ŝj−kf |2 ≤ C(2−ja)2‖f‖2
2.

We want to find an Lp-estimate for these operators that allows us to sum

the norms. Fix a natural number N. Since each operator T2k is bounded

in Lp, (1 < p ≤ 2) there exists a constant Cp(N), so that

‖ sup
−N≤k≤N

|T2kf |‖p ≤ Cp(N)‖f‖p
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Actually, we take Cp(N) as the smaller constant satisfying this inequality

for all f ∈ Lp, i.e. the norm of the operator

f → sup
−N≤k≤N

|T2k(f)|.

Now consider the operator

T : {gk} → {T j
2kgk}.

|T j
2kg(x)| ≤ T2k(Mg)(x), where M denotes the Hardy-Littlewood maximal

operator. Thus

‖ sup
−N≤k≤N

|T j
2kgk|‖p ≤ ‖ sup

N≤k≤N
T2k (M [ sup

N≤k≤N
|gk|])‖Lp

≤ CpCp(N)‖ sup
−N≤k≤N

|gk|‖Lp .

This means that T is bounded on Lpℓ∞ with norm less than or equal to

CpCp(N).

We have also an Lpℓp-estimate. Since T j
2k is bounded in Lp with norm

not bigger than C2−ja/p
′

(this is easy to see for p = 1 and p = 2 and then

by interpolation), we have

‖T j
2kgk‖Lp

ℓp
≤ C2−ja/p

′‖gk‖Lp
ℓp
.

By interpolation we obtain an Lpℓ2-estimate. Namely,

‖T j
2kgk‖Lp

ℓ2([−N,N ])
≤ CpCp(N)1−p/22−ajp/p

′‖gk‖Lp

ℓ2([−N,N ])
.

Finally, using this estimate and Theorem 5, we obtain

‖ sup
−N≤k≤N

T2kf‖p ≤
∑

j≥0

‖ sup
−N≤k≤N

|T j
2kf |‖p

≤
∑

j≥0

‖(

N∑

−N
|T j

2kSj−kf |2)1/2‖Lp

≤ CpCp(N)1−p/2
∑

j≥0

2−ja(p−1)‖(

N∑

k=−N
|Sj−kf |2)1/2‖Lp

≤ CpCp(N)1−p/2‖f‖Lp.

But, since Cp(N) is the smallest constant satisfying such an inequality,

then

Cp(N) ≤ CpCp(N)1−p/2.

Hence, Cp(N) ≤ C̃p, independent of N . �
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12.3. Third lecture: more on maximal functions

12.3.1. The maximal operator along a set of directions

We will consider variations of the Hardy-Littlewood maximal function M .

The first one is the strong maximal operator

Msf(x) = sup
x∈R

1

|R|

∫

R

|f(y)| dy,

where the supremum is now taken on all the rectangles with sides parallel

to the coordinates axes, containing the point x.

This operator is bounded in Lp(Rn) for 1 < p ≤ ∞ but is not of weak

type (1,1). The counterexample is easy to construct: take f the charac-

teristic function of the unit square [0, 1] × [0, 1]. For any 0 < λ < 1, the

set {x ∈ R2 / Msf(x) > λ} contains all rectangles [0, a) × [0, 1/(λa)) for

1 < a < 1/λ. Hence

|{u ∈ R2 / Msf(u) > λ}| ≥ |{(x, y) : 1 < x < 1/λ, x · y < 1

λ
}|

≥
∫ 1

λ

1

1

λx
dx =

1

λ
log

1

λ
.

The proof of the Lp-boundedness is just an easy observation. Define the

directional maximal operators

M1f(x1, x2) = M(f(·, x2))(x1), for f ∈ S(R2).

Analogously define

M2f(x1, x2) = M(f(x1, ·))(x2).

Then we have the pointwise majorization Msf(x) ≤ M2M1f(x). It is a

consequence of Fubini’s theorem and the boundedness of M that

‖Mif‖p ≤ Cp‖f‖p,
for i = 1, 2 and p > 1. This is enough to prove that

‖Msf‖Lp ≤ Cp‖f‖Lp 1 < p <∞.

In general, given v a unit vector in R2, we define the directional max-

imal operator

Mvf(x) = sup
s>0

1

2s

∫

|t|<s
|f(x− tv)| dt, for f ∈ S(R2).
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Let Σ be a set of unit vectors in R2. We consider the family BΣ of all

rectangles R whose longest side is parallel to a vector of Σ. Associated to

this family we define the maximal operator

MΣf(x) = sup
x∈R∈BΣ

1

R

∫

R

|f(y)| dy.

Obviously ‖MΣf‖∞ ≤ ‖f‖∞. For 1 < p < ∞, the boundedness or un-

boundedness and the norm of MΣ (in the first case) will depend on the set

Σ. This is the subject of this lecture.

Let us first see that MΣ may sometimes be an unbounded operator. We

will consider a set of uniformly distributed directions,

Σ = ΣN =

{(
cos

2πj

N
, sin

2πj

N

)
: j = 1, 2, . . .N/8

}
.

This particular example is closely related to the Kakeya maximal oper-

ator K1/N considered later, since one has:

K1/Nf(x) ≤ 10MΣN f(x).

One can construct a Kakeya set PN (this example is due to C. Fefferman

[30]) that satisfies

i) |PN | ≤ C log logN for some universal C.

ii) |{x / MΣNχPN (x) > 1/10}| ≥ C logN.

From the second estimate, we deduce that ‖MΣNχPN ‖p ≥ C(logN)1/p and

‖MΣNχPN ‖p
‖χPN ‖p

≥ C

(
logN

log logN

)1/p

.

So, the norm of the operator depends on the cardinality of Σ. Moreover,

if we take Σ = S1 the unit sphere, then, MS1 ≥ sup MΣN for all N and

hence MS1 is unbounded.

Now, we should show some positive result. Without loss of generality,

we will assume Σ ⊂ {(cos θ, sin θ) : 0 ≤ θ ≤ π
4 }. Observe first that if Σ is a

finite set, Σ = {v1, v2, . . . , vN}, then

MΣf(x) ≤ C sup
v∈Σ

MvM2f(x) ≤ C

[∑

v∈Σ

(MvM2f(x))p

]1/p
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for some universal constant C. Therefore, we have a trivial estimate:

‖MΣf‖p ≤ CpN
1/p‖f‖p.

This is not, by any means, sharp. In fact, there are positive results even

for certain infinite set of directions: If Σ is a lacunary set of directions,

i.e.,

Σ = {vj = (vj1, v
j
2)}∞j=1 with 0 ≤ vj+1

2

vj+1
1

≤ λ
vj2

vj1
for some 0 < λ < 1 and all j,

then MΣ is bounded on Lp, for all 1 < p ≤ ∞.

The first result about these “lacunary” directions is due to Strömberg

[55]. Later, Córdoba and Fefferman [25] proved the L2-theorem, and, fi-

nally, Nagel, Stein and Wainger proved the Lp-result above [45].

For the set of uniformly distributed directions, Córdoba [21] proved

that there is a constant C > 0, independent of N , such that, ‖MΣN f‖2 ≤
C(1 + logN)4‖f‖2 for all f ∈ L2. Strömberg [56] obtained the sharp result,

‖MΣN f‖2 ≤ C(1 + logN)‖f‖2.

To see that Strömberg’s estimate is sharp, one just have to apply the op-

erator to the function

f(x) =
1

|x|χ1≤|x|≤N .

Note that this function does not show that the norm of the operator depends

on N for p > 2. This is due to the fact that this is a radial function. We

will speak about this later on.

In some sense, the uniformly distributed case seems to be the worst one.

There was a conjecture saying that there are positive constants C and α,

such that, for every set Σ with N elements, ‖MΣf‖2 ≤ C(1 + logN)α‖f‖2.

J. A. Barrionuevo [4] proved that for every set Σ with N elements,

‖MΣf‖2 ≤ CN2/
√

logN‖f‖2.

Note that this is a great improvement of our trivial result because

CN2/
√

logN ≤ CǫN
ǫ for any ǫ > 0.

A bit later N. Katz [39] proved finally the conjecture: There is a pos-

itive constant C such that, for every set Σ with N elements, ‖MΣf‖2 ≤
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C(1 + logN)‖f‖2. We will present here an simple proof of this result due

to Alfonseca, Soria and Vargas ( [2], [3]).

Before doing that, we would like to go back to some question mentioned

earlier, the case of radial functions. When these operators act on radial

functions the behavior is much better. A. Carbery, E. Hernández and F.

Soria [11], showed that for any radial f and any p > 2, we have ‖MS1f‖p ≤
C‖f‖p.

For a set Σ the action of the operator on radial functions is determined

by its Minkowsky dimension, d(Σ). This is defined as follows:

d(Σ) = lim sup
δ→0+

logN (δ)

− log δ
,

where N (δ) is the minimum number of closed intervals of length δ needed

to cover Σ. If Σ has positive Lebesgue measure, d(Σ) = 1. If Σ has zero

measure and we write S1 \ Σ as the union of a sequence of disjoint open

intervals, {Ij}, then d(Σ) = inf
{
α ≥ 0 :

∑
j |Ij |α < ∞

}
, where |Ij |

denotes the length of Ij . The Minkowsky dimension is an upper bound for

the Hausdorff dimension but they are different in general. Nevertheless,

they coincide for self-similar sets (see [28], p. 118). In the case of the

ordinary Cantor set one has d(Σ) = log 2/ log 3.

Given any set Σ, MΣ is bounded on Lprad if p > 1+d(Σ) and unbounded

if p < 1 + d(Σ). (J. Duoandikoetxea and A. Vargas [27]).

It was believed that this result was true for general functions in the case

of the the Cantor set, giving rise to yet another example of an infinite set

whose maximal function would be bounded on L2. However, it was proved

by N. Katz [38] that this is not the case. The operator associated to the

Cantor set is unbounded in L2 (and therefore in Lp for p < 2.).

12.3.2. A quasi-orthogonality principle

We change slightly our previous notation. Let Ω be a subset of [0, π).

Associated to Ω we consider the basis B of all rectangles in R2 whose longest

side forms an angle θ with the x-axis, for some θ ∈ Ω. The maximal operator

associated with the set Ω is defined by

MΩf(x) = sup
x∈R∈B

1

|R|

∫

R

|f(y)| dy.



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Five lectures on harmonic analysis 381

The study of directional maximal functions began in the 1970’s, with

important contributions by Strömberg [55], Córdoba and Fefferman [25],

Nagel, Stein and Wainger [45], Sjögren and Sjölin [48]. More recently, the

interest on these problems was renewed with the results of Barrionuevo [4]

and Katz [38, 39]. Nevertheless, only the operators associated to some

particular sets Ω are well understood. Namely, the cases of lacunary sets of

directions ( [45] and [48]) and of finite sets [39]. In [2] and [3] we proposed

a new method to study this operators. We decomposed Ω into several

consecutive blocks, Ωj . We proved an almost-orthogonality principle that

essentially meant that the weak L2-norm of MΩ is the supremum of the

norms of the operators MΩj , plus a term associated to the sequence of

end-points of the blocks. Let us explain this.

Without loss of generality, we can assume that Ω ⊂ [0, π/4). Let Ω0 =

{θ1 > θ2 > ... > θj > ...} be an ordered subset of Ω. We take θ0 = π
4 and

consider, for each j ≥ 1, sets Ωj = [θj , θj−1) ∩ Ω, such that θj ∈ Ωj for all

j. Assume also that Ω = ∪Ωj .

To each one of the sets Ωj , j = 0, 1, 2, . . ., we associate the correspond-

ing basis Bj, and define the maximal operators associated to the sets Ωj
by

MΩjf(x) = sup
x∈R∈Bj

1

|R|

∫

R

|f(y)| dy, j = 0, 1, 2, . . .

Then we have the following result.

Theorem 12.6. There exists a constant C independent of Ω such that

‖MΩ‖L2→L2 ≤ sup
j≥1

‖MΩj‖L2→L2 + C ‖MΩ0‖L2→L2 ,

where ‖T ‖L2→L2 denotes the “strong type (2, 2)” norm of the operator T.

The proof relies on geometric arguments like the ones used in [2], and

on a covering lemma by Carbery [10]. A version of this principle for general

p, 1 < p ≤ ∞ can be found in [1].

It is worth noting that in the Theorem, the constant multiplying the

supremum of the norms of the Ωj is 1. As a corollary of Theorem 12.6, we

give a simple proof of the result by Katz [39].

Corollary 12.2. There exists a constant K such that, for any set Ω ⊂
[0, π4 ) with cardinality N > 1, one has

‖MΩ‖L2→L2 ≤ K(logN).
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Proof. We can assume that N = 2m. We use induction on m. If m is

small, then, for K big enough, the estimate follows from the boundedness

of the strong maximal function. Now assume that is true for all k < m.

If the elements of Ω are ordered, {φ1 > φ2 > . . . > φN}, we define Ω0 to

be the set consisting only on φN and the middle element φN
2

. In this way,

there are only two sets Ω1 and Ω2. Each one of them has N/2 elements.

So by Theorem 12.6 and induction hypothesis,

‖MΩ‖L2→L2 ≤ K log
N

2
+ 2C = K logN −K log 2 + 2C.

If we take K = 2C
log 2 , we have the result. �

12.3.3. Kakeya maximal operator

Definition 12.1. For 0 < δ < 1, and f ∈ L1
loc(R

n), we define the Kakeya

maximal function of eccentricity δ

Kδf(x)(x) = sup
1

|Rx|

∫

Rx

|f(y)| dy

where the ‘sup’ is taken over all rectangles in Rn homothetic to [0, δ] ×
[0, δ] × · · · × [0, 1] of arbitrary direction and containing x.

It has been conjectured that the the Kakeya maximal operator is

bounded in Ln(Rn) with norm Cn(1 + log 1
δ )an . In the two–dimensional

case, Kδf(x) ≤ CMΣf(x) when Σ is the uniformly distributed set of 1/δ

directions, and so the result is true (the original proof of this is due to A.

Córdoba and it does not use this argument). In higher dimensions, if the

conjecture were true, we would obtain, by interpolation, the following Lp

estimates:

‖Kδf‖Lp(Rn) ≤
{
Cn
(
1 + log 1

δ

)an,p‖f‖Lp(Rn) for p ≥ n

Cn,p
(

1
δ

)n
p −1(

1 + log 1
δ

)an,p‖f‖Lp(Rn) for 1 < p < n.

To see it, note that the Kakeya operator is bounded on L∞(Rn) with con-

stant 1, and is of weak–type 1 with constant Cn
(

1
δ

)n−1
. (The latter follows

from the classical result for the Hardy–Littlewood maximal operator.)

Only partial results are known for n ≥ 3. M. Christ, J. Duoandikoe-txea

and J. L. Rubio de Francia proved the conjecture for p ≤ (n + 1)/2. (We

will give a proof of this fact due to J. Bourgain [5].) J. Bourgain improved
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this for p < (n + 1)/2 + ǫn, for some positive ǫn → 0 as n → ∞ and later,

T. Wolff proved the theorem for p ≤ (n+2)/2. There are recent results due

to Iosevich, Katz, Laba, Tao and others that improve even more the end

point for which the result holds. All these results go beyond the scope of

the present lectures.

12.3.4. Annexes

Proof of the result for Kakeya in Rn for p ≤ n+1
2 . We will show

the case p = (n + 1)/2. The other cases follow by interpolation. Given

0 < δ < 1
2 , f ∈ L1

loc(R
n) we define the Kakeya maximal function without

dilations as

f∗
δ (x) = sup

τ

1

|τ |

∫

τ

f (y) dy

where the supremum is taken in all parallelepipeds τ centered at x of

dimensions

1 × δ × δ × · · · × δ.

1) A sieve argument (see [20]) would give us the result once we prove the

analogous estimate for f∗
δ , namely

‖f∗
δ ‖p ≤ Cn,p

(
1

δ

)n
p −1(

log
1

δ

)ωn

‖f‖p for all 1 < p ≤ n+ 1

2
.

2) Reduction to a restricted type inequality. In order to prove this, it is

enough to see that for any measurable set A ⊂ B (0, 1) and for all 0 ≤ σ ≤ 1,

we have:

|A| ≥ Cnδ
n−pσp|{(χA)∗δ > σ}| with p =

n+ 1

2
.

Actually this would be equivalent to:

‖f∗
δ ‖Lp,∞ ≤ Cdδ

−( n
p −1)‖f‖Lp,1.

Moreover,

‖f∗
δ ‖L∞ ≤ ‖f‖L∞

and from the properties of the Hardy–Littlewood maximal operator,

‖f∗
δ ‖L1,∞ ≤ Cδ−(n−1)‖Mf‖L1,∞ ≤ Cδ−(n−1)‖f‖L1 = C

(
1

δ

)n
1 −1

‖f‖L1
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By interpolation (see [11] Proposition 5)

‖f∗
δ ‖p ≤ Cn,p

(
1

δ

)n
p −1(

log
1

δ

)ω
‖f‖p for all 1 < p ≤ n+ 1

2
.

3) Linearization. We first of all linearize the operator: we set a grid of

cubes of side lengths δ in Rn, {Qi}. We associate a parallelepiped τi to

each cube, so that Qi ∩ τi 6= ∅. We define a new operator (which we denote

with the same symbol)

f∗
δ (x) =

(
1

|τi|

∫

τi

f (y) dy

)
χQi(x)

We have to prove an estimate independent of the choice of the paral-

lelepipeds τi.

4) The bushes. Denote D = {(χA)
∗
δ > σ} and E = {i : Qi ⊂ D}.

By definition #E = |D|
δn and for all i ∈ E , |τi ∩ A| > σ|τi| = σδn−1.

Thus,

∫

A

(∑

i∈E
τi

)
=
∑

i∈E
|τi ∩A| ≥ σδn−1 (#E) ≥ cnσ|D|

δ
.

Therefore, there is some xo ∈ A so that

#{i ∈ E : xo ∈ τi} ≥ σ|D|
δ|A| .

We can pick Fo ⊂ E , such that

xo ∈ τi for all i ∈ Fo

angle (τi, τj) ≥
10δ

σ
if i 6= j, i, j ∈ Fo

and

#Fo ≥
|D|σn
|A| .

We define the bush

Bo =
⋃

i∈Fo

τi.
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We have now two estimates of the measure of Bo. If i ∈ Fo, then

|A ∩ τi| > σδn−1 and

|A ∩ τi ∩B
(
xo,

σ

3

)
| ≤ |τi ∩B(xo,

σ

3
)| ≤ 2

3
σδn−1

Hence,

|A ∩ τi ∩B
(
xo,

σ

3

)c
| > σδn−1

3
=

σ

3
|τi|.

The sets τi ∩ B
(
xo,

σ
3

)c
, i ∈ Fo, are pairwise disjoints. Then, we have a

lower estimate

|Bo| ≥
∑

Fo

|τi \B(xo,
σ

3
)| ≥

∑

Fo

δn−1

3
= (#Fo)

δn−1

3
≥ δn−1σn|D|

|A| .

On the other hand, we have the upper estimate

|Bo| ≤
∑

Fo

|τi| ≤
∑

Fo

3

σ
|A ∩ τi ∩B

(
xo,

σ

3

)c
| ≤ 3

σ
|A ∩ Bo|.

This finishes with the estimate we wanted. 2

Proof of Theorem 12.6. We first linearize the operators MΩ and MΩj .

For any α ∈ Z2, Qα will denote the unit cube centered at α. Given a

set Λ ⊂ [0, π/4), for each α we choose a rectangle Rα ∈ BΛ, such that

Rα ⊃ Qα. We define the operator TΛ as

TΛf(x) =
∑

α

1

|Rα|

(∫

Rα

f

)
χQα(x).

By definition, one can easily see that

TΛf(x) ≤MΛf(x),

for any choice of rectangles {Rα}. On the other hand, there is a sequence

of linearized operators {TΛf}, associated to grids of smaller cubes in R2,

which converge pointwise to MΛf . By scaling invariance, we need only

prove it with MΩ replaced by TΩ.

We shall show this using the following result, proved by Carbery in [10].

Theorem 12.7. Let TΛ be as above. Then TΛ is of strong type (p, p) if and

only if there exist a constant Cp′ , such that for any sequence {λα} ⊂ R+,

we have

∫ (∑

α

λα
1

|Rα|
χRα

)p′
≤ Cp′

∑

α

|λα|p
′

.
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Moreover, the infimum of the constants (Cp′ )
1/p′ satisfying the inequality

is ‖TΛ‖Lp→Lp.

Let us continue with the proof of the theorem. We define TΩ for some

choice of rectangles {Rα}. We only need to prove that the inequality is

satisfied, with p = 2 and C
1/2
2 = supj≥1 ‖MΩj‖L2→L2 + C ‖MΩ0‖L2→L2 .

Set

I2 =

∫ (∑

α

λα
1

|Rα|
χRα

)2

=

∫ (∑

l

∑

α:Rα∈Ωl

λα
1

|Rα|
χRα

)2

=

∫ ∑

l

( ∑

α:Rα∈Ωl

λα
1

|Rα|
χRα

)2

+2
∑

l

∑

j<l

∫ ∑

Rα∈Ωl

∑

Rβ∈Ωj

λαλβ
1

|Rα||Rβ |
χRαχRβ

= A+B.

For the first term we obtain

A ≤
∑

l

‖MΩl
‖2
L2→L2

( ∑

α:Rα∈Ωl

|λα|2
)

≤
(

sup
l

‖MΩl
‖2
L2→L2

)(∑

l

∑

α:Rα∈Ωl

|λα|2
)

≤
(

sup
l

‖MΩl
‖2
L2→L2

)(∑

α

|λα|2
)
.

Now we have to study B. Using the same geometric arguments as in [2],

we have that there exists a constant C such that, if Rα ∈ Ωl and Rβ ∈ Ωj
for j < l,

|Rα ∩Rβ |
|Rα||Rβ |

≤ C
|R̃−
α ∩Rβ|

|R̃−
α ||Rβ |

+ C
|Rα ∩ R̃+

β |
|Rα||R̃+

β |
,

where R̃−
α (respectively R̃+

β ), are rectangles of the basis B0 containing Rα
( respectively Rβ). Then,

B ≤ 2C
∑

l

∑

j<l

∫ ∑

Rα∈Ωl

∑

Rβ∈Ωj

λαλβ
1

|R̃−
α ||Rβ |

χR̃−
α
χRβ

+



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Five lectures on harmonic analysis 387

+2C
∑

l

∑

j<l

∫ ∑

Rα∈Ωl

∑

Rβ∈Ωj

λαλβ
1

|Rα||R̃+
β |
χRβ

χR̃+
β

=

= B− +B+.

We shall only work with the B− (the other term is analogous). So,

B = 2C
∑

l

∑

j<l

∫ ∑

Rα∈Ωl

∑

Rβ∈Ωj

λαλβ
1

|R̃−
α ||Rβ |

χR̃−
α
χRβ

≤ 2C

∫ (∑

l

∑

Rα∈Ωl

λα
χR̃−

α

|R̃−
α |

)
∑

j

∑

Rβ∈Ωj

λβ
χRβ

|Rβ |


 .

We use Cauchy-Schwarz’s inequality to bound it by

2C



∫ (∑

l

∑

Rα∈Ωl

λα
χR̃−

α

|R̃−
α |

)2



1/2


∫ 
∑

j

∑

Rβ∈Ωj

λβ
χRβ

|Rβ |




2



1/2

.

Now, notice that R̃−
α ∈ Ω0 for all α. Hence, we can majorize the first

integral using again Theorem 12.7 and obtain

B− ≤ 2C‖MΩ0‖L2→L2

(∑

α

|λα|2
)1/2

I.

Combining all this we get

I2 ≤
(

sup
l

‖MΩl
‖2
L2→L2

)(∑

α

|λα|2
)

+ C ‖MΩ0‖L2→L2

(∑

α

|λα|2
)1/2

I.

This implies

I ≤
(

sup
l

‖MΩl
‖L2→L2 + C‖MΩ0‖L2→L2

)(∑

α

|λα|2
)1/2

.

This finishes the proof of Theorem 12.6. 2
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12.4. Fourth lecture: Bochner-Riesz and the cone

multipliers

Our motivation here is the problem of inversion of the Fourier transform,

i.e. in which sense the inversion formula

f(x) =

∫

Rn

f̂(ξ)e2πixξ dx

holds. In general, the function f̂ does not belong to L1. To avoid this

difficulty, we can use different summability methods:

Mǫ,φf(x) =

∫

Rn

φ(ǫξ)f̂(ξ)e2πixξ dx,

for functions φ having some decay. This is the case of the Abel means,

corresponding to φ(x) = e−|x|, the Gauss-Weierstrass means, with φ(x) =

e−|x|2, the Cesaro means, φ(x) = (1 − |x|)+, or our subject, the Bochner–

Riesz means, with φ(x) = (1 − |x|2)λ+, for λ > 0. We are interested in the

convergence

Mǫ,φf
ǫ→0
−−−→ f

in the Lp norm and pointwise, almost everywhere.

The one–dimensional case is well–known. M. Riesz proved that
∫

|ξ|≤1/ǫ

f̂(ξ)e2πixξ dx
Lp norm

−−−−−−−→ f.

A consequence of this theorem is the Lp-convergence for the summability

methods above. Kolmogorov proved that there is a function f ∈ L1 whose

Fourier series diverges almost everywhere. Carleson [14] proved that for

f ∈ L2

∫

|ξ|≤1/ǫ

f̂(ξ)e2πixξ dx −→ f(x) for almost every x.

Hunt [37] extended the result to Lp, 1 < p <∞.

The convergence problem admits different generalizations to higher di-

mensions. We could consider, for instance, “rectangular convergence”

S̃mf(x) =
∑

|k1|≤m1,|k2|≤m2,...

f̂(k1, k2, . . . )e
2πi[x1k1+x2k2+··· ],
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m = (m1,m2, . . . ,mn) ∈ Zn, or “spherical convergence”

Smf(x) =
∑

|k1|2+|k2|2+···≤m2

f̂(k1, k2, . . . )e
2πi[x1k1+x2k2+··· ], m ∈ N.

The convergence in the rectangular setting is easily deduced from the re-

sults in dimension 1. The case of the spherical convergence is completely

different. S1 is called the disk multiplier operator. It is a convolution

operator,

S1f(x) =
(
χB1(0)

)
ˆ∗ f(x).

The Fourier transform of the disk multiplier χB1(0) can be described in

terms of a Bessel function (see [51] pp. 155, 158)

(χB1(0))̂ = C
1

|x|n/2Jn/2(2π|x|) ∼ ei|x|

1 + |x|(n+1)/2
.

This is not a Calderón–Zygmund kernel. It does not satisfy Hörmander

or size conditions. Actually, S1 is not bounded in some Lp spaces. Note

that if S1 : Lp → S′ were bounded, then, by duality, S1 : S → Lp
′

would

be also bounded. But, if we take f ∈ S so that f̂ = 1 in B1(0), then

S1f =
(
χB1(0)

)
ˆ∼ ei|x|

1+|x|(n+1)/2 and this is an Lp
′

–function only if p′ > 2n
n+1 .

Hence, if S1 is bounded in Lp, then p < 2n
n−1 . Again by duality, this implies

also that p > 2n
n+1 . In conclusion: a necessary condition for S1 to be bounded

is 2n
n+1 < p < 2n

n−1 .

We define the Bochner- Riesz multiplier operators

Bλf(x) =

∫

Rn

(1 − |ξ|2)λ+f̂(ξ)e2πixξ dx.

We are interested in the boundedness of these operators and the associated

convergence problem. These are convolution operators with kernels (see

[51])

Cλ
1

|x|n/2+λJn/2+λ(2πx).

When λ > n−1
2 , this kernel belongs to L1, and therefore Bλ is bounded on

Lp, 1 ≤ p ≤ ∞. Moreover we can define the maximal operator

Bλ∗ f(x) = sup
R

|BλRf(x)|,
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where

BλRf(x) =

∫

Rn

(
1 −

∣∣∣∣
ξ

R

∣∣∣∣
2)λ

+

f̂(ξ)e2πixξ dx.

Bλ∗ is also a bounded operator on Lp, 1 < p < ∞ and is of weak type

(1,1). Therefore BλRf −→ f for f ∈ Lp in norm and pointwise (almost

everywhere).

But for λ ≤ n−1
2 things are different. The exponent n−1

2 is for this

reason called the critical index. The argument given before for the disk

multiplier shows that a necessary condition for Bλ to be bounded in Lp is

2n

n+ 1 + 2λ
< p <

2n

n− 1 − 2λ
.

It has been conjectured that this is also a sufficient condition.

This problem became even more interesting after the result of C. Fef-

ferman [30] proving that the disk multiplier operator is bounded in Lp only

if p = 2. This implies also that for any p < 2, there are functions in Lp so

that their spherical sums do not converge pointwise.

The conjecture about the Bochner–Riesz multipliers was shown to be

true in R2 by Carleson and Sjölin [16]. There are also proofs due to Hörman-

der [36], C. Fefferman [29] and A. Córdoba [20].

Theorem 12.8. For λ ≤ 1
2 , B

λ is bounded on Lp(R2) if and only if 4
3+2λ <

p < 4
1−2λ .

Proof. The proof we present here is due to A. Córdoba. We break the

multiplier,

mλ(ξ) =
∞∑

k=1

2−kλmk,λ(|ξ|) + m̃λ(ξ)

where m̃λ ∈ C∞
o (|ξ| ≤ 7

8 ), and

supp mk,λ ⊂ {1 − 2−k < s < 1 − 2−k−2}
and there are constants Cγ,λ , independent of k, so that:

|Dγmk,λ| ≤ Cγλ2kγ .
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To define mk,λ take, for instance, φ, ψ ∈ C∞
0 ([−1/2, 1/2]) so that

∞∑

j=1

ψ

(
1 − |t|
2−j

)
+ φ(t) ≡ 1 on [−1, 1].

Then

mλ(ξ) =

∞∑

j=1

2−jλ
(

1 − |ξ|
2−j

)λ

+

ψ

(
1 − |ξ|

2−j

)
+ φ(|ξ|)(1 − |ξ|)λ+.

The operator f −→ ̂̃
mλf̂ has a kernel in L1 and hence is bounded in

Lp, 1 ≤ p ≤ ∞. The main work of this proof is to obtain good estimates

for the other part. We want to show

Theorem 12.9. For 0 < δ < 1/2 and given a radial function m = mδ ∈
C∞

0 (R2) so that supp m ⊂ {1 − δ < |x| < 1 − δ/4} and |Dγm| ≤ Cγδ
−γ ,

we define de operator T̂mf(x) = m(x)f̂(x). Then

‖Tf‖4 ≤ C

(
log

1

δ

)α
‖f‖4

for some fixed α,C independent of δ and f.

It is enough to show that the Bochner–Riesz multipliers are bounded

in L4. To obtain the case 4/(3 + 2λ) < p < 4/(1 − 2λ) one can use the

interpolation theorem of analytic families of operators of Stein ( [51]).

Proof.

1) A further decomposition of the operator. We define the angular sectors

Γl ≡ {reiθ ∈ R2/|θ − l2πδ1/2| < δ1/2}, l = 1, 2, . . . , δ−1/2.

Write

m =

δ−1/2∑

l=1

ml

where supp ml ⊂ Γl and

|Dγ
rD

β
tangml| ≤ Cγ,βδ

−γδ−
1
2β.
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(For instance, take a smooth ψ2 ∈ C∞
0 ([−1, 1]) so that

∞∑

l=1

ψ2(x− 2πl) ≡ 1,

and write ml(ξ) = m(ξ)ψ2

(
θ

δ1/2 − 2πl
)
, where ξ = |ξ|eiθ.)

2) Quasi-orthogonality and a square function.

Write
∑

=
∑1

+
∑2

+
∑3

+
∑4

each one corresponding to the rect-

angles contained in a particular quadrant. Then, for any of the four sums,

∥∥∑Tlf
∥∥4

4
=

∫ ∣∣∑Tlf
∣∣4 =

∫ ∣∣∑

l,k

(Tlf)(Tkf)
∣∣2.

By Plancherel

=

∫ ∣∣∑

l,k

T̂lf ∗ T̂kf
∣∣2.

The support of T̂lf ∗ T̂kf is contained in Sl + Sk. Using Cauchy-Schwarz,

we obtain

≤
∫ (∑

l,k

|T̂lf ∗ T̂kf |2
)(∑

l,k

χSl+Sk

)
.

Those sets are almost disjoint. This is the statement of

Lemma 12.4.
∑
l,k

χSl+Sk
≤ C.

Proof. Denote εl = e2πilδ
1/2

. Observe that Sl + Sk is contained in a

rectangle centered at εl + εk, of dimensions |l − k|δ × δ1/2 and with main

axis orthogonal to εl + εk. Observe also that |εl + εk| − 2 = [2 + 2 cos((l −
k)δ1/2)]1/2 − 2 ≈ (l − k)2δ. Consider two cases:

1) When εl + εk is not parallel to εl′ + εk′ , or more precisely, when the

angle between εl + εk and εl′ + εk′ is bigger than 10δ1/2. Then Sl + Sk is

disjoint with Sl′ + Sk′ .

2) When εl + εk is parallel to εl′ + εk′ . Then, the distance between the

centers, |(l − k)2 − (l′ − k′)2|δ ≥ [|l − k| + |l′ − k′|]δ, so the corresponding

regions are disjoints. �
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With the help of this lemma we conclude

‖
∑

Tlf‖4
L4 ≤ C

∫ ∑

l,k

|T̂lf ∗ T̂kf |2 = C‖(
∑

|Tlf |2)1/2‖4
4.

�

3) Duality and a maximal function. We have to look at Tl more carefully.

Denote by φl the associated kernel, i.e. φ̂l = ml. When l = 0 one can easily

check that for α, β ∈ N,

|∂αξ1∂
β
ξ2
m0| ≤ Cα,βδ

−β/2δ−α.

In other words,

|∂αξ1∂
β
ξ2

[
m0(δξ1, δ

1/2ξ2)]| ≤ Cα,β .

Taking Fourier transforms, we see that

δ−3/2
∣∣φ0
(x1

δ
,
x2

δ1/2
)∣∣ ≤ CN

|x|N , for all N ∈ N.

In particular ‖φ0‖L1 ≤ C and

δ−3/2
∣∣φ0(

x1

δ
,
x2

δ1/2
)
∣∣ ≤ C

∞∑

k=0

2−k
1

22k
χ[−2k,2k]×[−2k,2k](x1, x2).

Hence,

∣∣φ0(x1, x2)
∣∣ ≤ C

∞∑

k=1

2−k
1

|Rk|
χRk

(x1, x2),

where Rk = [−2kδ, 2kδ] × [−2kδ1/2, 2kδ1/2]. By rotation, we obtain similar

estimates for φl.

We now take a family of functions hl to be determined later, so that

hl = 1 on Γl ∩ suppm and define f̂l = hlf̂ , so that Tlf = Tlfl. Note also

that, since ‖φl‖1 ≤ C, we have by Jensen’s inequality

|φl ∗ f |2(x) ≤ |φl| ∗ (|f |2)(x).

By Riesz Representation Theorem

‖(
∑

|Tlf |2)1/2‖2
4 = ‖

∑
|Tlfl|2‖2 ≤ ‖

∑
|φl ∗ (|fl|2)‖2

=
∑

l

∫
φl ∗ (|fl|2)w =

∑

l

∫
|fl|2(|φl| ∗ w),

for some w ∈ L2 of unit norm.
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The maximal function which controls this weighted inequality is

Φ∗w = sup
l

(|φl| ∗ w).

Recall the estimates on φl. They say that

Φ∗w(x) ≤ C
∞∑

k=1

2−k sup
1

|Rx|

∫

Rx

|w(y)| dy,

where the supremum is taken in all the rectangles of dimensions 2kδ×2kδ1/2

containing the point x.

Recall the definition of the Kakeya Maximal Function of eccentricity δ.

Then, with our notation,

Φ∗ω(x) ≤ CKδ1/2w(x)

Using again duality and the boundedness of Kδ,
∑

l

∫
|Tlfl|2w ≤ C

∫ (∑
|fl|2

)
Φ∗w

≤ C‖(
∑

|fl|2)1/2‖2
4 ‖Φ∗w‖L2

≤ C(log(1/δ)) ‖(
∑

|fl|2)1/2‖2
L4.

4) A Littlewood-Paley decomposition of f. Let us determine now the family

of functions {hl}l by considering the following grid of squares of side δ1/2:

Take

h ∈ C∞
0 ([−4, 4] × [−4, 4]), h ≡ 1 in [−2, 2] × [−2, 2]

and define

hl(x) = h

(
x− x0

l

δ1/2

)
,

where x0
l /
√
δ ∈ Z2. Set as before f̂l = hlf̂ . The following result concludes

the proof of Theorem 12.9. �

Theorem 12.10.

‖(
∑

|fl|2)1/2‖Lp ≤ Cp‖f‖Lp for all p ≥ 2.
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Proof. The case p = 2 is obvious by the finite overlapping property of the

squares. The case p > 2 follows from the remarkable pointwise inequality

found by Rubio de Francia, [46],

(
∑

l

|fl|2)1/2 ≤ C(M(|f |2)(x))1/2,

where M is the Hardy-Littlewood maximal function. �

12.4.1. Stein’s Conjecture

Based on the arguments of the preceding proof, E. Stein proposed in 1978

(AMS Conference at Williamstown) to study the following:

Conjecture 12.1. Let, as before, T = Tδ be the multiplier associated with

the annulus {1−δ < |ξ| < 1}. Then, for every α > 1 there exists a constant

Cα, so that the following weighted inequality holds
∫

|Tδf |2 w ≤ Cα

∫
|f |2(Kδ1/2wα)1/α.

The extreme case corresponds to the disc multiplier:

Conjecture 12.2. Let S1 be the multiplier associated with the unit ball.

Then, for every α > 1 there exists a constant Cα, so that the following

weighted inequality holds
∫

|S1f |2w ≤ Cα

∫
|f |2(K∞w

α)1/α.

The conjecture has been solved in the positive only for radial weights

w(x) = w0(|x|) by A. Carbery, E. Romera and F. Soria [12]. As a con-

sequence of it, one gets the following mixed-norm inequality for the disc

multiplier (see [40], [23]):

(∫ ∞

0

(∫

Sn−1

|S1f(rω)|2dσ(ω)

)p/2
rn−1dr

)p/2

≤ Cp

(∫ ∞

0

(∫

Sn−1

|f(rω)|2dσ(ω)

)p/2
rn−1dr

)p/2
,

for
2n

n+ 1
< p <

2n

n− 1
.
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The conjecture says that the Kakeya maximal function “controls” the

Bochner-Riesz transforms. In two dimensions there is a result related to

this which says that Kakeya “controls” Kakeya.

Theorem 12.11 (D. Müller, F. Soria, [44]). With the previous nota-

tion,

∫

R2

|Kδf |2w ≤ C

(
1 + log

1

δ

)2 ∫

R2

|f |2Kδw.

As a consequence, we have the square function estimate:

‖(
∑

l

|Kδfl|2)1/2‖L4 ≤ C

(
1 + log

1

δ

)3/2

‖(
∑

l

|fl|2)1/2‖L4.

12.4.2. Circular maximal function of Bourgain

Let us recall the statement of

Theorem 12.2. Mσ : Lp(R2) → Lp(R2) if 2 < p ≤ ∞.

A nice approach to the proof of this result is due to Mockenhaupt,

Seeger and Sogge, [42]. It involves arguments closely related to the so

called “cone” multiplier and to the notion of “local smoothing”, that is,

the fact that averages regularize operators. We will present here some of

these arguments. The complete proof to Bourgain’s theorem is too long to

be included in these notes.

Let us first observe that

Âtf(ξ) = 2πJ0(2πt|ξ|)f̂(ξ).

We define a family of operators depending on a complex parameter, α,

Âαt f(ξ) =
1

πα−
Jα(2πt|ξ|)

(t|ξ|)α f̂(ξ).

Set Aα∗ f = supt |Aαt f |.
Mockenhaupt, Seeger and Sogge proved that

Aα∗ : L2(R2) → L2(R2), for Reα > 0 and

Aα∗ : L4(R2) → L4(R2), for Reα > −1/8.

The theorem of Interpolation of Analytic Families of Operators of Stein

(see [51] pp. 205-209) allows us to conclude that Aα∗ is bounded on the
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region

4 ≤ p <∞ ⇒ Reα > − 1

2p

2 < p ≤ 4 ⇒ Reα > −1

4
+

1

2p
.

These operators are connected with the Bochner-Riesz means: Aαt can

be written as (see [51] pg. 171)

Aαt f(x) =
1

Γ(α)
mα−1
t ∗ f(x),

where

mλ(y) = (1 − |y|2)λ+ and mt(y) =
1

tn
m

(
y

t

)
.

This is in some sense the dual problem in space variable to the Bochner-

Riesz means of order λ (in R2) which are defined by B̂λf(ξ) = mλ(ξ)f̂(ξ).

Another related operator is the Cone multiplier (in R3) which we now

describe.

12.4.3. The Cone Multiplier Operator

The multiplier is defined as

mλ(ξ , τ) = Φ(τ)

(
1 − |ξ|

τ

)λ

+

where Φ ∈ C∞
0 ([1, 2]), (ξ , τ) ∈ R2 × R. The associated operator is Ĉλf =

mλf̂ . It is conjectured that Cλ is bounded on Lp(R3) for 4
3+2λ < p < 4

1−2λ

(This is the same range as Bλ on R2.) The following result is due to G.

Mockenhaupt [41].

Theorem 12.12.

If λ > 1/8, then ‖ Cλf ‖4≤ C ‖ f ‖4 .

Proof. We just give a very brief sketch of the proof. As before,

Cλ =

∞∑

j=0

2−λj T j,

with T j associated to ψ

(
1− |ξ|

τ

2−j

)
Φ(τ).
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Set δ = 2−j . It suffices to show, that for Tδ defined by

T̂δf(ξ) = ψ

(
1 − |ξ|

τ

δ

)
Φ(τ)f̂ (ξ),

we have

‖ Tδf ‖4≤ Cδ−1/8

(
log

1

δ

)α
‖ f ‖4 .

We proceed as in Bochner-Riesz. We break T into δ−1/2 angular pieces

T =
∑δ−1/2

l=1 Tl.

Then, we use quasi-orthogonality. In this case we have,

‖
∑

Tlf ‖L4≤ δ−1/8 ‖
(∑

|Tlf |2
)1/2

‖L4 .

There is also a maximal operator associated to this problem, K̃N . It is

defined as the supremum of averages over rectangles of dimensions 1×N ×
N2(≡ 1 × δ−1/2 × δ−1) and normal to the cone in the leading direction. It

can be shown that

‖ K̃Nf ‖L2≤ C(logN)α ‖ f ‖L2 .

We conclude that

‖
(∑

|Tlf |2
)1/2

‖L4≤ C(logN)α ‖
(∑

|fl|2
)1/2

‖4 .

Finally, we use Littlewood-Paley theory adapted to the support, Sl , of the

multiplier of Tl . (This brings another (logN)β).

Everything is the same as for the Bochner-Riesz multiplier, except quasi-

orthogonality, since the overlapping of supports gives
∑

l,k

χSk+Sl
≤ C δ−1/2 (and this is sharp).

�

12.4.4. Maximal Bochner-Riesz in R2

Another element of the proof for the circular maximal function is the so-

called local “smoothing”, i.e. the fact that average regularizes operators.

The meaning of this sentence may be clarified with the next example.

We define the maximal Bochner-Riesz operator,

Bλ∗ f(x) = sup
t>0

|(m̌λ)t ∗ f(x)|.
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Theorem 12.13 (A. Carbery, [9]). Bλ∗ is bounded on Lp(R2) for 2 ≤
p < 4

1−2λ , λ < 1/2.

By breaking the multiplier as in the case of Bλ, we obtain

Bλ∗ ≤
∑

j≥0

2−jλ T j∗ .

We see that it suffices then to prove the L4 estimate,

Theorem 12.14. Let ψ ∈ C∞
0

([
1
2 , 1

])
, 0 < δ < 1/2 , and set

âδtf(ξ) = ψ

(
1 − t|ξ|

δ

)
f̂(ξ) aδ∗f(x) = sup

t>0
|aδt f(x)|.

Then,

‖ aδ∗f ‖L4≤ C

(
log

1

δ

)β
‖ f ‖4 .

We give an idea of the proof. By the Fundamental Theorem of Calculus,

|aδsf(x)|4 = 4

∣∣∣∣
∫ s

0

(aδtf(x))3
(
t
d

dt
aδtf(x)

)
dt

t

∣∣∣∣

≤ 4

(∫ ∞

0

|aδtf(x)|4 dt
t

)3/4
(∫ ∞

0

∣∣∣∣t
d

dt
aδtf(x)

∣∣∣∣
4
dt

t

)1/4

=: 4(G1(x))3(G2(x)).

We apply Hölder’s inequality and get ‖ aδ∗f ‖4≤ 4 ‖ G1 ‖3/4
4 ‖ G2 ‖1/4

4 .

The multiplier associated to aδt is ψ
(

1−t|ξ|
δ

)
whereas the one associated

to t ddta
δ
t is

t|ξ|
δ
ψ′
(

1 − t|ξ|
δ

)
= −

(
1 − t|ξ|

δ

)
ψ′
(

1 − t|ξ|
δ

)
+

1

δ
ψ′
(

1 − t|ξ|
δ

)

The first term is like the one of aδt (with ψ replaced by uψ′(u)) and so is

the second too, but we have to pay an extra 1
δ . Hence, the theorem follows

from

‖ G1 ‖4≤ C δ1/4
(

log
1

δ

)β/2
‖ f ‖4 .
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What Carbery proved is
∣∣∣∣∣

∣∣∣∣∣

( ∫ ∞

0

|aδtf |2
dt

t

)1/2
∣∣∣∣∣

∣∣∣∣∣
L4

≤ C δ1/2
(

log
1

δ

)α
‖ f ‖4 .

By Littlewood-Paley theory the estimate for G1 will be a consequence of

the inequality
∣∣∣∣∣

∣∣∣∣∣

(∫ 2

1

|aδtf |4
dt

t

)1/4
∣∣∣∣∣

∣∣∣∣∣
L4

≤ C δ1/4
(

log
1

δ

)β/2
‖ f ‖4 .

If you try to prove an estimate of this type for each t separately and then

finish using Fubini, you fail miserably. You cannot get the δ1/4 term this

way. The integration in t is what produces (local) “smoothing”.

12.5. Fifth lecture: restriction theorems and applications

Let S ⊂ Rn be a surface with non-vanishing Gaussian curvature and denote

by dσ the standard surface measure. We will say that the surface satisfies

a Restriction theorem if for some values of p and q and for any compact

subset S0 ⊂ S, the operator

Lp(Rn) −→ Lq(S0)

f −→ f̂ |S0

is bounded.

By duality this is equivalent to an Extension theorem:

Lq
′

(S0) −→ Lp
′

(Rn)

f −→ f̂dσ

Not all the possible restriction theorems are true. There is a necessary

condition which forces some relationship between p, q and n namely

1

q
≥ n+ 1

n− 1

1

p′

and p < 2n/(n+ 1). To see this, consider the following

Counterexample: Take

f = φ

(
x1

N
,
x2

N
, . . .

xn−1

N
,
xn
N2

)
,
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with φ ∈ S, φ̂ ≥ 0, φ̂(ξ) ≥ 1 for all |ξ| ≤ 1. Take S a sphere of ra-

dius 1 and centered at (0, 0, . . . , 0, 1). Then f̂ |S ≥ Nn+1 on a “square” of

sidelenght 1/N. Therefore, we have ‖f‖p = CN (n+1)/p, while ‖f̂ |S‖q ≥
CNn+1N (1−n)/q. If we impose ‖f̂ |S‖q ≤ C‖f‖p for big N we obtain the

above inequality.

Moreover, when S = Sn−1, the Fourier transform of dσ can be explicitly

computed (see [51])

d̂σ(ξ) =
2π

|ξ|(n−2)/2
J(n−2)/2(2π|ξ|) ∼ ei|ξ|

|ξ|(n−1)/2
.

Using this in the extension problem, we see that d̂σ ∈ Lp
′

implies p′ >
2n/(n− 1) which was the second condition.

In general, one has from the stationary phase lemma( [52])

Lemma 12.5. For any smooth function φ, supported in S, we have

|φ̂ dσ(ξ)| ≤ C|ξ|−(n−1)/2.

The above conditions for the restriction of the Fourier transform are

known to be sufficient in dimension n = 2. In higher dimensions, we have

only partial results, although the case q = 2 is well settled.

Theorem 12.15 ( [49], [61], [52]).

‖f̂ |S0‖L2(S0) ≤ C‖f‖Lp(Rn), for all p ≤ 2
n+ 1

n+ 3
.

The proof of Theorem 12.15 is presented at the end of the section.

Considerable effort has been done during the last decade or so to improve

the range of p and q 6= 2 for which the restriction theorem holds. For an

update of recent results we recommend [59]

12.5.1. Application to Bochner–Riesz

As an application of the restriction theorem, we can give a proof of the

boundedness of the Bochner–Riesz multipliers with λ > (n−1)/(2(n+1)) in

higher dimensions. First, we use the fact that the “singularity” of mλ(ξ) =

(1 − |ξ|2)λ+ comes from |ξ| = 1. Take η ∈ S so that supp η̂ ⊂ B3/4(0) and
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η(ξ) = 1 for |ξ| ≤ 1/2. Define m̃λ(ξ) = η(ξ)mλ(ξ) ∈ C∞
0 and K̃λ = (m̃λ)̌.

Then,

|K̃λ(x)| ≤ Cλ,N (1 + |x|N )−1

for all N ≥ 1. Therefore the convolution operator f → B̃λf = K̃λ ∗ f is

bounded on Lp, 1 ≤ p ≤ ∞. We are now reduced to study Bλ − B̃λ. Take

φ ∈ C∞
0 (B2(0)) radial and positive, so that φ(x) = 1 for |x| ≤ 1. Define

ψj(x) = φ(x/2j)− φ(x/2j−1), for j = 1, 2, . . . . We decompose the operator

Bλf − B̃λf = T0 +

∞∑

j=1

Tj

where Tj is the convolution operator with kernel Kj = (Kλ − K̃λ)ψj and

T0 has kernel (Kλ − K̃λ)φ. (Kλ is the kernel of T λ.)

It is easy to see that T0f(x) ≤ CχB2(0) ∗ f(x). Therefore, it will be

enough to show that there is some η > 0 so that, for any cube Q of side-

length 2j+2 and any function f with suppf ∈ Q we have

‖Tjf‖Lp(Q) ≤ C2−jη‖f‖p.

Denote Rj the kernel of Tj. Then, by the asymptotic properties of the

Bessel functions, |Rj(x)| ≤ C(1 + |x|)λ+(n+1)/2ψj(x) ≤ C2−j(λ+(n+1)/2).

Note also that
∫

|x|≤1/8

|R̂j(x)|2 +

∫

|x|≥10

|R̂j(x)|2 ≤ Cm2−mj

for all m ∈ N. This is because

|R̂j(ξ)| = |(mλ − m̃λ) ∗ ψ̂j(ξ)| ≤ 2jn
∫

|ξ−η|≥1/2

(1 − |ξ − η|2)λ+|ψ̂(2jη)| dη.

If |ξ| ≥ 2 and |ξ − η| ≤ 1, then |η| ≥ |ξ|/2. Thus,

|R̂j(ξ)| ≤ 2jn
∫

|ξ−η|≤1

Cm(2j|ξ|)−m−n ≤ Cm2−jm|ξ|−m−n.

If |ξ| ≤ 1/8 and |ξ − η| ≥ 1/2, then |η| ≥ 1/4. Hence,

|R̂j(ξ)| ≤ 2jn
∫

|ξ−η|≤1

Cm(2j)−m−n ≤ Cm2−jm.

Now we can compute the norm of Tjf. By Hölder’s inequality, for p < 2,
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‖Tjf‖2
Lp(Q) ≤ |Q|(2−p)/p‖Tjf‖2

L2(Q)

= 2nj(
2
p−1)

∫
|R̂j |2|f̂ |2

= 2nj(
2
p−1)

∫ ∞

0

rn−1|R̂j(r)|2
∫

Sn−1

|f̂(rω)|2dσ(ω) dr

≤ C2nj(
2
p−1)

∫ ∞

0

rn−1|R̂j(r)|2‖f‖2
pr

−n/p′ dr

≤ C2nj(
2
p
−1)

∫

r∼1

rn−1|R̂j(r)|2‖f‖2
pr

−n/p′ dr

+C2nj(
2
p−1)

∫

r≤1/8 or r≥10

rn−1|R̂j(r)|2‖f‖2
pr

−n/p′ dr

≤ C2nj(
2
p−1)

∫
|Rj(x)|2‖f‖2

p dx+ Cm2−mj‖f‖2
p

≤ C2nj(
2
p−1)‖f‖2

p‖Rj‖2
2 + Cm2−mj‖f‖2

p

≤ C2j(2n/p−n−1−2λ)‖f‖2
p.

Observe that we have used the restriction theorem in the second in-

equality. 2

12.5.2. Schrödinger (and wave) equations

Our second application will be to study the a.e. convergence to the initial

datum of the solution to the Schrödinger equation.

Recall that the solution to the free Schrödinger equation,

∂tu(x, t) =
i

4π2
∆xu(x, t) (x, t) ∈ Rd × R = Rn

u(x, 0) = u0(x) x ∈ Rd,

is given by

eit∆u0 = u(x, t) = Stf(x) =

∫

Rd

e2πixξ−iπt|ξ|
2

û0(ξ) dξ.

We want to study the pointwise convergence of the solution to the initial

datum u0. L. Carleson [15] obtained the result when n = 1, assuming

u0 ∈ H1/4(R) (see section 1). This condition was found to be also necessary

by B. Dahlberg and C. Kenig [26]. Later on, P. Sjölin [50] and L. Vega

[62] obtained s > 1/2 as a sufficient condition in any dimension. More
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recently J. Bourgain proved in [8] that there exists a small ǫ > 0 such that

if u0 ∈ H1/2−ǫ(R2) the convergence follows. This result has been improved

by A. Moyua, A. Vargas and L. Vega [43], T. Tao and A. Vargas [60] and

finally by T. Tao [58], who proved the case u0 ∈ Hs(R2) with s > 0.4. It is

conjectured that the exponent 1/4 is sufficient in any dimension.

We present here a simple proof of the 1/2 + ǫ resulta. Remember that

this always follows from the corresponding boundedness of the maximal

function. The argument that we give is also valid for the case of the wave

equation with initial derivative equal to zero.

Proposition 12.2. Let m : R × R × Rn → C be a measurable, bounded

function and consider the Fourier multiplier operator

f → U(x, t) =

∫

Rn

m(t, |ξ|, x)eix·ξ f̂(ξ) dξ.

Then we have
∫

|x|≤R
sup
t∈R

|U(x, t)|2 dx ≤ CR

∫

Rn

|f̂(ξ)|2(1 + |ξ|)1+ǫdξ.

Proof. Writing U(x, t) in polar coordinates we observe that

|U(x, t)| =

∣∣∣∣
∫ ∞

0

m(t, s, x)

∫

Sn−1

eisx·ω f̂(sω)dωsn−1ds

∣∣∣∣

≤ C

∫ ∞

0

∣∣∣∣
∫

Sn−1

eisx·ω f̂(sω)dω

∣∣∣∣ sn−1ds.

Observe that the variable t is gone! Using Cauchy-Schwarz and then

Fubini, we have
∫

|x|≤R
sup
t∈R

|U(x, t)|2 dx

≤ C

∫

|x|≤R

∫ ∞

0

∣∣∣∣
∫

Sn−1

eisx·ω f̂(sω)dω

∣∣∣∣
2

s2n−2(1 + s)1+ǫdsdx

= C

∫ ∞

0

∫

|x|≤sR

∣∣∣∣
∫

Sn−1

eix·ω f̂(sω)dω

∣∣∣∣
2

dx sn−2(1 + s)1+ǫds.

aThis argument is implicit in the (unpublished) Ph.D. thesis of L. Vega. It was also
discovered by A. Soljanik (personal communication to P. Sjölin).
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To finish, we will use the following extension theorem:

Theorem 12.16.

1

R

∫

B(0,R)

|ĝ dσ|2 ≤ C

∫

Sn−1

|g|2.

Applying the result with g(ω) = f̂(sω) we obtain
∫

|x|≤R
sup
t∈R

|U(x, t)|2 dx

≤ C

∫ ∞

0

sR

∫

Sn−1

∣∣∣f̂(sω)
∣∣∣
2

dω sn−2(1 + s)1+ǫds

= CR

∫

Rn

|f̂(ξ)|2(1 + |ξ|)1+ǫdξ.
�

Proof of Theorem 12.16. Write x′ = (x1, x2, . . . , xn−1) and assume

that g is supported in a spherical cap, S0 ⊂ Sn−1 parametrized as S0 =

{(y′,Φ(y′)) : |y′ ≤ 1/2}.
∫

BR(0)

|ĝ dσ|2 dx ≤
∫

|xn|≤R

∫

Rn−1

·
∣∣∣∣∣

∫

|y′|≤1/2

g(y′,Φ(y′))e2πi(<x
′,y′>+xnΦ(y′))JΦ(y′) dy′

∣∣∣∣∣

2

dx′ dxn

By Plancherel,

=

∫

|xn|≤R

(∫

|x′|≤1/2

|g(x′,Φ(x′))JΦ(x′)|2dx′
)
dxn ≤ CR‖g‖2

L2.

2

**************************

Let us define S∗f(x) = supt>0 |Stf(x)|, x ∈ Rn. All the known cases

about convergence mentioned above are obtained via a maximal inequality

(∫

|x|≤1

|S∗f(x)|pdx
)1/p

≤ C‖f‖Hα , f ∈ S(Rn),

for different values of p ∈ [1, 2].
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Together with G. Gigante, we have investigated in [34] whether this

inequality holds if we replace S∗ by a spherical average operator; namely

we look at the maximal square function

Q∗f(x) = sup
t>0

(
1

σ(Sn−1)

∫

Sn−1

|Stf(|x|ω)|2 dσ(ω)

)1/2

.

Clearly, one has the inequality
∫
|x|≤1

|Q∗f(x)|2dx ≤
∫
|x|≤1

|S∗f(x)|2dx, and

therefore the boundedness of S∗ would imply a corresponding inequality for

Q∗. The known counterexamples show that the smoothness condition α ≥
1/4 is still necessary for the boundedness of this operator. The following

result shows that α = 1/4 is also sufficient for the boundedness of Q∗.

Theorem 12.17. The operator Q∗ is bounded from the (homogeneous)

Sobolev space Ḣ1/4(Rn) into L2({|x| ≤ 1}) in any dimension n; that is,

there is a positive constant C, independent of the dimension, such that

(∫

|x|≤1

|Q∗f(x)|2dx
)1/2

≤ C‖f‖Ḣ1/4 , ∀ f ∈ S(Rn).

In particular, this gives us that 1/4 of smoothness suffices for the a.e.

convergence with respect to quadratic spherical means. The precise state-

ment is contained in the following corollary.

Corollary 12.3. If f ∈ H1/4(Rn), then, for every x0 ∈ Rn we have

lim
t→0+

∫

Sn−1

|Stf(x0 + rω) − f(x0 + rω)|2dσ(ω) = 0, a.e.[r]

Let us make a reformulation of our problem. Observe that if {Yk}
is an orthonormal basis of spherical harmonics in L2(Sn−1), and f̂(ξ) ∼∑

k fk(|ξ|)Yk(ξ/|ξ|) denotes the corresponding expansion of f̂ with respect

to this basis, then

Q∗f(x) = sup
t>0

(
1

σ (Sn−1)

∑

k

1

|x|n−1

∣∣∣Qtν(k)
(
fk(s)s(n−1)/2

)
(|x|)

∣∣∣
2
)1/2

,

where

Qtνg(r) =

∫ ∞

0

e−its
2

J̃ν(2πrs)g(s)ds

and ν(k) = (n − 2)/2 + degree(Yk). Here, Jν denotes the Bessel func-

tion of order ν and J̃ν(t) =
√
tJν(t) for t ≥ 0. Using that the norm
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in Ḣ1/4 of f with respect to the above expansion is given by ‖f‖Ḣ1/4 =∑
k

∫∞
0

|fk(r)|2r1/2rn−1dr, and “cancelling out the
∑

signs”, the inequality
∫

|x|≤1

|Q∗f(x)|2dx ≤ C‖f‖2
Ḣ1/4

is equivalent to the estimate
∫ 1

0

sup
t>0

|Qtνg(r)|2dr ≤ C

∫
|g(r)|2r1/2dr,

uniformly in the index ν too.

We can now follow Carleson’s approach (see [15], [26]). First we linearize

our maximal operator, by making t into a function of r, t(r). Next we may

assume that g is supported on a fixed interval I (as long as the final constant

C is independent of I). “Moving” the smoothness to the other side (that

is, redefining g(r)r1/4 as g again), we consider instead the linear operator

Tνg(r) =

∫

I

eis
2t(r)J̃ν(rs)

s1/4
g(s)ds.

Then what we have to show is
∫ 1

0

|Tνg(r)|2dr ≤ C

∫

I

|g(s)|2ds,

with C independent of g ∈ L2(I), of the interval I, of the measurable

function t(r) and of ν ∈ N/2. This is proved in [34].

Let us bring here a related result obtained by the authors. In [33] it

was proved that the uniform estimate
∫

I

eias
2

Jν(s)
ds

sβ
= O(1),

independent of ν ∈ N/2, the interval I and a ∈ R, holds (for β < 1) if and

only if β ≥ 1/6. This expression appears in a natural way as the leading

term (using the product formula for Bessel functions) of the expansion of

the kernel associated to TνT
∗
ν but replacing the “smoothness” 1/4 by the

generic smoothness α with 2α− 1/2 = β. This could be interpreted as an

indication that the uniform estimate of the operators Qν by this method

would only be possible on the class Ḣ1/3 (α = 1/3 corresponds to the case

β = 1/6). Our theorem shows however that an additional cancellation of

the rest of terms in the expansion of the kernel is possible so that, as the

theorem says, the result holds indeed on Ḣ1/4.
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12.5.3. Annex

Proof of Theorem 12.15. Note that, since S0 is compact, the case p = 1

is trivial. Hence, it suffices to prove the theorem for p = 2n+1
n+3 .

We write Rn = Rn−1 × R = {(x, t) : x ∈ Rn−1, t ∈ R} and assume

that S = {(u,Φ(u)) : u ∈ Rn−1, |u| < 1} where Φ is a smooth function

with non-vanishing hessian determinant. Using Plancherel’s identity and

Hölder’s inequality,

‖f̂‖2
L2(S0,dσ) =

∫
|f̂(ξ)|2 dσ =

∫
f(x)f ∗ d̂σ(x) dx

≤ ‖f‖Lp(Rn)‖f ∗ d̂σ‖Lp′(Rn).

It will be enough to show that

‖f ∗ d̂σ‖p′ ≤ C‖f‖p.

We fix t and want to compute ‖f ∗ d̂σ(·, t)‖Lp′(Rn−1). The kernel of this

convolution is

Kt(x) = d̂σ(x, t) =

∫
e−2πixξ−2πitΦ(ξ) dξ

and hence,

K̂t

x
(ξ) = e−2πitΦ(ξ),

where F̂ x denotes the Fourier transform with respect to the x variables.

Therefore, if F is a function on the x variable, we have

‖Kt ∗ F‖2 = ‖F̂‖2‖K̂t

x‖∞ = ‖F̂‖2.

On the other hand,

|Kt(x)| = |d̂σ(x, t)| ≤ C

|t|(n−1)/2
,

so that

‖Kt ∗ F‖∞ ≤ C

|t|(n−1)/2
‖F‖1.

We interpolate both inequalities and obtain, for 1 ≤ p ≤ 2,

‖Kt ∗ F‖Lp′(Rn−1) ≤
C

|t|(n−1)( 1
p− 1

2 )
‖F‖Lp(Rn−1).
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We apply this to the function f(·, t) and use Minkowsky’s inequality

‖f ∗ d̂σ‖Lp′(Rn) = ‖ ‖
∫
f(·, τ) ∗x d̂σ(·, t− τ) dτ‖Lp′ (Rn−1)‖Lp′(R)

≤ ‖
∫

‖f(·, τ) ∗x d̂σ(·, t− τ)‖Lp′(Rn−1)dτ‖Lp′(R)

≤
∥∥∥∥
∫ ‖f(·, τ)‖Lp(Rn−1)

|t− τ |(n−1)( 1
p− 1

2 )

∥∥∥∥
Lp′(R)

.

Consider now the fractional integral operator, defined in Rk by

Iαg(x) =

∫

Rk

f(y)

|x− y|k−α dy, for 0 < α < k.

We will use the following result ( a straightforward consequence of Hed-

berg’s inequality, |Iα(x)| ≤ C‖f‖θp(Mf)1−θ):

Theorem 12.18 (Hardy–Littlewood–Sobolev).

‖Iαg‖Lq(Rk) ≤ Cα,p‖g‖Lp(Rk) for
1

p
>
α

k
and

1

q
=

1

p
− α

k
.

In our case we have k = 1 and 1 − α = (n − 1)( 1
p − 1

2 ) and we want

q = p′. Then, p = 2n+1
n+3 . This gives us

‖f ∗ d̂σ‖Lp′(Rn−1) ≤ C‖ ‖f‖Lp(Rn−1)‖Lp(R) = ‖f‖Lp(Rn).

2
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[20] A. Córdoba, The Kakeya Maximal Function and the Spherical Summation
Multipliers, Amer. J. Math. 99 (1977), 1–22.
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13.1. Introduction

A. S. Besicovitch developed (together with only a few co-workes) in some

forty years, from the end of the twenties up to the sixties of the last century

The Geometry of Sets of Points (Title of a book planned by him which re-

mained unfinished when he died in 1970). On this background a new branch

of mathematics emerged in the last 20 or 25 years, called nowadays fractal

geometry, as it may be found in the monographs [17], [18], [29], [19] (to

mention only a few). The word fractal was coined by B. B. Mandelbrot in

1975. In contrast to Besicovitch, who developed a pure inner-mathematical

theory of non-smooth structures (complementing differentiable analysis and

geometry), Mandelbrot propagated the idea that many objects in nature

have a fractal structure which cannot be described appropriately in terms

of (differentiable) analysis and geometry. In particular he suggested the

notion of self-similarity, which found its rigorous mathematical definition

in [24] (1981). Together with its affine generalisation (IFS: iterated func-

tion systems) it is a corner stone of the recent fractal geometry and fractal

analysis. There are many attempts to say under which circumstances a

set (maybe a set of points in Rn) should be called fractal. But there is no

satisfactory definition, and fractal is now widely accepted as a somewhat

vague synonym for non-smooth (either the objects themselfs or the ingredi-

ents admitted to deal with them). One has to say from case to case which

specific assumptions are made.

In the last decade, and in particular in the last few years, there are many

new developments in fractal geometry and now also in fractal analysis. But

so far no dominating directions and techniques emerged. Asking for ad-

equate geometries completely distinct from Euclidean geometry one finds

in [38], Preface:

They suggest rather strong shifts in outlook, for what kind of geometries are

really around, what one might look for, how one might work with them, and

so on.

This has been complemented by [13], Preface:

The subject remains a wilderness, with no central zone, and many paths to

try. The lack of main roadways is also one of the attractions of the subject.

One aspect culminates in the question how much geometry one really needs

in order to prove well-known significant theorems in analysis. This resulted

in an analysis on metric spaces (occasionally with additional assumptions),
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where [23] may be considered as the first comprehensive treatment.

One instrument to develop an analysis on non-smooth structures is the the-

ory of the Dirichlet forms (quadratic forms) and of the operators generated

by them. A recent report on diverse aspects has been given in [25], where

we refer in particular to [30].

A central problem which has been considered in the last few years with

great intensity can be formulated as follows:

What is a Laplacian on a fractal structure and what can be said about its

spectrum?

The state of art of this question and of neighbouring problems may be found

in [26], where we quote from as follows:

Why do you only study self-similar sets? The reason is that self-similar

sets are perhaps the simplest and most basic structures in the theory of frac-

tals. They should give us much information on what would happen in the

general case of fractals. Although there have been many studies on analysis

on fractals, we are still near the beginning in the exploration of this field.

( [26], Introduction, p. 5.)

So far the outlined descriptions given above focus on operators (either di-

rectly defined or generated via Dirichlet forms) on fractal structures. But

there is a second (seemingly opposite) point of view: One deals with fractal

(differential-)operators on smooth structures such as Rn, or bounded C∞

domains Ω in Rn. Proto-types are

A = −∆ + µ and B = (−∆)−1 ◦ µ, ∆ =

n∑

j=1

∂2

∂x2
j

, (13.1)

where µ might be a Radon measure on Rn with compact support and

µ(Rn) < ∞. Schrödinger operators of type A in Rn are of relevance in

quantum mechanics. They have a long history which goes back to Fermi

(1936), especially in the case of µ being a finite sum of Dirac measures. A

comprehensive treatment of this subject may be found in [2]. Operators

of type B emerge in connection with drums (especially in the plane R2)

having fractal membranes, where Ω is a bounded C∞ domain and (−∆)−1

is the inverse of the Dirichlet Laplacian in Ω. Furthermore the support of

µ is assumed to be a compact set in Ω. These operators are subject of the

later considerations in this paper.

Function spaces are a decisive instrument of the recent analysis on quasi-
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metric spaces (X, ̺, µ) where X is a set, ̺ stands for a quasi-metric, and

µ is a measure. As far as Sobolev spaces W 1
p (X) with 1 < p < ∞ are

concerned we refer to [20] and [23]. First comprehensive treatments of the

emerging theory of the spaces of type

Bspq(X) and F spq(X) with |s| ≤ θ ≤ 1, 1 < p <∞, 1 ≤ q ≤ ∞,

have been given in [21] and [22]. Fractals of diverse types can be interpreted

as quasi-metric spaces. They can be treated afterwards with the help of the

indicated theory of function spaces. For example, a far-reaching spectral

theory of Riesz operators can be developed in this way, [51]. But this is not

subject of our considerations in this paper.

The main aim of what follows is the description of some aspects of fractal

analysis which are based on the recent theory of function spaces of type

Bspq(R
n) and F spq(R

n), 0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ R.

Special cases of these spaces are the Hölder-Zygmund spaces, the Sobolev

spaces (of integer and fractional order of smoothness), the classical Besov

spaces and the (inhomogeneous) Hardy spaces. Since some time one has

for these spaces atomic decompositions and (at least for some of them)

wavelet representations. This has been complemented in [41] and in [42] by

quarkonial (or subatomic) decompositions. The elementary building blocks

(quarks) are constructive, very simple and very flexible. In particular, they

can easily be adapted to general structures, for example fractal sets in Rn.

Self-similarity is not needed. On this basis it is possible to study fractal

operators, including those ones of type B in (13.1). It is our main aim in

this paper to give a description of respective results obtained in the last

few years. Some assertions are formulated here for the first time (without

proofs). We restrict ourselves to the simplest cases (as far the formulations,

not the proofs, are concerned). We shift a rough description of some ingre-

dients of the proofs to Section 13.6, where we rely on [41] and, in particular,

on [42].

Obviously, the above description of diverse aspects of fractal geometry and

fractal analysis is dictated by the personal interests and by the (admittedly

rather limited) knowledge of the author. For example, we did not mention

the intense interplay between stochastics and fractal geometry. Further-

more as far as the spectral theory of the Laplace operator in bounded

domains in Rn with fractal boundary is concerned we give at least a few
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references later on (but not more). It is the main aim of the above descrip-

tion to provide a possibility to locate what follows in the realm of what

might be called nowadays fractal analysis.

13.2. Fractal operators

13.2.1. The vibrating membrane

Let Ω be a bounded C∞ domain in the plane R2 and let Γ be a compact

set in R2 with

Γ ⊂ Ω and |Γ| = 0, (13.2)

where |Γ| is the Lebesgue measure of Γ. We interpret Ω as a drum and Γ as

a highly irregular membrane which is fixed at the boundary ∂Ω. Starting

from the classical case it seems to be reasonable to consider Γ not only as

a set of points, but also as the support of a measure µ,

supp µ = Γ ⊂ Ω, 0 < µ(Γ) = µ(R2) <∞. (13.3)

Of special interest (because well-adapted to the problem considered) are

isotropic measures, this means measures for which there is a positive func-

tion h(r), defined in the interval (0, 1] with

µ (B(γ, r)) ∼ h(r), γ ∈ Γ, 0 < r ≤ 1, (13.4)

where B(γ, r) is a circle centred at γ and of radius r. We agree here and

in the sequel that the use of ∼ for two positive functions a(x) and b(x) or

for two sequences of positive numbers ak and bk (say with k ∈ N, natural

numbers), means that there are two positive numbers c und C with

c a(x) ≤ b(x) ≤ C a(x) or c ak ≤ bk ≤ C ak (13.5)

for all admitted variables x and k. This means with respect to (13.4) that

the equivalence constants are independent of γ and r. Of special interest

are so-called d-sets with

h(r) ∼ rd, 0 < r ≤ 1, and 0 < d < 2. (13.6)

Then any Radon measure µ with (13.3), (13.4), (13.6) is equivalent to Hd|Γ,

the restriction of Hausdorff measure Hd in R2 to Γ. If d = 1 then one

might think of a line segment. Other examples are (one-dimensional and

two-dimensional) Cantor sets, the snowflake curce, the Sierpinski gaskets

etc. Many other examples of d-sets may be found in books dealing with

fractal geometry, for example [18], [19], The following problem arises:

For which functions h do exist Radon measures µ with (13.3), (13.4)?
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13.2.2. The classical theory

The classical theory where the membrane is not a singular set Γ with (13.2),

(13.3), but Ω or Ω is well known. We formulate some assertions adapted to

our later needs in the fractal setting. In the context of an L2-theory one

considers in the (complex) Hilbert space L2(Ω) the self-adjoint positive-

definite Dirichlet-Laplace operator −∆,

−∆u(x) = −∂
2u

∂x2
1

− ∂2u

∂x2
2

, dom (−∆) = H2
0 (Ω), (13.7)

where

H2(Ω) = W 2
2 (Ω) = {f ∈ L2(Ω) : Dαf ∈ L2(Ω), |α| ≤ 2} (13.8)

is the well-known Sobolev space and

H2
0 (Ω) = W 2

2,0(Ω) =
{
f ∈W 2

2 (Ω) : f |∂Ω = 0
}
. (13.9)

Then −∆ is a self-adjoint positive-definite operator with pure point spec-

trum. The eigenfrequencies λk of the vibrating membrane and the related

eigenfunctions uk are given by

−∆uk = λ2
kuk, uk ∈ H2

0 (Ω), k ∈ N. (13.10)

(Here N is the collection of all natural numbers). For our purposes it is

reasonable to deal with the inverse operator (−∆)−1 adapted by

B = (−∆)−1 = (−∆)−1 ◦ µL = (−∆)−1 ◦ idµL (13.11)

to our later needs, where µL is the Lebesgue measure in the plane. Then

(13.10) can be written as

Buk = ̺kuk, ̺1 > ̺2 ≥ · · · ≥ ̺k ≥ · · · > 0, ̺k → 0

for k → ∞, where ̺k = λ−2
k are the eigenvalues of the compact positive

self-adjoint operator B in L2(Ω). The following three assertions (adapted

to our later needs) are well known:

(a) (H. Weyl, 1912, [52], [53]),

̺k ∼ k−1, k ∈ N. (13.12)

(b) (R. Courant, 1924, [12], p. 398/99). The largest eigenvalue ̺1 is simple

and (ignoring a multiplicative constant)

u1(x) > 0, x ∈ Ω, (13.13)

Nullstellenfreiheit in the notation of Courant.
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(c) (smoothness). We have (in obvious notation)

uk ∈ C∞(Ω), k ∈ N. (13.14)

For the classical case described the assertions by Weyl had been sharper

than (13.12) from the very beginning, including the volumes of Ω (main

term) and of ∂Ω (remainder term). Since that time the spectral theory of

(regular and singular elliptic) differential operators and pseudo-differential

operators is an outstanding topic of the analysis during the whole last cen-

tury. The state of art and in particular the techniques used nowadays may

be found in [37]. Our aim can be described as follows:

What happens with the properties (a), (b), (c), this means (13.12), (13.13),

(13.14), when one replaces in (13.11) the Lebesgue measure µL (hence the

homogeneous membrane) by a measure µ with (13.3) and what is the defi-

nition of an appropriately modified operator B?

13.2.3. The problem

Let Ω be a bounded C∞ domain in euclidean n-space Rn. If one wishes

to replace the n-dimensional Lebesgue measure µL in (13.11) by a singular

measure µ with (13.2), (13.3) then it is quite clear that the L2-theory as

described in (13.7) - (13.11) is no longer adequate. In particular, instead

of H2(Ω) und H2
0 (Ω) in (13.8), (13.9) one needs now spaces of smaller

smoothness. It comes out that

H1(Ω) = W 1
2 (Ω) =

{
f ∈ L2(Ω) :

∂f

∂xj
∈ L2(Ω) with j = 1, · · · , n

}

and
◦
H 1(Ω) =

◦
W

1
2(Ω) =

{
f ∈ H1(Ω) : f |∂Ω = 0

}
(13.15)

are especially well adapted to our purposes. The simplest way to define the

Sobolev spaces Hs(Rn) is by lifting,

Hs(Rn) = (id− ∆)−
s
2L2(Rn), s ∈ R. (13.16)

Then Hs(Ω) is the restriction of Hs(Rn) to Ω. Since C∞
0 (Ω) = D(Ω) is

dense in
◦
H 1(Ω) the dual of

◦
H 1(Ω) makes sense within the dual pairing

(D(Ω), D′(Ω)) and one obtains
( ◦
H 1(Ω)

)′
= H−1(Ω). (13.17)

By [42], Proposition 20.3, p. 297, (13.17) remains valid for arbitrary

bounded domains.
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Proposition 13.1. (a) Let Ω be an arbitrary bounded C∞ domain in Rn.

Then

(−∆)−1 : H−1(Ω) →֒
◦
H 1(Ω) (13.18)

is an isomorphic map.

(b) Let σ ∈ R. Then

(id− ∆)−σ : H−σ(Rn) →֒ Hσ(Rn) (13.19)

is an isomorphic map.

Remark 13.1. Part (b) is a well-known lift property, which is also an easy

consequence of (13.16). As for part (a) we refer to [42], 19.2, p. 254/55,

and the references given there.

In order to say what is meant by the operator B in (13.1), we introduce

the trace operator trµ and the identification operator idµ. Here µ is a

Radon measure in Rn with compact support

Γ = supp µ and 0 < µ(Rn) = µ(Γ) <∞. (13.20)

Then one has the continuous embeddings

trµ : S(Rn) →֒ L2(Γ, µ), (13.21)

and

idµ : L2(Γ, µ) →֒ S′(Rn), (13.22)

where S(Rn), S′(Rn) (Schwartz space, space of tempered distributions)

and L2(Γ, µ) (complex Hilbert space L2 with respect to µ) have the usual

meaning. Here trµ is the pointwise trace (so far), hence

(trµϕ)(γ) = ϕ(γ) for ϕ ∈ S(Rn) and γ ∈ Γ,

and idµ describes the usual identification of f ∈ L2(Γ, µ) with the tempered

distribution idµf ∈ S′(Rn) according to

(idµf) (ϕ) =

∫

Γ

f(γ)ϕ(γ)µ(dγ), ϕ ∈ S(Rn).

This can be done without ambiguities since µ is a Radon measure.
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Proposition 13.2. Let µ be a Radon measure in Rn with compact support

according to (13.20). The trace operator and the identification operator are

given by (13.21), (13.22). Then

tr′µ = idµ (13.23)

for the dual tr′µ of trµ.

Proof. Using standard notation, the assertion follows from
(
tr′µψ

)
(ϕ) = (trµϕ) (ψ) =

(
trµϕ, ψ

)
L2(Γ,µ)

=

∫

Γ

ϕ(γ)ψ(γ)µ(dγ)

= (idµψ) (ϕ),

for ϕ ∈ S(Rn) and all ψ ∈ S(Rn). �

Problem 13.1. As will be shown, the question of how B from (13.1) can be

defined, in generalisation of B from (13.11), can be reduced to the problem

of whether trµ from (13.21) can be extended to a linear continuous map

from H1(Rn) in L2(Γ, µ). Generalising this question to Hs(Rn) one arrives

at the problem:

Let µ be a Radon measure according to (13.20). For which s > 0 does there

exist a positive constant c with

‖trµϕ |L2(Γ, µ)‖ ≤ c ‖ϕ |Hs(Rn)‖ (13.24)

for all ϕ ∈ S(Rn)?

We write here and in the sequel ‖a |A‖ for the norm of a ∈ A in the

Banach space A. If one has (13.24), then trµ can be extended by completion

to a linear and continuous operator

trµ : Hs(Rn) →֒ L2(Γ, µ) (13.25)

(sticking at the notation trµ). If one has (13.25), then it follows from

(13.22), (13.23) that

idµ : L2(Γ, µ) →֒ H−s(Rn) = (Hs(Rn))
′
. (13.26)

Then one obtains

idµ = idµ ◦ trµ : Hs(Rn) →֒ H−s(Rn). (13.27)

As usual, →֒, means that the corresponding map is linear and continuous.
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Proposition 13.3. Let µ be a Radon measure in Rn with compact support

according to (13.20). Let s > 0, such that trµ according to (13.25) is a

linear and bounded operator. Then

Bs = (id− ∆)−s ◦ idµ : Hs(Rn) →֒ Hs(Rn). (13.28)

(b) Let Ω be a bounded C∞ domain in Rn. Let (−∆)−1 be the inverse

operator of the Dirichlet-Laplace operator according to Proposition 13.1.

Let µ be a Radon measure in Rn with

Γ = supp µ ⊂ Ω, 0 < µ(Γ) <∞.

If one has (13.25) with s = 1, then

B = (−∆)−1 ◦ idµ :
◦
H 1(Ω) →֒

◦
H 1(Ω). (13.29)

Proof. Part (a) is an immediate consequence of (13.27), (13.19). Corre-

spondingly one obtains part (b) from (13.27) with s = 1 and (13.18). �

Remark 13.2. The operator B from (13.29) is the rigorous version of B

from (13.1) and the adequate generalisation of (13.11). We refer to [42], 9.2,

122-124, where one finds further explanations with respect to the duality

(13.23), and (13.25), (13.26) in more general spaces.

13.3. Traces and measures

13.3.1. Isotropic measures

By Proposition 13.3 in 13.2.3 the problem of the boundedness of the op-

erators Bs and B in (13.28) and (13.29) can be reduced to the question

of whether the trace operator trµ in (13.25) is bounded. For general finite

Radon measures in Rn (in more general function spaces) one finds in [42],

Theorem 9.3, p. 125, a somewhat implicit criterion which had been comple-

mented in [42], Corollary 9.8, p. 129/130, by a simpler sufficient condition.

As will be shown one has for isotropic Radon measures a satisfactory simple

criterion. In generalisation of (13.4) we call a Radon measure in Rn with

Γ = supp µ compact and 0 < µ(Γ) = µ(Rn) <∞ (13.30)

isotropic, if there is a positive function h(·) in the interval (0, 1] such that

µ (B(γ, r)) ∼ h(r), γ ∈ Γ, 0 < r ≤ 1, (13.31)
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where B(γ, r) is a ball centred at γ and of radius r. Recall our use of ∼
according to (13.5).

Proposition 13.4 (M. Bricchi, [5], [6], [7], [8]). Let h be a positive

continuous monotonically increasing function in the interval (0, 1]. Then

there is an isotropic Radon measure in Rn with (13.30), (13.31), if, and

only if, there exists a positive continuous monotonically increasing function

h̃ in the interval (0, 1] such that

h̃(r) ∼ h(r), 0 < r ≤ 1,

and

h̃(2−j−k)

h̃(2−j)
≥ 2−kn for j ∈ N0 and k ∈ N0.

Remark 13.3. Here N0 = N∪{0} is the collection of all non-negative inte-

gers. Monotonically increasing means not decreasing, hence it might well be

possible that the function is constant on some sub-intervals. Distinguished

examples are the d-sets (now in Rn), mentioned in 13.2.1, hence

h(r) = rd, 0 ≤ d ≤ n, 0 < r ≤ 1. (13.32)

Further examples are perturbations of (13.32), for instance,

h(r) = rd
∣∣∣log

r

2

∣∣∣
b

, 0 < d < n, b ∈ R, 0 < r ≤ 1, (13.33)

as special cases of so-called (d,Ψ)-sets. The definite version of the above

proposition may be found in [8], including some non-standard examples.

These results had been used to develop a corresponding theory of function

spaces. In case of (d,Ψ)-sets and especially of functions h with (13.33) we

refer to [42], Section 22, and the literature mentioned there, in particular

[31], [32].

13.3.2. Traces

As indicated in the introduction, we restrict ourselves to the most inter-

esting cases (for us). These are the operator B from (13.29) in the plane,

hence n = 2, and the operators Bs from (13.28) with s = n
2 . This is in both

cases the question of whether trµ exists according to (13.25), (13.24) with

s = n
2 , this means the continuity of trµ. We recall that N is the collection

of all natural numbers, whereas Rn stands for euclidean n-space.
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Theorem 13.1. Let µ be an isotropic measure in Rn, n ∈ N, with (13.30),

(13.31). Then the following 3 assertions are equivalent to each other:

(i) trµ : H
n
2 (Rn) →֒ L2(Γ, µ) is continuous,

(ii) trµ : H
n
2 (Rn) →֒ L2(Γ, µ) is compact,

(iii)

∞∑

j=0

h(2−j) <∞.

Remark 13.4. A proof of this surprisingly simple and definitive theorem

is published in [47]. It is a special case of the following general assertion,

which may also be found in [47]. Let

Bsp(Rn) = Bsp,p(R
n) with s > 0 and 1 < p <∞,

be the well-known special Besov spaces with Hs(Rn) = Bs2(Rn). We put

as usual 1
p + 1

p′ = 1. Then the trace operator trµ,

trµ : Bsp(Rn) →֒ Lp(Γ, µ),

is continuous if, and only if, it is compact, and this happens if, and only if,

∞∑

j=0

2−jp
′(s−n

p ) h(2−j)p
′−1 <∞.

This clarifies the peculiar situation if p = p′ = 2 and s = n
2 in the above

theorem.

Theorem 13.2. Let µ be an isotropic Radon measure in Rn, n ∈ N, with

(13.30), (13.31) and

∞∑

j=0

h(2−j) <∞. (13.34)

(a) Then the operator

Bn
2

= (id− ∆)−
n
2 ◦ idµ : H

n
2 (Rn) →֒ H

n
2 (Rn) (13.35)

according to (13.27), (13.28) is compact.

(b) Let in addition n = 2 and let Ω be a bounded C∞ domain in the plane

R2. Furthermore, let Γ ⊂ Ω, where Γ is the support of µ according to

(13.30). Then the operator

B = (−∆)−1 ◦ idµ :
◦
H 1(Ω) →֒

◦
H 1(Ω) (13.36)

according to (13.27), (13.29) is compact.
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Proof. This theorem is an immediate consequence of the above Theorem

13.1 and of the proof of Proposition 13.3 in 13.2.3. �

Remark 13.5. In particular the operators Bn
2

and B according to (13.35)

und (13.36) are compact, when Γ is a d-set according to (13.32) with 0 <

d ≤ n (n = 2 in case of B). This applies also to the (d,Ψ)-sets in (13.33).

Remark 13.6. By Remark 13.4,

trµ : Hs(Rn) →֒ L2(Γ, µ)

with s > 0 is compact if, and only if,

∞∑

j=0

2−2j(s−n
2 ) h(2−j) <∞. (13.37)

Then by Proposition 13.3 the operator

Bs = (id− ∆)−s ◦ idµ : Hs(Rn) →֒ Hs(Rn)

according to (13.27), (13.28) is compact. Because of the boundedness of

the sequence h(2−j) we have always (13.37) if s > n
2 . Hence only for s ≤ n

2

the assertion (13.37) is an additional condition. According to Theorem 13.2

we are interested here exclusively (with exception of the above remarks) in

the limiting case s = n
2 .

13.4. The fractal drum

13.4.1. Introduction

The word fractal drum can be interpreted quite differently. One may think

about a fractal or a fractal set and the spectral theory of the related Lapla-

cian. This corresponds to [26] and the theory represented there. Better

known is this notation in connection with a spectral theory of the Dirichlet-

Laplacian −∆ in bounded domains Ω in Rn (with n = 2 as a distinguished

case) with a fractal boundary ∂Ω. The first significant related paper is due

to M. L. Lapidus, [27]. Further references may be found in [41], 26.2, p. 200.

For more recent results we refer to [28]. More precisely these considerations

deal with

drums with fractal boundary.

Somewhat in contrast we developed in [41], [42] and develop in this paper

a spectral theory of

drums with fractal membranes.
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It is the spectral theory of the operatorB from Proposition 13.3(b) in 13.2.3

with n = 2, related to bounded C∞ domains Ω in the plane.

13.4.2. Preparations

Let Ω be a bounded C∞ domain in Rn. Then we equip the space
◦
H 1(Ω)

in (13.15) with the scalar product

(f, g) ◦
H1(Ω)

=

n∑

j=1

∫

Ω

∂f

∂xj

∂g

∂xj
dx. (13.38)

Furthermore we need the Hölder-Zygmund spaces Cs(Ω) with 0 < s < 2. If

0 < s < 1, then Cs(Ω) can be normed by

‖f |Cs(Ω)‖∗ = sup
x∈Ω

|f(x)| + sup
|f(x) − f(y)|

|x− y|s (13.39)

with x ∈ Ω, y ∈ Ω, x 6= y, in the second supremum. If 0 < s < 2 then one

can choose

‖f |Cs(Ω)‖ = sup
x∈Ω

|f(x)| + sup
|f(x) − 2f(x+y2 ) + f(y)|

|x− y|s (13.40)

as a norm where x ∈ Ω, y ∈ Ω, x+y
2 ∈ Ω, x 6= y, in the second supremum.

(If 0 < s < 1, then both norms in (13.39) und (13.40) are equivalent). In

other words, Cs(Ω) is the collection of all complex-valued continuous func-

tions in Ω, such that the norm in (13.40) is finite.

Remark 13.7. One calls C1(Ω) also the Zygmund class. Here one needs

for the first time second differences. This space has been treated in [54].

But as mentioned there it was B. Riemann 1854 in his Habilitationsschrift

[36], dealing with trigonometric series, who emphasised that one should use

second differences when it comes to spaces of smoothness 1.

13.4.3. d-membranes

This subsection deals with fractal drums (or, according to 13.4.1, with

drums having a fractal membrane), where the membrane Γ is a d-set. Ac-

cording to the above considerations, Γ is a compact set in R2 furnished

with an isotropic Radon measure µ in R2 such that

Γ = supp µ, µ (B(γ, r)) ∼ rd, γ ∈ Γ, 0 < r ≤ 1, (13.41)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

Fractal analysis, an approach via function spaces 427

where B(γ, r) is a circle with the centre γ and of radius r. As explained in

connection with (13.6) one may identify µ with µ = Hd|Γ, the restriction

of the Hausdorff measure Hd in the plane to Γ. Then it is clear that one

has 0 ≤ d ≤ 2. Furthermore, let Γ ⊂ Ω, where Ω is a bounded C∞ domain

in R2. This results in the operator B from Theorem 13.2(b) in 13.3.2. The

condition (13.34) requires d > 0. Since we are not interested in the regulare

case and assume |Γ| = 0, we exclude also d = 2. Then we denote Γ as an d-

membrane. By Theorem 13.2(b) in 13.3.2 the related operator B in
◦
H 1(Ω)

is compact. Let ω = Ω\Γ and

◦
H 1(ω) =

{
f ∈

◦
H 1(Ω) : trµf = 0

}
. (13.42)

The trace exists since d > 0 and (13.34) coincides with (iii) in Theorem 13.1

in 13.3.2. Although ω is an open set with an irregular boundary ∂Ω ∪ Γ

it follows that C∞
0 (ω) is dense in

◦
H 1(ω), what justifies the notation in

(13.42). We refer to [42], 19.5, p. 260, where we used some crucial asser-

tions from [1].

Theorem 13.3. Let Ω be a bounded C∞ domain in the plane R2 and let

Γ be a compact d-set with Γ ⊂ Ω and 0 < d < 2. Furthermore let µ be a

respective Radon measure according to (13.41). Then the operator

B = (−∆)−1 ◦ idµ :
◦
H 1(Ω) →֒

◦
H 1(Ω) (13.43)

according to (13.36) is a non-negative compact self-adjoint operator in
◦
H 1(Ω) with null-space (kernel)

N(B) =
◦
H 1(ω) (13.44)

according to (13.42). The operator B is generated by the quadratic form

(Bf, g) ◦
H1(Ω)

=

∫

Γ

f(γ) g(γ) µ(dγ), f ∈
◦
H 1(Ω), g ∈

◦
H 1(Ω), (13.45)

with respect to the scalar product from (13.38) with n = 2. Let ̺k be the

positive eigenvalues of B, counted with respect to their multiplicites and

ordered by magnitude,

̺1 ≥ ̺2 ≥ ̺3 ≥ · · · , ̺k → 0 for k → ∞, (13.46)

and let uk be the respective eigenfunktions, hence

Buk = ̺k uk, k ∈ N. (13.47)
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The largest eigenvalue ̺1 (> 0) is simple and the respective eigenfunctions

u1(x) have no zeroes in Ω, hence

u1(x) = c u(x) with c ∈ C and u(x) > 0 in Ω (13.48)

(Courant property). It holds

̺k ∼ k−1 with k ∈ N (13.49)

(Weyl property). The eigenfunctions uk are classical harmonic functions

in ω = Ω\Γ,

∆uk(x) = 0 for x ∈ ω. (13.50)

Furthermore,

uk ∈ Cs(Ω) if, and only if s ≤ d. (13.51)

Remark 13.8. This theorem is a special case of Theorem 19.7 in [42],

p. 264/265. This applies also to its proof. We described in 13.2.2, points

(a), (b), (c), the classical theory. The Weylian behaviour (13.12) of the

classical case extends to d-membranes according to (13.49). It is equally

remarkable that also the classical assertion in 13.2.2(b) can be carried over

to d-membranes: The largest eigenvalue ̺1 is simple and the respective

eigenfunction u(x) is positive in Ω (up to a multiplicative constant). The

global smoothness properties of the eigenfunctions uk from (13.14) in case

of d-membranes are now given by the sharp assertion uk ∈ Cd(Ω) and by

(13.50).

Remark 13.9. It is remarkable that at least for the function u from (13.48)

the best possible global smoothness assertion (13.51) is also the best pos-

sible local smoothness assertion. Let B(γ, r) be a circle centred at γ ∈ Γ

and of radius r > 0, with B(γ, r) ⊂ Ω. Then

u ∈ Cs (B(γ, r)) if, and only if, s ≤ d. (13.52)

The best possible local smoothness of u, hence s = d, reflects faithfully

the fractality of Γ at any point γ ∈ Γ. We overlooked this remarkable

property when we wrote down 19.7 - 19.10 in [42], p. 264-272, although it

is an immediate consequence of the proof of Theorem 19.7 as it stands. We

return to this point in 13.4.6.
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13.4.4. Weyl measures

In connection with Theorem 13.3 in 13.4.3 the question arises whether the

Weyl property (13.49) remains valid for other measures µ than Hd|Γ with

0 < d < 2. The definitive solution of this problem seems to be complicated

and there is no idea how a (necessary and sufficient) criterion might look

like. As in 13.2.1 we again assume that Ω is a bounded C∞ domain in the

plane R2 and that µ is a Radon measure with

supp µ = Γ ⊂ Ω, |Γ| = 0, 0 < µ(Γ) <∞. (13.53)

The right-hand side of (13.45), now for general Radon measures with

(13.53), is a continuous bilinear form in
◦
H 1(Ω) if

trµ :
◦
H 1(Ω) →֒ L2(Γ, µ) (13.54)

is a linear and continuous trace operator according to 13.2.3 and Proposition

13.3(b). If this is the case then one obtains also for these measures that

B = (−∆)−1 ◦ idµ :
◦
H 1(Ω) →֒

◦
H 1(Ω), (13.55)

and that B is a non-negative self-adjoint operator. In other words we have

also in this case (13.43), (13.44), (13.45).

Definition 13.1. Let µ be a finite Radon measure in R2 with compact

support Γ. Then µ is called a Weyl measure if for any bounded C∞ domain

Ω with (13.53) the trace operator trµ from (13.54) exists, the operator B

according to (13.55) is compact and if one has for its positive eigenvalues

̺k, ordered according to (13.46), including to multiplicities,

̺k ∼ k−1, k ∈ N.

Remark 13.10. We have by Theorem 13.3 from 13.4.3 that µ = Hd|Γ is

a Weyl measure for any compact d-set Γ with 0 < d < 2. Let

µ =

N∑

j=1

µj , µj = Hdj |Γj , j = 1, ..., N,

where Γj are compact dj-sets with 0 < dj < 2. Then µ is a Weyl measure.

This assertion may be found in [42], 19.12, p. 274, under the assumption

that the sets Γj are pairwise disjoint. But this additional assumption is not

necessary as has been shown in [46], Corollary 2.
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Remark 13.11. If µ is an isotropic measure with (13.53), then one has by

Theorem 13.1 from 13.3.2 a definite criterion under which circumstances trµ
exists. If µ is a general (not necessarily isotropic) measure with (13.53),

then there is also a necessary and sufficient criterion for the existence of

trµ. We refer to [42], Theorem 9.3, p. 125/126. But it is somewhat implicit.

But one obtains as special cases the following assertions. Let Qjm be the

square in R2 centred at 2−jm and with side-length 2−j+1. Here j ∈ N0 and

m ∈ Z2, where Z2 stands for the lattice of the points in R2 with integer-

valued coordinates. Furthermore, let µ be a finite Radon measure in R2

with (13.53). Let

µj = sup
m∈Z2

µ(Qjm), j ∈ N0.

If trµ exists according to (13.54), then

∑

j∈N0

∑

m∈Z2

µ (Qjm)
2
<∞ (13.56)

(necessary condition). Conversely, if

∑

j∈N0

µj <∞, (13.57)

then trµ exists (sufficient condition). We refer to [47], Proposition 13.2,

which in turn is based on [42], Theorem 9.9, p. 131 and (9.47), p. 130. It

follows in particular by (13.56), that a measure with (13.54) has no atoms,

hence

µ({x}) = 0 for x ∈ R2. (13.58)

Following [4], Section 5.10, p. 61, and [14], 13.18, p. 215, we call a mea-

sure without atoms according to (13.58) diffuse.

Definition 13.2. Let µ be a finite Radon measure in R2 with compact

support Γ. Furthermore it is assumed that µ satisfies the doubling condi-

tion, this means that there is a number c > 0 such that for all γ ∈ Γ and

all r with 0 < r ≤ 1,

µ (B(γ, 2r)) ≤ c µ (B(γ, r)) . (13.59)
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Then µ is called strongly diffuse, if there is a number κ with 0 < κ < 1

such that

µ(Q1) ≤ 1

2
µ(Q0), (13.60)

for all squares Q0 centred at γ0 ∈ Γ and with side-lenght r, 0 < r ≤ 1, and

all squares Q1 centred at γ1 ∈ Γ with side-length κr and Q1 ⊂ Q0.

Remark 13.12. In (13.59) again B(γ, r) is a circle centred at γ and of

radius r. Examples of strongly diffuse measures are given by µ = Hd|Γ,

hence

µ (B(γ, r)) ∼ rd, γ ∈ Γ, 0 < r ≤ 1, (13.61)

where Γ is a compact d-set according (13.41) with 0 < d < 2. Obviously,

the assumed compactness of the support of µ is unimportant. Furthermore

in (13.61) also d = n = 2 can be admitted with the Lebesgue measure as

proto-type. Otherwise we refer to [42], 19.15, p. 276-278, where strongly

diffuse measures had been introduced and discussed.

Theorem 13.4. Every strongly diffuse measure (in R2) is a Weyl measure.

Remark 13.13. An (admittedly long) proof of this theorem may be found

in [42], 19.17, pp. 280-288. Recall that we a priori assumed in the above

Definitions 13.1 and 13.2 that µ is a finite Radon measure with compact

support. We refer for further discussions of this and other points to [42],

19.18, pp. 288-291.

Problem 13.2. By Remark 13.12, µ = Hd|Γ with 0 < d < 2 is strongly

diffuse. Hence the Weyl property (13.49) for d-membranes is an immedi-

ate consequence of Theorem 13.4. On the other hand, (13.60) is a weak

isotropicity condition. It is well known that IFS (Iterated Function Sys-

tems), based on affine contractions, creates in R2 beautiful ferns, grasses

etc. This may be found in many books on fractal geometry. A short descrip-

tion including references has been given in [41], Section 4. The respective

(anisotropic or non-isotropic) Radon measures do not satisfy, in general,

the condition (13.60). It is totally unclear (at least for the author) whether

the corresponding (anisotropic or non-isotropic) Radon measures are also

Weyl measures. This results in the following problems:

What is the music of the ferns?

and, more generally,

under which conditions is a Radon measure in R2 a Weyl measure?
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13.4.5. h-membranes

In 13.4.3 we dealt with d-membranes in R2, where d is a number with

0 < d < 2. Now h(·) is a function generating a measure,

µ (B(γ, r)) ∼ h(r), γ ∈ Γ, 0 < r ≤ 1. (13.62)

We refer to 13.3.1. By Theorem 13.1 and in particular Theorem 13.2(b)

from 13.3.2,

B = (−∆)−1 ◦ idµ :
◦
H 1(Ω) →֒

◦
H 1(Ω) (13.63)

is compact if

∞∑

j=0

h(2−j) <∞. (13.64)

This is a special case of (13.53) - (13.55). Hence B is a compact non-

negative self-adjoint operator in
◦
H 1(Ω) with (13.43) - (13.48) and (13.50).

Theorem 13.5. Let Ω be a bounded C∞ domain in the R2 and let µ be an

isotropic Radon measure with (13.53), (13.62). If

∞∑

j=J

h(2−j) ∼ h(2−J), for all J ∈ N0, (13.65)

then µ is a Weyl measure according to Definition 13.1 in 13.4.4.

Remark 13.14. If J = 0 then (13.64) is a special case of (13.65). Ac-

cording to our previous agreement ∼ in (13.65) means that one side can

be estimated by the other side at the expense of positive constants which

are independent of J (one direction is trivial). In the aftermath of [41]

and [42] we studied Weyl measure in [46] and [47]. The above result is

covered by [47], Corollary 2. On the one hand, (13.64) is necessary and

sufficient that B from (13.63) is bounded. On the other hand it is not clear

whether the sufficient conditions (13.65), are also necessary to ensure that

µ is a Weyl measure. Further details in a more general setting may be

found in [47].
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13.4.6. Courant indicators

As indicated in Remark 13.9 at least for the distinguished eigenfunction

u(x) from (13.48), the global smothness (13.51), valid for all eigenfunctions

uk, reflects also the local smoothness according to (13.52). Here Γ is a d-set

with 0 < d < 2 and µ = Hd|Γ. Hence the eigenfunction u(x) represents at

any point γ ∈ Γ faithfully the local fractality (at least as far the number d is

concerned). It comes out that one can use this positive (in Ω) eigenfunction

u(x), belonging to the largest eigenvalue ̺1, to extract information about

the fractality of Γ at any point γ ∈ Γ. It is one of the main topics of fractal

geometry to get global, local and pointwise assertions about fractal sets and

measures. We refer to the books mentioned in the introduction, especially

[17], [18], [29], [19]. One finds fractal characteristics from the point of

view of function spaces in [44], including some references. As indicated

one can use the behaviour of the eigenfunction u(x) to introduce further

fractal characteristics. We restrict ourselves to very first results which are

directly related to the above considerations. Recall that this paper is the

English translation of [49]. After [49] was completed we returned in [47], [48]

(which in turn is complementary survey) and [50] to the subject of this

subsection. We do not change what follows in this subsection, but we refer

for complementary results and arguments to the just-mentioned papers.

Again let Ω be a bounded C∞ domain in the plane R2 and let µ be a Radon

measure with

supp µ = Γ ⊂ Ω, |Γ| = 0, 0 < µ(Γ) <∞. (13.66)

We assume that there are numbers c > 0 and ε > 0 with

µ (B(γ, r)) ≤ c rε, γ ∈ Γ, 0 < r ≤ 1. (13.67)

Then it follows by (13.57) and (13.53) - (13.55), that

B = (−∆)−1 ◦ idµ :
◦
H 1(Ω) →֒

◦
H 1(Ω),

is a non-negative self-adjoint operator. It follows from the proof of the above

Theorem 13.3 as given in [42], 19.7, and from (13.67) that B is compact.

The positive eigenvalues ̺k can be ordered according to (13.46), the largest

eigenvalue ̺1 is simple and one has (13.48) and (13.50). Furthermore one

obtains in analogy to (13.51) that

uk ∈ Cε(Ω), k ∈ N. (13.68)

This applies in particular to the positive eigenfunction u in Ω.
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Definition 13.3. (Courant indicator). Under the above assumptions

we put for γ ∈ Γ,

Ind∞(γ) = sup {s : u ∈ Cs (B(γ, r)) with 0 < r ≤ 1} . (13.69)

Remark 13.15. The Courant indicator measures at any point γ ∈ Γ the

best possible local smoothness of the positive eigenfunction u(x) belonging

to the largest eigenvalue ̺1 of B. By (13.68) one has at least

Ind∞(γ) ≥ ε for γ ∈ Γ.

Proposition 13.5 (d-membranes). Let Ω be a bounded C∞ domain in

the plane R2 and let Γ be a compact d-set with Γ ⊂ Ω and 0 < d < 2.

Furthermore let µ be a related Radon measure,

Γ = supp µ, µ (B(γ, r)) ∼ rd, γ ∈ Γ, 0 < r ≤ 1.

Then

Ind∞(γ) = d for γ ∈ Γ.

Remark 13.16. This assertion coincides with Remark 13.9 after Theorem

13.3 in 13.4.3. In particular we have the global smoothness hypothesis

(13.68) with ε = d. In this case the supremum in (13.69) is a maximum.

Problem 13.3. For d-membranes one has the above definitive answer. If

µ is an isotropic measure generating an h-membrane according to 13.4.5,

then it can be expected that Ind∞ is constant on Γ provided that (13.68)

is fulfilled. If µ is a general (not necessarily isotropic) measure, satisfying

the above assumptions, for example (13.53) - (13.55) and (13.57), such

that B is compact, then one can expect that Ind∞ (if defined) reflects the

local fractality in any point γ ∈ Γ. At least when stepping from isotropic

measures to more general measures it becomes clear that it is desirable,

maybe even necessary, to generalise the indicator Ind∞ by the indicators

Indp(γ) = sup
{
s : u ∈ Bsp (B(γ, r)) with 0 < r ≤ 1

}
,

with 1 < p ≤ ∞, where Bsp = Bspp are special Besov spaces. This is

suggested by the respective fractal characteristica in [44], [45] and the ref-

erences given there. In case of d-membranes according to Proposition 13.5

one obtaines

Indp(γ) = d+
2 − d

p
, γ ∈ Γ, 1 < p ≤ ∞.
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This follows from [42], Theorem 19.7, p. 264-265. The problem arises, what

the so-defined fractal indicators Ind∞ and, more general, Indp wish to tell

us and how they are related to other fractal characteristics.

Under the above assumptions for Γ, Ω, and µ, hence (13.66), (13.67) we

put

dimH(γ) = lim
j→∞

dimH

(
Γ ∩B(γ, 2−j)

)
, γ ∈ Γ, (13.70)

where dimH(M) is the Hausdorff dimension of a set M . Furthermore let

µ (B(γ′, r)) ≤ cj r
dj(γ) for γ ∈ Γ, |γ′ − γ| ≤ 2−j and 0 < r ≤ 2−j,

and

d(γ) = lim
j→∞

dj(γ), γ ∈ Γ. (13.71)

The sequence on the right-hand side (13.70) is monotonically decreasing

(i.e. not increasing), the sequence on the right-hand side of (13.71) is mono-

tonically increasing (i.e. not decreasing) and it holds

d(γ) ≤ dimH(γ), γ ∈ Γ. (13.72)

In case of a d-set the two numbers in (13.72) are d.

Theorem 13.6. Let Ω be a bounded C∞ domain in R2 and let µ be a

Radon measure with (13.66), (13.67). Then

d(γ) ≤ Ind∞(γ) ≤ dimH(γ), γ ∈ Γ. (13.73)

Remark 13.17. Proposition 13.5 is a special case of (13.73).

Problem 13.4. In connection with the introduction of Ind∞ in Definition

13.3, the indicated generalisation Indp, and Theorem 13.6 one gets the

following problem. So far we assumed tacitly that µ (hence also Γ) and Ω

are given according to (13.66). The question arises to which extent Indp
depends for given µ on Ω. It seems to be reasonable to indicate this possible

dependence and to write

Indp(γ) =⇒ IndΩ
p (γ) =⇒ Indµ,Ωp (γ), γ ∈ Γ = supp µ.

Afterwards one may ask of whether Indµ,Ωp is independent of Ω. By Propo-

sition 13.5 and Problem 13.3 this is the case when Γ is a d-set. This might

be also possible for general isotropic Radon measures, if the conditions
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formulated in Problem 13.3 are satisfied. If µ is not isotrop, then the inde-

pendence of Ω is at least questionable.

Is Indµ,Ωp for given µ and given p independent of Ω if, and only if, µ is

isotrop?

And what tells us for given (non-isotropic) µ the collection of the indicators

Indµ,Ωp about µ and Γ = supp µ and in which language? In this context we

again refer to [48], [50].

13.5. n-dimensional Weyl measures

13.5.1. Introduction and definitions

It is almost obvious that the theory for the operator B in the plane R2

as outlined in Section 13.4 has an n-dimensional counterpart. One finds

in [42], Theorem 19.7, p. 264/265, the n-dimensional generalisation of the

above Theorem 13.3 from 13.4.3 for the operator B. Now the respective

conditions and results depend on n. The couterpart of (13.49) reads now

as follows,

̺k ∼ k−1+ n−2
d , k ∈ N, n− 2 < d < n, (13.74)

(with 0 < d < 1 for n = 1).

We are now interested in the operator Bs considered in Proposition

13.3(a). But it is not our aim to formulate most general assertions. Ac-

cording to Remark 13.6 we restrict ourselves to the distinguished limiting

cases

Bn
2

= (id− ∆)−
n
2 ◦ idµ : H

n
2 (Rn) →֒ H

n
2 (Rn). (13.75)

This means in case of n = 2, that the operator B given by (13.55) is

replaced by the operator B1 according to (13.75). Then the domain Ω does

not appear any longer and we have no physical interpretation as a fractal

drum (or a drum with fractal membrane). On the other hand, after the

necessary technical modifications many assertions for the operator B from

Section 13.4 can be carried over to the operator B1 (in R2).

In the n-dimensional case we did the necessary preparations in the Sections

13.2 and 13.3 for the operator Bn
2

and more general for

Bs = (id− ∆)−s ◦ idµ : Hs(Rn) →֒ Hs(Rn),

s > 0, parallel to the operator B from Section 13.4. We refer to the

Proposition 13.3(a) from 13.2.3 and to the Theorems 13.1 and 13.2(a) from
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13.3.2. In analogy to (13.38) we introduce in H
n
2 (Rn) the specific scalar

product

(f, g)
H

n
2 (Rn)

=

∫

Rn

(id− ∆)
n
4 f(x) · (id− ∆)

n
4 g(x) dx. (13.76)

As for the operator B from Section 13.4, the operator Bn
2

according to

(13.75), is a non-negative compact self-adjoint operator in H
n
2 (Rn). Its

positive eigenvalues ̺k, counted with respect to their multiplicities, can be

ordered by magnitude,

̺1 ≥ ̺2 ≥ ̺3 ≥ · · · , ̺k → 0 for k → ∞. (13.77)

Recall that (13.75) according to (13.25) and Proposition 13.3(a) from 13.2.3

is equivalent to the assertion that the trace operator

trµ : H
n
2 (Rn) →֒ L2(Γ, µ) (13.78)

exists. In analogy to Definition 13.1 from 13.4.4 we can now introduce Weyl

measures in Rn as follows.

Definition 13.4. Let µ be a finite Radon measure in Rn with compact

support Γ. Then µ is called a Weyl measure, if the trace operator trµ ac-

cording to (13.78) exists, if the operator Bn
2

according to (13.75) is compact

and if for its positive eigenvalues ̺k, ordered according to (13.77), including

multiplicities,

̺k ∼ k−1 , k ∈ N.

Remark 13.18. It can be seen easily that µ is a Weyl measure in the

plane R2 according to Definition 13.1 if, and only if, it is a Weyl measure

according to Definition 13.4.

13.5.2. Isotropic Weyl measures

It comes out that Theorem 13.5 from 13.4.5 can be carried over without

changes. For sake of completeness we give an explicit formulation. Let µ be

a finite isotropic Radon measure in Rn according to (13.30), (13.31) with

∞∑

j=0

h(2−j) <∞.
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Then Bn
2

from (13.75) is a compact, self-adjoint non-negative operator in

H
n
2 (Rn), equipped with the scalar product from (13.76). This follows from

the considerations in 13.5.1 and from the Theorems 13.1 and 13.2(a) from

13.3.2.

Theorem 13.7. Let µ be an isotropic Radon measure with (13.30),

(13.31). If

∞∑

j=J

h(2−j) ∼ h(2−J), for all J ∈ N0,

then µ is a Weyl measure according to Definition 13.4 from 13.5.1.

Remark 13.19. This is the direct counterpart of Theorem 13.5 from

13.4.5, of Remark 13.14 in 13.4.5 and of the explanations and references

given there. In contrast to Theorem 13.5 we did not assume |Γ| = 0 where

Γ = supp µ. But this is unimportant. Theorem 13.5 remains valid without

this assumption. In Section 13.4 our interest was restricted from the very

beginning to singular measures with |Γ| = 0.

13.6. Methods

13.6.1. Introduction

The techniques which lead finally to the results as described above started

in [16]. The central point in [16] are quantitative assertions on compact

embedding operators between function spaces of type

id : Bs1p1 (Ω) →֒ Bs2p2 (Ω), s1 −
n

p1
> s2 −

n

p2
, (13.79)

0 < p1 ≤ p2 ≤ ∞, expressed in terms of entropy numbers and approxima-

tion numbers. Here Ω is a bounded domain in Rn. The spaces Hs = Bs2
and Cs = Bs∞ are special cases. The precise knowledge of entropy numbers

and approximation numbers had been used in [16] to develop a spectral

theory of (degenerate) elliptic (pseudo-)differential operators. Assertions

on embedding operators id of type (13.79) had been obtained in [16] by

using the Fourier-analytic definition of the spaces Bsp(Rn) and their restric-

tions on domains Ω in Rn. The step from domains Ω and (degenerate)

elliptic operators to fractals and related fractal elliptic operators had been

done in [41]. It is based on characterisations of function spaces in terms of
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quarkonial decompositons. The high flexibility of this technique admits not

only to discretise spaces of type Bsp(Ω), but also to introduce correspond-

ing spaces on fractal sets. If, for example, Γ is a compact d-set in Rn with

0 < d ≤ n, then one can introduce spaces Bsp(Γ) via subatomic means and

one gets quantitative assertions about entropy numbers and approximation

numbers for compact embeddings of the type

id : Bs1p1 (Γ) →֒ Bs2p2 (Γ), s1 −
d

p1
> s2 −

d

p2
,

0 < p1 ≤ p2 ≤ ∞. This results in a spectral theory of fractal elliptic op-

erators which is the main point of the above considerations. We continued

these investigations in [42] and afterwards in the papers mentioned in the

references. Here we cannot give a precise description of these techniques

and how to use them. We restrict ourselves in 13.6.2 to a description of the

interplay between entropy numbers, approximation numbers and spectral

theory, in 13.6.3 to an outline of some quarkonial decompositions and, fi-

nally, in 13.6.4 to indicate roughly how these ingredients come together in

the context of the results described in this paper.

13.6.2. Entropy numbers and approximation numbers

Let T be a compact operator in the complex Banach space A. Furthermore,

let TUA be the pre-compact image of the unit ball UA in A. For k ∈ N the

entropy number ek(T ) is defined as the infimum over all numbers ε > 0,

such that TUA can be covered by 2k−1 balls in A of radius ε. Since T is

compact, the spectrum of T consists, outside of the origin on A, of at most

countably many eigenvalues ̺k of finite algebraic multiplicity, which can be

ordered, including their algebraic multiplicities, by

|̺1| ≥ |̺2| ≥ |̺3| ≥ · · · , ̺k → 0 for k → ∞, (13.80)

(where the last assertion must be dropped, if there are only finitely many

or no eigenvalues different from zero).

Proposition 13.6 (Carl’s inequality). Under the above assumptions

one has the uncertainty relation
√

2 |̺k|−1 ek(T ) ≥ 1, k ∈ N.

Remark 13.20. In other words, if one knows the geometric quantities

ek(T ) then the absolute values of the eigenvalues can be estimated from
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above. This inquality goes back to [11], [9]. Proofs and further explanations

may be found in [10] and [16].

In addition to the entropy numbers one needs the approximation num-

bers. Again let T be a compact operator in the complex Banach space A.

With k ∈ N,

ak(T ) = inf {‖T − L‖ : L ∈ L(A), rankL < k} ,

is the kth approximation number, where L(A) is the collection of all linear

and continuous operators in A, and rankL is the dimension of the image

of L.

Proposition 13.7. Let T be a compact non-negative self-adjoint operator

in the Hilbert space H and let ̺k be its positive eigenvalues ordered according

to (13.80). Then

ak(T ) = ̺k , k ∈ N.

Remark 13.21. This is a special case of a well-known classical assertion.

We refer to [15], S. 91.

13.6.3. Quarkonial decompositions

The decisive instrument in the context of the results decribed in this paper

are quarkonial decompositions in function spaces. They had been invented

just for this purpose and had been presented in [41] for the first time. It

came out afterwards that these techniques can also be used for other pur-

poses. They resulted finally in [42] in a new constructive or Weierstrassian

approach to the theory of function spaces, including Taylor expansions of

distributions. The basic idea, for example, for function spaces in Rn consists

of a combination of the well-known wavelet philosophy with the philosophy

of Taylor expansions, hence,

ψ(x) =⇒ ψ
(
2jx−m

)
with ψ(x) =⇒ xβψ(x), x ∈ Rn, (13.81)

where j ∈ N0, m ∈ Zn, β ∈ Nn0 and xβ = xβ1

1 · · ·xβn
n . Again N0 is the

collection of all non-negative integers, Zn is the lattice in Rn consisting of

all points x = (x1, . . . , xn) ∈ Rn with integer-valued components, and Nn0
is the collection of all multi-indices β = (β1, . . . , βn) ∈ Rn with βj ∈ N0.

One asks for elementary building blocks ψ, such that one obtains with the
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help of (13.81) frames in the respective function spaces, where the frame-

coefficients (complex numbers) allow to decide in a definite way to which

function spaces the given and constructively expanded distribution belongs.

These techniques are highly flexible. They allow constructive approaches

not only to all function spaces of type Bspq and F spq in Rn for all admitted

parameters s, p, q, but also for respective spaces on domains Ω in Rn, on

manifolds and in particular on fractals. To provide a better understanding

we describe a comparatively simple, but typical case.

Let

Bsp(Rn) = Bspp(R
n) with s > 0 and 1 ≤ p ≤ ∞, (13.82)

are the well-known special Besov spaces. We do not give an explicit defini-

tion but we recall that

Hs(Rn) = Bs2(Rn) and Cs(Rn) = Bs∞(Rn), s > 0,

are the (fractional) Sobolev spaces and Hölder-Zygmund spaces used in this

paper. As for the background of the respective theory of function spaces

we refer to [39], [40]. Let ψ be a non-negative C∞ function in Rn with

supp ψ ⊂
{
y : |y| < 2J

}

and
∑

m∈Zn

ψ(x−m) = 1, x ∈ Rn,

for a suitable number J ∈ N (resolution of unity in Rn). Let

ψβ(x) = (2−Jx)βψ(x), x ∈ Rn, β ∈ Nn0 .

For given s and p according to (13.82) we introduce the elementary building

blocks, β-quarks,

(β-qu)jm(x) = 2−j(s−
n
p ) ψβ

(
2jx−m

)
, j ∈ N0, m ∈ Zn, β ∈ Nn0 .

(13.83)

The normalising factors ensure that
∥∥(β-qu)jm |Bsp(Rn)

∥∥ ∼ 1, (13.84)

where the equivalence constants in (13.84) may depend on β ∈ Nn0 , but

they are independent of j ∈ N0, m ∈ Zn. Then a function f ∈ Lp(R
n)

belongs to Bsp(Rn) if, and only if, it can be represented by

f(x) =
∑

β∈Nn
0

∑

j∈N0

∑

m∈Zn

λβjm(β-qu)jm(x), (13.85)



April 7, 2008 17:13 World Scientific Review Volume - 9in x 6in topics

442 H. Triebel

with (β-qu)jm given by (13.83) and

‖λ |ℓp‖ =


∑

β,j,m

|λβjm|p



1
p

<∞ (13.86)

(with the usual modification for p = ∞). Here (13.85) with (13.86) con-

verges absolutely (and hence unconditionally) in Lp(R
n). Furthermore,

‖f |Bsp(Rn)‖ ∼ inf ‖λ |ℓp‖, (13.87)

where the infimum is taken over all representations (13.85) with (13.86)

(equivalent norms). There are functions Φβ ∈ S(Rn) (the usual Schwartz

space) and a number κ ∈ R, such that (13.85) with

λβjm = λβjm(f) =
(
f , 2jκΦβ(2j · −m)

)

is an optimal frame representation in Bsp(Rn), and that (in obvious nota-

tion)

‖λ(f) |ℓp‖ ∼ ‖f |Bsp(Rn)‖.
This theory started in [41] and had been developed afterwards systemat-

ically [42]. The above version is a modification and specialisation of a

corresponding presentation in [45], where, in particular, we calculated the

functions Φβ explicitly. We refer also to [43], where we surveyed diverse

types of wavelet frames. Representations of the above type exist not only

for all spaces Bspq(R
n) and F spq(R

n), but also for respective spaces on do-

mains and on fractals. For this extension it is crucial that the regular lattice

Zn in (13.85) can be replaced by irregular lattices which can be adapted

optimally to fractal sets.

13.6.4. Elements of proofs

The central point of the investigations in [41], [42] and also of the above

considerations is the spectral theory of fractal operators, hence assertions of

type (13.49), the indicated generalisation (13.74), and the question under

which conditions µ is a Weyl measure. We explain the interplay of the

results described in 13.6.2 and 13.6.3 in a simplified way.

As in Theorem 13.3 from 13.4.3 we assume that Ω is a bounded C∞ domain

in the plane R2 and that Γ is a compact d-Menge with 0 < d < 2 and Γ ⊂ Ω.

Let µ = Hd|Γ be the respective measure and

B = (−∆)−1 ◦ idµ ◦ trµ :
◦
H 1(Ω) →֒

◦
H 1(Ω)
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be the operator given by (13.43). Let

trµ
◦
H 1(Ω) = H

d
2 (Γ, µ),

where we use, without further explanations, the terminology from the lit-

erature mentioned above, especially [41], [42]. Here H
d
2 (Γ, µ) is a Sobolev

space on Γ for which one has a quarkonial decomposition on Γ in analogy

to (13.85) - (13.87). The embedding

id : H
d
2 (Γ, µ) →֒ L2(Γ, µ) (13.88)

is compact. In obvious generalisation of the beginning in 13.6.2 one can

introduce entropy numbers for compact operators acting between Banach

spaces. Then one obtains for id from (13.88) that

ek(id) ∼ k−
1
2 , k ∈ N. (13.89)

The proof of (13.89) is based on quarkonial decompositions in H
d
2 (Γ, µ) and

the resulting possibility to reduce problems of type (13.89) to the calculation

of entropy numbers for embeddings between weighted ℓ2 spaces. They can

be calculated. On the other hand it comes out that the positive eigenvalues

of
√
B, hence ̺

1
2

k , can be estimated from above by ek(id), using Proposition

13.6 from 13.6.2, hence

̺
1
2

k ≤ c ek(id) ∼ k−
1
2 .

Furthermore, the corresponding approximation numbers ak(id) can be es-

timated from below in a similar way. Using Proposition 13.7 from 13.6.2

one gets finally

̺k ∼ k−1 , k ∈ N,

and hence (13.49). Details may be found in the quoted literature. It is the

aim of the above outline to provide a first glimpse about the interplay of

the results sketched in 13.6.2 and 13.6.3.

13.7. Epilogue

According to the quotations in the Introduction fractal geometry and fractal

analysis search for footpaths through the fractal wilderness. We hope, sup-

ported by the above discussions, that the recent theory of function spaces,

opens up a new track: somewhat away from the fashionable resorts of

self-similarity and IFS (iterated function systems), preferably hiking in the

isotropic area, glancing bewildered at the surrounding non-isotropic jungle.
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The key equipment consists of quarkonial decompositions of type (13.85)

in Rn and on fractal sets Γ in Rn, which result finally in spaces of type

Bsp(Γ), s ∈ R, 1 < p ≤ ∞,

and in a C∞-theory or, better, (D(Γ), D′(Γ))-theory on Γ. As indicated

in [51], 3.3 (but not treated in detail so far) such a theory can be ex-

tended by means of euclidean charts (in analogy to atlasses of local charts

in Riemannian geometry) and by means of snowflaked transforms to some

quasi-metric spaces. This may serve as a basis for a respective analysis

on such quasi-metric spaces. Such a way is characterised by the symbiotic

relationship between

(i) the smooth and the non-smooth,

(ii) the dimensionality and the fractality,

(iii) the fractal geometry and the fractal analysis.

Here the left-hand sides of (i) - (iii) profit from the right-hand sides and

vice versa.

One of the most spectacular proofs of one of the most famous problems

in mathematics is connected with twisted (spiralling, [34]) or, how one

could call it nowadays fractal embeddings of abstract structures in euclidean

spaces. J. Nash proved in [34], [35], that every n-dimensional Riemannian

C∞ manifold can be isometrically embedded in an euclidean spaces RN

with 2N = n(n+ 1)(3n+ 11). We refer for details to [3], p. 123. This goal

was reached in [35] based on the preceding paper [34]. The C1-isometries

treated there are related to fractal embeddings. We quote from [33], p. 158:

He (Nash) showed that you could fold the manifold like a silk handkerchief,

without distorting it. Nobody would have expected Nash’s theorem to be

true. In fact, everyone would have expected it to be false. M. Gromov (In-

terview, 1997): Psychologically the barrier he broke is absolutely fantastic.

. . .There has been some tendency in recent decades to move from harmonic

to chaos. Nash says chaos is just around the corner. J. Conway (Interview,

1994) called Nash’s result one of the most important pieces of mathematical

analysis of this century.
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